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The differential cross section for coherent scattering of thermal neutrons by a liquid is given in general by 
the Fourier transform of a time-displaced radial density function. It is suggested here that, to an adequate 
degree of approximation, this time-displaced function can be expressed as a convolution of the ordinary 
radial density function with a self-diffusion function describing the wandering of an atom from an arbitrary 
initial position. The neutron, scattering cross section then becomes the product of the Fourier transforms 
of these two functions. One of the transforms is the differential cross section-for x-ray scattering and describes 
interference effects, the other governs the energy changes upon scattering. In this development the scatterer 
can be treated either quantum mechanically or classically. Recoil effects are not provided by the classical 
treatment, but this is a significant deficiency only in liquids of low atomic weight. Several models for 
calculating the self-diffusicn function are considered, and from these it is suggested that a Gaussian function 
with a time-dependent width is a reasonable approximation for the case of a simple liquid. The principal 
features of the width are deduced. Quantization of the scatterer effects the width at small times. At large 
times the width depends only on the coefficient of self-diffusion of the liquid, and inelastic scattering is 
suggested as a means of determining this coefficient, as well as other features of atomic movement. The 
accuracy of the static approximation for determining liquid structures by neutron diffraction is assessed 
by considering the typical case of liquid lead near its melting point, and is found to be moderately good. 
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The extension of the entire formalism to the case of polyatomic liquids is outlined. 


1. INTRODUCTION 


HE scattering of slow neutrons by a system of 
atoms is sufficiently well understood on an 
abstract level. In the case of solids and dilute gases it 
is possible to go further and make accurate detailed 
calculations. In liquids, on the other hand, the atomic 
dynamics are so complex that specific calculations of 
the scattering have only been possible with the aid of 
rather drastic approximations. The simplification 
that has been commonly used is the so-called static 
approximation,! in which the change of energy of the 
neutron on scattering is assumed to be negligible 
compared with the initial energy of the neutron. In 
this approximation the differential scattering cross 
section is found to depend only on the ordinary radial 
density function of the liquid, in complete analogy 
with the case of x-ray diffraction. No prediction of the 
spread in energy produced by the scattering can be 
* Work supported by the U. S. Atomic Energy Commission. 
1G. Placzek, Phys. Rev. 86, 377 (1952); G. C. Wick, Phys. Rev. 
94, 1228 (1954). 


made by this method, however, and thus no attack is 
provided on the problem of determining atomic motions 
in a liquid through observation of neutron inelastic 
scattering. 

Van Hove? has shown that the neutron scattering by 
an arbitrary system of atoms can be related to a time- 
displaced distribution function for pairs of atoms. 
The ordinary radial density is a special case of this 
function for zero time displacement. The usefulness 
of this relation has been limited because of the great 
difficulty of calculating the time-displaced distribution 
function from first principles. In the present paper a 
basic approximation is suggested by which the time- 
displaced function can be calculated from the ordinary 
radial density function and a self-diffusion function 
which describes the wandering of an atom away from 
an arbitrary initial position. The approximation 
relates the time-displaced function to the convolution 
of the self-diffusion function with the radial density 


2 L. Van Hove, Phys. Rev. 95, 249 (1954). See also R. J. Glauber, 
Phys. Rev. 98, 1692 (1955). 
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function, and will be referred to as the convolution 
approximation. With its aid the cross section for 
neutron scattering into an arbitrary direction and 
energy will be found to be a product of two functions, 
one expressing the effect of interference and giving the 
differential cross section with neglect of energy change 
(as determined, for example, by x-rays), the other 
describing the spread in energy and arising directly 
from the self-diffusion function. 

The development to this stage can be carried out by 
treating the scatterer on a quantum-mechanical basis, 
or by treating it on a classical basis. The resulting 
formulas look the same, but in one case their terms 
have quantum definitions, in the other case they have 
classical definitions. The meaning of the convolution 
approximation is more readily apprehended from the 
classical development, and therefore this approach 
will be taken up first. The results should be reasonably 
accurate for scatterers of intermediate or high atomic 
weight. The quantum development, given in a sub- 
sequent section, introduces the effect of recoil during 
the scattering, and this plays an appreciable role for 
scatterers of low mass. The approximations employed 
will not be valid for liquids exhibiting quantum 
degeneracy, and thus nothing will be said about He 
IT. 

As with the time-displaced correlation function, the 
self-diffusion function cannot be calculated rigorously 
for a liquid. Instead, this functicn will be evaluated for 
a number of simple models, general features of its 
behavior at small and large times will be demonstrated, 
and plausible approximations valid for all times will 
be inferred. These approximations lead to simple 
expressions for the cross section for scattering with 
energy and momentum change. 

The chief aim in this work is to discover simple 
formulas which approximate the cross sections reason- 
ably well and depend on a small number of parameters 
having physical meaning. Such formulas will expedite 
the use of inelastic neutron scattering as a tool for 
investigating details of atomic dynamics in liquids.‘ 
They will also help to give a much needed estimate of the 
accuracy of radial density functions determined by 
neutron diffraction through use of the static approxima- 
tion,® and may be of practical value in reactor engineer- 
ing. The final justification of the approximations 
employed must be left to experiment. 


* The highly degenerate quantum liquid is a special case which 
has recently yielded to treatment. See M. Cohen and R. P. 
Feynman, Phys. Rev. 107, 13 (1957), and Palevsky, Otnes, 
Larsson, Pauli, and Stedman, Phys. Rev. 108, 1346 (1957). 

‘See also B. N. Brockhouse, Nuovo cimento (to be published). 

5 Such determinations have been reported in the following 
papers: O. Chamberlain, Phys. Rev. 77, 305 (1950) ; P. C. Sharrah 
and G. P. Smith, J. Chem. Phys. 21, 228 (1953); Milligan, Levy, 
and Peterson, Phys. Rev. 83, 226 (1951); Henshaw, Hurst, and 
Pope, Phys. Rev. 92, 1229 (1953); D. G. Henshaw, Phys. Rev. 
105, 976 (1957); Breen, Delaney, Persiani, and Weber, Phys. 
Rev. =, 517 (1957); G. H. Vineyard, J. Chem. Phys. 22, 1665 
(1954). 
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2. BASIC FORMALISM IN THE CLASSICAL CASE 


Consider first a homogeneous classical fluid containing 
an indefinitely large number of atoms, chemically 
all alike. The following distribution functions will be 
of interest: g(r), G(r,t), G,(r,t), and Ga(r,t). g(r), the 
ordinary radial density function, is defined as the 
probability that, if an atom is at the origin, a distinct 
atom will be found simultaneously within unit volume 
at r. G(r,t), the time-displaced pair distribution 
introduced by Van Hove, is defined as the probability 
that, if an atom is at the origin at time 0, an atom will 
also be found within unit volume at r at time /. Note 
that the atom at r must be distinct from the one at 
the origin in the definition of g(r), but need not be in 
the case of G(r,/). It is further convenient to subdivide 
G(r,t) into a “self” and a distinct” part G,(r,/) and 
Ga(r,t), respectively, where the former gives the 
probability of finding at r and time / the atom that was 
at the origin at time 0, the latter gives the probability 
of finding at r and / an atom distinct from the one 
that was at the origin at time 0. Thus, one has 


G(r, =G,(r,)+Ga(r,0. (1) 


G,(r,t) will be called the self-diffusion distribution 
function. It describes the wandering of an atom away 
from an_ arbitrary initial position. Also, from the 
definitions, one has 

Ga(r,0) = g(r), 
and 


G, (1,0) =6(r). (3) 


As ¢ or r approach infinity,® the pair correlations 
vanish in a liquid, and g(r) and G(r,t) approach the 
mean number density of atoms in the fluid, go. Also 
G,(r,t) approaches zero. 

Now suppose an atom, say atom number 1, is at the 
origin at time 0, and simultaneously atom number 2 
is at r’. There exists a certain probability Ho(r,r’,t) 
that in an elapsed time /, atom 2 will wander from r’ 
into a unit volume at r, suffering a net displacement 
r—r’. The time-displaced probability G(r,t) can be 
expressed by the identity 


G(r) =Gln) + f gr)Hole Ndr, (4) 


where dr’ stands for the volume element dx’dy'dz’ 
and the integration is over all space. The first term on 
the right of (4) gives the probability that the molecule 
at the origin at time 0 has migrated to r in time /, 
g(r’)Ho(r,1’,t)dr’ is the probability that any other 
atom is in dr’ at r’ at time 0 and migrates to r in time /, 
and the integration sums this over all volume elements 
dr’. 

* The symbol r stands for |r|. In most cases to be dealt with, 
the various distribution functions will have spherical symmetry 
and will thus depend only on r. The arguments of the functions 


will be kept as vectors, for the most part, however, because this 
unifies many of the formulas and increases their generality. 
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The probability Ho(r,r’,/) is actually conditioned by 
the known presence of an atom at the origin at time 0, 
but can be approximated by the probability that an 
atom starting at r’ will migrate to r in time ¢ in the 
absence of knowledge about positions of any other 
atoms. The latter probability is the self-diffusion 
distribution function, and hence 


Ay(r,r )=G,(r—r’, 1). (5) 


Inserting (5) into the integral of (4), one has 
Grd =Gule)+ f g(r VGlr-r, t)dr’. (6) 


This is the convolution approximation, the basic 
approximation of the present paper, and relates the 
time-displaced distribution function for pairs to the 
ordinary radial density function and a self-diffusion 
distribution function. 

It is difficult to know the error in this approximation, 
but qualitative considerations suggest that the chief 
difference between Ho(r,r’,t) and G,(r—r’,?) occurs 
when ¢ and also r or r’ are small. However, when r’ is 
small, g(r’) is small, and the effect of the difference 
is minimized. When r is smal] at small times, G,(r,/) 
is large, and the second term on the right of Eq. 
(6) is overshadowed by the first. Errors will also be of 
both signs in different regions of r’, so there will be some 
cancellation of errors with integration, g(r’) being 
always non-negative. Consequently the approximation 
seems promising, but its ultimate justification will 
have to depend on experimental test of formulas 
derived with its help. 

The radial distribution function g(r) has been 
studied extensively, and a number of theoretical 
schemes for its approximate computation have been 
developed.’'* The distribution g(r) may also be deter- 
mined by x-ray diffraction.** No simple analytical 
expression for it of sufficient generality for our present 
purposes has been found. The self-diffusion distribution 
G,(r,t) has not been studied very much, although 
Van Hove has given its general features and has 
calculated it rigorously for the case of a perfect gas. 
Its determination for an atom in a liquid would be a 
matter of considerable interest. G,(r,/) starts as 6(r) 
at ‘=0 [Eq. (3) ], and, considered as a function of r, 
spreads and flattens as ¢ increases, having spherical 
symmetry about the origin. It also obeys the relation!” 


G,(r, —)=G,(r,t). (7) 


Several approximate forms of G,, depending on a small 
number of parameters, will be discussed subsequently. 





7H. S. Green, The Molecular Theory of Fluids (Interscience 
Publishers, Inc., New York, 1952), Chap. 3. 

8 G. H. Vineyard, in Liquid Metals and Solidification [American 
Society for Metals, Cleveland (to be published) ]. 

9N. S. Gingrich, Revs. Modern Phys. 15, 90 (1943). 

10 For quantum systems G, may be complex, and then (7) takes 
the form G,(r, —t)=G,"*(r,t) if one assumes that the mean 
momentum of the fluid is zero. 
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As shown by Van Hove, the differential cross sections 
per atom, in Born approximation, for the scattering 
of neutrons from a system of atoms into unit solid 


angle 2 and unit range of energy ¢ are given by 


PO eh Aeon? 





f ftcoo-01 exp[i(x-r—w/) |drdt, (8) 








dQde — hhh 

and 
PO ine Ginek 
iivtiotan-ens J feo exp[i(xn-r—wt) |drdt. (9) 
dQde hko 


Here the subscript coh refers to coherent scattering, the 
subscript inc to incoherent scattering (i.e., scattering 
that is incoherent by virtue of spin or isotope effects) ; 
Geoh is the bound coherent scattering length, dine the 
bound incoherent scattering length, per atom; the 
incident neutrons have wave number ky and energy 
€o, the outgoing neutrons have wave number k and 
energy ¢; « is the scattering vector, x= ko—k; ftw is the 
energy loss of the neutron upon scattering, w= ¢—€. 
For future use it may be noted that 


€o9= h*ko?/2m, (10) 
e=h*k?/2m, (11) 
x= kof 1+ (€/€9) —2(€/€9)! cos¢ }}, (12) 


where m is the mass of the neutron, ¢ is the angle of 
scattering (the angle between k and ko), and all wave 
vectors include a factor 2x, so that ko=22/Xo, etc. 

The cross section (8) has been modified slightly 
from Van Hove’s expression by the subtraction of go 
in the integrand. This is an artifice to hasten the 
covergence of the integral, and allows G(r,t) to be 
defined for an infinitely large sample. The artifice is 
similar to that commonly employed in the x-ray 
theory.* It changes the cross section by subtraction of 
a product of 6 functions in x and w which are nonzero 
only in a region of angles inaccessible to experiment. 

Equations (8) and (9) were first derived for a 
quantum-mechanical system, and G and G, are properly 
defined as averages of certain operators related to 
the scatterer (see Sec. 5). The classical definitions of 
G and G, given above follow directly from the operator 
definitions when classical behavior is attributed to 
the scatterer. It is also possible to derive equations 
of the same form by a semiclassical development in 
which the scatterer is treated classically from the outset. 
G and G, then possess the classical meanings ascribed 
above as soon as they appear in the formalism. The 
matter is discussed further at the end of this section. 

The convolution approximation for G, Eq. (6), 
will now be employed to evaluate the coherent cross 
section as given by Eq. (8). From the fact that 


fGeoar=1, 
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Eq. (6) can be rewritten 
G(r) a= Galt) + f Cel) —eclGle—F, ddr’. (13) 


G—go is thus a convolution of g—go with G,. Since 
the desired cross section is a Fourier transform of 
G— go, the usual theorem on the Fourier transform of a 
convolution leads at once to the result 


dO coh Geon?k ; 
—-=——T, (x,w)[1+(x) ], 


= (14) 
dQde hk 





where 
rw)= ff G.(0) exp[i(x-r—wi) ]drdt, (15) 


and 


7(«) = few — go | exp(ix-r)dr. (16) 


Also the incoherent cross section can now be written 


do; ne Gj not i 
ome —— fl ens), 


dQde hko 


(17) 


Equations (14) and (17) express the cross sections in 
very simple form in terms of Fourier transforms of 
the ordinary radial density function and the self- 
diffusion function. The former contributes a kind of 
form factor [1+(«)_] which is present in the coherent 
cross section but not in the incoherent, and expresses 
the interference effects arising from simultaneous 
correlations in atomic positions. I’,(x,w), the transform 
of the self-diffusion distribution, describes the spread 
of scattered energies caused by motions of the atoms. 
Equations (14) and (17) are the central equations of 
this paper. 

At this point it is helpful to consider what happens 
if each atom is rigidly fixed in position, or moves very 
slowly compared with the velocity of the neutron. 
G,(r,!) may then be replaced by G,(r,0)=6(r) [see 
Eq. (3)] in the integration of Eq. (15), leading to the 
very simple result 











ra(uu)= fe iwtdt=275(w). (18) 
The scattering is then purely elastic, 
coh Oeon? 
=—4(w)[1+7(0) ], (19) 
dQde hh 
dO ine Cine 
-=—§(w), (20) 
dQde th 
where xo= kop—k, with k= ko; from Eq. (12), 
Ro= 2Ro sin(¢/2). (21) 
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The differential cross sections are found by integrating 
over ¢, and in the static approximation can be written 
at once, since de/h= dw, 


do coh 'dQ= eon’ | 1 +y (%) ys 


} 
dG ine dQ= Fine’. 


(22) 
(23) 


Equation (22) gives a good description of the x-ray 
diffraction of a monatomic liquid,’ with a@,o, replaced 
by the atomic structure factor, and shows that 1+ -(«) 
is simply the (normalized) x-ray scattering from the 
fluid at scattering vector x. The assumption that the 
atoms move slowly compared with the velocity of 
the neutron is the so-called static approximation 
referred to earlier. When the scatterers are treated 
classically, this is equivalent to the assumption that 
the energy change upon scattering is negligible. 

A final remark is desirable at this point. As already 
noted, the cross-section Eqs. (8) and (9) were derived 
by Van Hove by treating the scatterer as well as the 
neutron quantum-mechanically. The physical meaning 
of the classical limit of these equations can be made 
more evident by giving a different development in 
which the scatterer is treated by classical mechanics 
from the beginning. To do this one writes the time- 
dependent Schrédinger equation for the neutron, with 
the potential energy depending on the coordinate of 
the neutron and the coordinates of the atoms of the 
scatterer. The latter are assumed to be prescribed 
classical functions of time, describing a classical motion 
of the scatterer uninfluenced by the neutron. Upon 
treating this potential-energy term as a time-dependent 
perturbation, the Schrédinger equation for the neutron 
can be solved to first order with the aid of the time- 
dependent Green’s function of the equation. Such a 
process has already been used by Wick" to discuss 
neutron scattering by a lattice. One can now resolve 
the scattered wave into components corresponding to 
particular energies and momenta. The square of a 
component, averaged over an ensemble of motions of 
the scatterer, gives the differential cross section, and 
can be manipulated into the form of Eqs. (8) and (9) 
where G(r,) and G,(r,/) have precisely the classical 
definitions by which they were introduced at the 
beginning of this section. From this derivation one 
sees that the scattering has been computed by adding 
wavelets contributed by each atom of the scatterer 
at each instant of past time, the frequency of each 
wavelet being the frequency of the incident wave 
modified by a Doppler shift occasioned by the velocity 
of the scatterer at that instant. With a classical G(r,t), 
the time-displaced correlation formalism predicts a 
distribution of scattered energies precisely because of 
the Doppler effect, and it calculates this without 
allowing any back reaction of the neutron on the 
scattering system. Such a back reaction would produce 
recoils of the scattering atoms, thus biasing the Doppler 

"G. C. Wick, Physik. Z. 38, 402 (1937). 
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shifts in the direction of lower frequencies. To calculate 
this recoil effect properly, one has to go to the fully 
quantum-mechanical formalism, and the semiclassical 
treatment does not seem capable of leading to useful 
approximations. 


3. SELF-DIFFUSION FUNCTION IN THE 
CLASSICAL CASE 


The self-diffusion function G,(r,t) and its Fourier 
transform I',(x,w) will now be considered in more 
detail. It is possible to calculate G, rigorously from first 
principles in only a small number of cases. In the 
perfect gas an atom maintains its velocity indefinitely, 
and hence will be displaced by r in time / if its initial 
velocity is r/t. The probability of such initial velocity 
is given by the Maxwellian distribution function, and 
hence one finds 


G, (r,t) = 240g | 1|-* exp[ —r?/ (vol)? ], 


(perfect gas) (24) 


where v= (2kg7/M)}, with M the mass of an atom, T 
the temperature of the gas, and kg Boltzmann’s 
constant. The Fourier inversion of (24) gives 


I’, (x,w) = [24*/ (vo) ] exp[ —w?/ (x9)? ], 


(perfect gas). (25) 


In a somewhat similar manner, the isotropic, three- 
dimensional classical simple harmonic oscillator of 
frequency w;, considered to be in equilibrium at 
temperature 7, is found to possess the self-diffusion 
function 


P 


wy" : —w/Pr 
G, (r,t) =| - | exp —_____—— | 
2rv¢?(1— cost) 206? (1 — cosw,t) 


(oscillator) (26) 
and this has the Fourier transform 
KUo 2 
I’, (x,w) =7 exp| - i( ) | 
w] 
nl KUo 2 
x 3 [2-aor( )] 
n 4) WwW} 
X [6(w— ma) +5(w+me)| 
(oscillator). (27) 


In this equation, /,,(z) is the Bessel function of complex 
argument and 40, is the Kronecker delta. 

The case of an atom that is in a crystal lattice and 
whose motion is thus a superposition of a great many 
simple harmonic vibrations corresponding to the normal 
modes of the lattice, is a little more complicated but 
can also be worked out, and gives an essentially simple 
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result. In the case of a lattice with cubic symmetry, 
one finds 


G, (r,t) =[aw?(t) |! exp[—r?/w*(d)] (lattice). (28) 


The time-dependent width of the distribution, squared, 
is 
4kp T N e;* 2 
= (1—cosw ;t) 
j=l Wj 


w(t) = (29) 
M 


(lattice), 


ws 


where w; is the angular frequency of the jth normal 
mode of the lattice and e;* is the «-component of the 
amplitude of displacement of the atom by the jth 
mode; normalization is such that >> j.1* (e;*)?=1, the 
total number of modes being V. On the basis of the 
simple Debye model with a single Debye frequency 
wp (wo=kpOp/h), (29) can be readily evaluated : 


w*(t)= [12keT '(Mwp*) |[1 —sinw pl (wpt) |} 


(Debye lattice). (30) 


Finally, consider an atom that suffers random 
alterations of velocity in brief collisions occurring at 
random times. This atom undergoes a random walk. 
It has a displacement probability obeying the classical 
equation of diffusion, in which a single parameter D, 
the coefficient of self-diffusion, enters: 


DVG, (4,1) = 9G, (4,0) /dt. (31) 


The solution of (31) that corresponds to a point source 
at the origin at {/=0 is 


G,(1,t)= (4rDt)~! expl —r?/ (4D) ] 


(diffusing atom). (32) 


This applies for />0. The solution for negative times 
is found from the condition that G,(r,/) is symmetric 
in ¢ [Eq. (7) ]. The Fourier transform of (32) is 


2Dx? 


(Dr?)?-a* 


l',(x,w) = (diffusing atom). (33) 


It is a remarkable fact that all of the foregoing distribu- 
tions, in spite of the variety of models involved, are 
simple Gaussian functions of r, with widths that 
depend only on the time. Defining a width w(t) as 
the radius at which G, has dropped by e~, the following 
values occur: 


perfect gas, w(t) =v9| tI ; (34) 
oscillator, w(t) = (v9/w1)(2—2 coswt)!; (35) 
Debye lattice, w(t) =[12kT/(Mwp’) }! 
X[1—sinwpt/(wpt) }}; (36) 
diffusing atom, w(t)=2(D{t!)}. (37) 


For all cases except the last, w(¢), at small ¢, reduces to 
vo|t|. This occurs because during very small time 
intervals the classical particle always behaves as if 
it were free. The diffusing atom model does not represent 
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w?(t) (UNITS 10cm?) 














t(UNITS 1073 SEC) 


Fic. 1. Square of the width of the self-diffusion function, 
plotted vs time for several models. Parameters have been chosen to 
give the best representation for liquid lead at its melting point. 
Debye period = 6X 10™ sec; oscillator period = 8X 10 sec. 


any physical situation at short times because it assumes 
that collisions occur with infinite frequency. In the 
perfect gas and in the diffusing atom model, the width 
of the distribution increases without limit as |?| 
increases; in the oscillator and lattice models, on the 
other hand, the width remains bounded as || increases, 
and this represents the fact that every atom has a 
well localized neighborhood in which it always moves. 
An important consequence is that the scattering from 
such a model always contains an elastic component, 
that is, integration of d*c/dQde with respect to € over 
a region of width Ae about e=0 gives a contribution 
that remains finite as Ae—0. For the oscillator this can 
be seen in Eq. (27) as the term in 6(w). A similar term 
in 6(w) will arise in the Fourier transform of G, for the 
lattice. For the perfect gas and the diffusing atom, on 
the other hand, I’, contains no delta function. 

To aid in visualizing the various width functions 
(34)-(37), their squares have been plotted against 
time in Fig. 1. Parameters have been chosen in this 
plot to give an approximate representation of liquid 
lead near its melting point. Corresponding to a Debye 
temperature of 88°K for solid lead, the Debye tem- 
perature for liquid lead has been chosen, somewhat 
arbitrarily, to be 80°K, and the frequency of the 
simple harmonic oscillator has been taken to correspond 
to’a characteristic temperature of 60°K. The coefficient 
of self-diffusion for liquid lead at its melting point is 
about 3X10-° cm?/sec.!2 The horizontal dotted line 
shows the asymptotic value approached by the Debye 
lattice model at large ¢. 

An atom in a classical liquid is not free nor is it 
bound like a harmonic oscillator, although it may be 
bound in this way to a certain degree of approximation 
for limited periods. Whatever its binding, its displace- 
ments must be distributed like that of a free particle, 
Eq. (24), during very short time intervals. This 
approximation can only be valid for times that are 


21, D. Hall and S. Rothman, Trans. Am. Inst. Mining Met. 
Engrs. 206, 199 (1956). 
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small compared to a period rp related to a kind of 
Debye frequency wp for the liquid: rp=2r/wp. The 
quantity tp would be expected to be of the order of 
10-* sec. At the opposite extreme of large |/|, an atom 
will have suffered many collisions and its displacement 
probability must be well approximated by that of the 
diffusing atom, Eq. (32). 

It will now be proposed that a plausible form of 
G,(r,t), valid at all times for the classical liquid, is a 
Gaussian function of r with a width that varies with 
time and passes between these two extremes. Thus one 
should attempt to understand experimental data with 
the trial function 


G, (r,t) =x L(t) 7° exp 


The factor x~‘{w(t) }* is required for normalization. 
w(t) must be a function of time satisfying the require- 
ments 


—r*/w?(t) ]. (38) 


\t|<Krp, 
w(t) —> 2(D\t|+c)3, |t|>>rp, 


(39) 
(40) 


w(t) — v9|t!, 


where c is an undetermined constant. The mean square 
displacement of the atom after time ¢ is }w*(#), and 
because of the complicated behavior at intermediate 
times the asymptotic value of mean square displace- 
ment may differ by a constant from the ideal value 6D1. 
The constant c has been introduced to allow for this 
possibility. Unfortunately no practical theoretical 
method for determining the precise form of w(t) at 
intermediate values of ¢ is presently available.” 

With the Gaussian choice (38) for G,, the spatial 
stages of the Fourier transformation can be carried out 
at once, giving 


ra(vu)= f exp[_ — twt— }x°w*(t) Jdi. (41) 


—m 


If I',(x,w) is determined experimentally as a function 
of w for one value of x, then w(/) can be determined from 
the Fourier inversion of Eq. (41): 


1 x 
—f cos(wt)T’,(x,w)dw }. (42) 


dr? _. 





w*(t)=— In 
K 


In using (42) the proper normalization of I’,(«,w) 
must be observed. This can be insured by using the 
fact that, from the definitions, I°,(0w)=27d(w). 
Although the point x=0 is inaccessible to experiment, 
this condition can be applied at small x, where the 
distribution I’, will be very sharply peaked about 
w=. Also the fact that the experimental upper limit 
of w is €o/h instead of © will not matter in applying 
(42) unless the distribution is much broader than 


#C. Christow, Acta Phys. Acad. Sci. Hung. 6 (1956); 7, 51, 
67 (1957), has considered the distribution of subsequent positions 
and velocities of a molecule with known position and velocity. 
His results to date are limited to the case of the nearly perfect 
gas, however. 
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normally expected. In the integration coswt has been 
substituted for exp(iw/) because I’, on the present 
theory must be symmetrical in w at constant x. Since 
w(t) is overdetermined by (42), an important check on 
the assumptions made to this point would be afforded 
by applying (42) for several different values of x 
to see if the same function w(¢) is obtained each time. 

It would be very interesting to know the true 
dependence of w on ¢ for an atom in an ordinary 
liquid. Intuition suggests that a function about like 
the dashed curve in Fig. 1 should be correct for a 
typical liquid, since the lattice and oscillator models 
restrict the atom too séverely and the behavior of the 
extremities of the curve has already been ascertained 
[ Eqs. (39) and (40) ]. Mott and Gurney" have suggested 
from consideration of the magnitude of self-diffusion 
coefficients in liquids that successive vibrations of an 
atom in a liquid are very little correlated with one 
another, and the dashed curve of Fig. 1 is in agreement 
with this assumption. The curve, as drawn, requires 
c of Eq. (40) to be —10~’ cm*/sec. If the atom were 
to vibrate in a well correlated way for several Debye 
periods, making occasional diffusion jumps of greater 
length, c would have to have a much larger negative 
value. 

It has been noted that the coefficient of self-diffusion 
for liquid lead is about 3X10~* cm*/sec, and it is of 
interest to inquire about this coefficient for other liquids. 
Unfortunately the coefficients of self-diffusion have 
been measured for only a rather small number of 
liquids, but it is noteworthy that those reported cluster 
quite closely together, showing far less diversity 
than self-diffusion cvefficients in solids. For monatomic 
metallic liquids near the melting point, D is almost 
invariably within the range 10~° to 5X10~-® cm?/sec. 
Thus one would expect the spread of scattered neutrons 
to be rather similar for a variety of liquids. An increase 
in temperature of a few hundred degrees centigrade 
should produce a marked increase in broadening of 
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4 N. F. Mott and R. W. Gurney, Reports on Progress in Physics 
(The Physical Society, London, 1938), Vol. 5, p. 46. 
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TasLe I. Positions of principle diffraction peaks in lead and 
approximate energy spread for scattering of neutrons at these 
positions. 





Peak number xo, cm= Ae (ev) 
1 2.16 10° 0.0020 
2 4.00 10° 0.0064 
3 5.92 10° 0.0146 
4 7.80X 108 0.0240 


the energy distribution. The increase of breadth with 
temperature should be governed by the activation 
energy for self-diffusion, which is typically in the range 
1000 to 4000 calories/mole for simple metallic liquids. 


4. STATIC APPROXIMATION AND STRUCTURE 
DETERMINATION 


It is now possible to assess the accuracy of the 
static approximation for determining liquid structures 
by neutron diffraction. To do this it is only necessary 
to have a theory that gives the inelastic effects in 
first approximation. From the foregoing discussion the 
diffusing atom approximation to the self-diffusion 
function seems reasonable, and has also the great 
advantage of analytic simplicity. We thus consider 
the coherent cross section obtained by employing 
Eq. (33) with Eq. (14): 


Aeon? k 2Dx? 
ae “|. i — t+ (43) 
hky JL(Dx*)*?+-o" 


The factor 1+y(x) can be taken from x-ray measure- 
ments. A typical curve, for liquid lead at 375°C 
(observed by Hendus"*), is shown in Fig. 2. Unfor- 
tunately, the experimental accuracy of this curve is 
not known, but determinations by other investigators 
are in general agreement with it. For observations at a 
constant angle of scattering ¢, neither & nor « is strictly 
constant. However, the principal cause of energy spread 
is the term in w, and Eq. (43) thus predicts that the 
neutrons diffracted at angle ¢ will be distributed in 
energy about a most probable energy very near €9 and 
with a width in energy at half-maximum, Ae, given by 


Poor 


dQde 





A&2hD x’, (44) 
where xo is x for e=€o, namely 
ko= 2ko sin(¢/2). (45) 


The values of xo for the first four peaks of 1+(ko) 
for liquid lead are given in Table I. Also listed are the 
energy spreads Ae at these positions, calculated from 
Eq. (44). Compared with an incident energy of 0.0820 
ev, common in diffraction experiments, this spread is 
seen to be very small at the position of the first peak, 
but increases rapidly with scattering angle and is 
quite broad at the position of the fourth peak. It should 


15 H. Hendus, Z. Naturforsch. 2a, 505 (1947). 
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Fic. 3. Energy distribution of neutrons scattered from liquid 
lead at angle of fourth peak in Fig. 2, as calculated from Fig. 2 
and simple diffusion theory. 


be borne in mind that this width is independent of the 
incident energy ¢€o in the approximation being considered. 

Because of the factor k/ko in Eq. (43), and because 
x also depends on ¢ at constant ¢, the energy distribution 
at a particular angle of scattering is ne’ quite sym- 
metrical and the width is not quite as , ‘en by Eq. 
(44). These complications are more important at 
high angles than at low. The actual energy distribution 
of neutrons scattered by liquid lead at an angle corre- 
sponding to the fourth peak (xo=7.8Xi0* cm“), 
assuming ¢9>=0.082 ev, and employing Eq. (43) and 
the data of Fig. 2, is shown in Fig. 3. The differential 
cross section, made dimensionless by the factor €0/@con”, 
is plotted against ¢/¢o. The asymmetry is appreciable 
only in the wings of the distribution, and the width at 
half-maximum is about 4% less than the value given 
in Table I. 

To compute the differential cross section do on/dQ, 
Eq. (43) must be integrated with respect to € at constant 
¢. Here a difficulty is encountered : the integral diverges 
as € approaches ©. This comes about because of the 
incorrect behavior at small ¢ of the width function 
w(t) that has been used. There should be no discon- 
tinuity in slope of w(#) at ¢=0, and correct behavior 
here leads to a I, which vanishes exponentially at 
large e. Consequently the integrations must be broken 
off at a finite « if Eq. (43) is to be used. Analytic work 
is not feasible at this stage anyway, and we shall be 
content to point out qualitative and semiquantitative 
results. In the present formalism, integrating d°¢c0n/ 


GEORGE H. 


VINEYARD 


dQde over ¢ is crudely equivalent to viewing the function 
1+~(x) through a resolution function, (k/ko)I',(xw), 
whose width is strongly dependent on x. Where the 
resolution function is narrow (small «), it is nearly 
equivalent to a delta function, and this converts 
1+ +(x) into 1+(ko). Where the width is greater, the 
resolution function tends principally to level out 
1+-~(x), lowering the peaks, filling in the valleys, and 
leaving points of inflection almost unchanged. The 
question of when the resolution function is effectively 
a delta function is somewhat delicate, because at lower 
angles the peaks and valleys in 1+ (x) are also much 
sharper. Furthermore the sharpest peaks in 1+-+(k) 
may already have been rounded by instrumental 
effects in the x-ray determinations. 

An idea of the magnitude of the effects in question 
can be had by considering further the example of 
liquid lead. The peak in Fig. 3 can be integrated 
numerically, assuming that the cross section is negligible 
beyond the energy limits of the drawing. The result is 
that the actual differential cross section for neutrons is, 
in this direction, about 10% lower than the value given 
by the static approximation. The error of the static 
approximation diminishes with decreasing angle, and at 
the first peak, in spite of the greater sharpness of the 
peak, the static approximation is found to be too large 
by only about 3%. The latter number is dependent on 
the second derivative of the x-ray differential cross 
section at the first peak, a number which certainly is 
not very accurately known. Thus the figure }% should 
be considered as only an illustrative estimate. 


5. BASIC FORMALISM IN THE QUANTUM CASE 


The foregoing development has been based entirely 
on the classical approximation to the Van Hove 
time-displaced pair distribution, G(r,/). It is only in this 
approximation that G can be interpreted as the prob- 
ability of finding an atom at rand ¢ after an atom has 
been observed at the origin at time zero. Consequently 
it is only in this context that the basic convolution 
approximation, given by Eq. (6), has been shown to 
make sense. The classical development has been 
presented first because it is more easily visualized and 
most of the desired results can be got from it. The 
theory can actually be generalized, however, and the 
convolution approximation can be developed on a 
purely quantum basis, in which the functions G and G, 
are given their proper, nonclassical, definitions. The 
chief physical interest of such a development is this: 
In the classical approximation, the behaviors of G 
and G, are incorrect at small ¢ and, moreover, no recoil 
effects in the scattering are accounted for. This is so 
because the classical approximation results only when 
h/M is made to approach zero, where M is the mass 
of a scattering atom. Thus, going to the classical 
approximation means assuming that the scatterer is 
very massive, and this is precisely the case in which 
recoil is absent. For atoms of intermediate or high 
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atomic number, M is sufficiently large that the recoil 
effects are very small and their neglect is unimportant 
in most respects. For very light atoms and neutron 
energies of interest in diffraction experiments, recoil 
appears to play an observable role. Thus, for liquid 
helium at 4°K Hurst and Henshaw’'® have found that 
0.076-ev neutrons are scattered with about the same 
average energy loss as if they had been scattered from 
He gas at the same temperature, and this amounts to 
0.002 ev at a scattering angle of 20° and 0,017 ev at 
an angle of 60°. The latter energy loss is sufficient to 
reduce the differential cross section quite appreciably, 
essentially because of the state-density factor k/ko 
[see Eq. (14) ]. It would be highly desirable to extend 
the development given in the first part of this paper so 
as to include such effects in a unified way. 

In the fully quantum mechanical treatment, the 
functions G and G, are Fourier transforms of the 
expectation values of certain operators. Thus, if 
the scatterer consists of V atoms and r,(¢) denotes the 
Heisenberg operator representing the position of the /th 


atom at time /, one defines the operators 
01;(¥,t) = exp[ —ix- r:(0) ] exp[ix- r,(2) ]. (46) 


Then, as shown by Van Hove,’ the functions G and G,, 
to be used in Eqs. (8) and (9) for determining cross 
sections are found from the 2 operator as follows: 


1 \ 
G(r,)) =— fax exp(—ix-r) >> (Q1;(%,t)); (47) 
‘N 


(27)! 


1 \ 
fe exp(—ix-r) > (Qu(«,?)). 
(29)8N 1 


j=l 


G,(r,t) = (48) 


The angular brackets in these expressions denote 
quantum mechanical expectation values. The quantum 
mechanical definition of g(r) is obtained from the 
relation 


g(r) =G(r,0) —6(r). (49) 


Because of the commutativity of r,(0) and r,(0), 
g(r) is purely real and retains exactly the physical 
significance already ascribed to it. 

To obtain a quantum mechanical derivation of the 
convolution approximation, one splits the summation 
in Eq. (47) into two parts, one part in which /= j, 
and a second part in which /#j. The first part gives 
G, (r,t), by Eq. (48). The operator 2,;(%,/) in the second 
part is rewritten with the help of the relation 


01; (%,t) =21;(%,0)Q; ;(%,2), (50) 


which follows from the insertion of the identity operator 
exp[ix:r;(0) ] exp[—ix-1;(0) ] 


between the two factors on the right of Eq. (46). 
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At this stage one has, rigorously, 
1 
G(r,t)=G,(r,t)+—— _f ae 
(2m)3N 
" 


Xexp(—ix-r) E (Qi; (x,0)2;;(x,2)). (51) 


lAj=1 


The basic approximation that corresponds to Eq. (6) 
of the classical development is to assume that 


21; (%,0)Q; ; (%,0) = (27; (%,0) )(Q;;(%,0)), (52) 
ie., the expectation value of a certain product can be 
set equal to the product of expectation values. This is 
the way in which the quantum mechanical definition of 
G can incorporate the assumption that the occurrence 
of a second atom at r’ from a given atom and the 
migration of the second atom to r in time ¢ are statis- 
tically independent events. Next, inserting (47) in 
the right-hand side of Eq. (49), one finds 


1 N 
g(r) =— — f ax exp(—ix-r) 2) (Q1;(«,0)). (53) 


(2x)8N lAjm=1 


Using the basic approximation (52) in Eq. (51) and 
remembering that all N atoms are alike, (53) and (48) 
can now be employed to produce the result 


Gr d=Cur)+ f g(r IGr-r, ddr’, (54) 


which is of precisely the same form as Eq. (6), but here 
G,G,, and g have all been defined quantum mechanically, 
by Eqs. (47), (48), and (49). Thus the convolution 
approximation for G in terms of G, and g has been 
derived without appeal to any classical concepts. 
The classical version, Eq. (6), can be derived afresh by 
considering the limit of Eq. (54) when the de Broglie 
wavelengths associated with the scatterer become 
sufficiently small that G, G,, and g acquire their classical 
meanings. 

The g(r) defined for a quantum mechanical system 
by Eq. (49) or Eq. (53) is the same function that is 
found from x-ray diffraction, and hence is the same as 
that considered earlier. G,, on the other hand, is complex 
for a quantum mechanical system, and the relative 
importance of its imaginary part is greatest at small 
values of /. 

It is illuminating to consider the exact form of G, for 
some simple quantum mechanical systems. Van Hove? 
has shown that for a perfect gas and also for an atom 
in a crystal lattice the quantum mechanical G, functions 
are again Gaussian in r. For the perfect gas, the width is 

w(t) = vol? —iht/ (kT) }}, (55) 
and for the isotropic, three-dimensional simple harmonic 
oscillator of frequency w:, a special case of the atom in a 
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lattice, the width works out to be 
2h \ *texp(hw:/keT)+1 
w(d=( ) | (1—cosw;f) 
Ma,/ Lexp(hw:/keT)—1 


4 
—i sna . (56) 


The imaginary components distinguish these widths 
from the values computed classically, Eqs. (34) and 
(35). For times large compared with #/(ksT) the 
perfect gas width (55) becomes identical with the 
classical value (34), while for times large compared 
with #/(kgT) and for temperatures high compared with 
the characteristic temperature hw;/kg the oscillator 
width (56) assumes its classical value (35). The 
additional requirement on the temperature, in the case 
of the oscillator, arises because it is necessary for many 
quantum states of the system to be excited in order for 
it to assume classical behavior. At small enough times 
the imaginary term dominates these expressions, 
because the imaginary part of w*(/) becomes propor- 
tional to ¢ while the real part becomes proportional to 
t?. Indeed this can be shown to be a general property of 
any system described by a time-independent Hamil- 
tonian and possessing no mass transport. One expands 
the operator 2;;(x,t) in powers of ¢ after writing 


exp[ ix: 1rz(¢) ]=exp[itH /h] exp[ix- 1:(0) ] 
Xexp[—iH/h ], 
where H is the Hamiltonian of the system. A generalized 


width of the distribution, w,(#), is defined by the 
relation 


(57) 


w,?(t)= 4 f PCr. (58) 
One can then show, under the assumption that the 
system is isotropic on the average, that 


(2) mee (p)P+ 9) 
ot()=—~i—4-—— ich, (5 
? M 3M 


where p is the operator representing the momentum of 
any one atom. The term linear in ¢, which dominates at 
small /, is thus of purely quantum mechanical origin, 
while the term quadratic in ¢ survives in the classical 
limit. 

Since the atom undergoing a random walk (diffusing 
atom) has been suggested as a model for calculating 
the self-diffusion function to first approximation in 
the classical case, we will next inquire into the possibility 
of carrying this model into the quantum realm. In the 
classical model a particle moves under the influence of 
a viscous force and a driving force, the driving force 
being of a stochastic nature, fluctuating so that its 
average values in time intervals At are independent of 
one another and such that its long time average is 
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zero. The stochastic driving force represents the 
“random” impacts of other atoms, while the viscous 
force represents the correlated retarding impacts of 
other atoms which develop when the atom has a 
finite velocity. One postulates that the position of the 
atom r(¢) obeys the Langevin equation’ 


d’r/dt?+ndr/dt= f (2), (60) 


where 7 is a coefficient of viscous damping, and M f(t) 
is the stochastic driving force. As a model for our 
purpose, we shall now suppose that r(/) and its time 
derivatives are to be interpreted as Heisenberg operators 
in the standard way, and r(¢) will be used for r,(¢) in 
Eqs. (46) and (48). f(¢) will be supposed to be a c 
number subject to the same stochastic behavior as in 
the classical theory of the Brownian motion.!”’ The 
operator Eq. (60), being linear, is integrated in the 
same way as the corresponding classical equation: 


0 
r(#)—r(0) ee 1) 
Mn 


1 t 
~ f dtf(t/)[e™-—1], (61) 


no 


where p(0) is the momentum operator for the atom 
at ‘=0. 
From (61) one evaluates the commutator 


[x-1(0), x-r(t) ]=ihM—nb(—ni)x?, (62) 
where 


(x) =e7—1. (63) 


Since the commutator is a c number, the product of 
exponentials in Q;;(x,t) can be rewritten by the rule 


eAcB = eilA.Bl (A+B), 
Setting A =ix-r(0) and B=ix-r(¢) one finds 


(Qu(x,t))=exp[4ihM—y 7 (—nf)x?] 
 (exp[ —iM-n~'&(—nt)x- p(0) }) 
X (expl[—iX(d)]), (64) 


where 


x= f dt'x- £(t/)®(nt’—nl). (65) 
0 


The second factor on the right of (64) is evaluated in 
a straightforward manner. In the third factor the 
angular brackets designate an average over the fluctua- 
tions in f(t). From the stochastic assumptions concern- 
ing f and the central limit theorem, X(¢) is known to 
be normally distributed about the mean value 0. Its 
standard deviation can be calculated from (65) and is 


(X?(t) )= 3x°n*( f?) Al 4 ( — 2nl) 
—2n6(—nt)+t], (66) 


17S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
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where (f*) is the mean square value of f and Af is a 
small interval of the order of the autocorrelation time 
of f(/). With this information the third factor in (64) 
can now be evaluated. When the result is inserted in 
Eq. (48), the self-diffusion function G,(r,/) is again 
found to be a Gaussian in r with the width 


2ih 2kpT 
oe re 
Mn Mr? 


2 8 ; 
+p| —-8(—2n))+ o(—n))+41]| . (67) 
u] n 


Here 4n~*(f?)At has been replaced by D, the diffusion 
coefficient in this model. For small times ©(—nt)=— nl, 
and the first term on the right of (67) gives an imaginary 
contribution to w?(/), of purely quantum mechanical 
origin. The second term is essentially classical, and 
commences as (2. These terms are in agreement with 
the first two terms of the generalized series (59). The 
final term in (67) is proportional to @ at small ¢. At 
large t, (—nl)—1 and 
2ih 2keT 6D i 
w(i)—+{ -—_+——_—-—+4D1} , 
Mn Mr’ 71 


(68) 


which is the same as the form (40) describing the simple 
classical diffusing atom except that the constant c is 
complex. Equations (67) and (68) have been derived 
on the implicit assumption that ‘>0. For negative / 
one may determine w from the relation 


w(—t)=w*(t). (69) 


Assuming the validity of the Einstein relationship 
n=kT/ MD, (70) 


which insures that the velocity distribution of the atom 
becomes Maxwellian after a long time, the asymptotic 
width (68) may be simplified to 


w(t) [— 2ihM—7+4D(t— 1) }, (71) 


(72) 


It would be desirable to have the Fourier transform 
of the self-diffusion function with width given by 
Eq. (67), but the time integration therein is intractable. 
As a useful approximation, bringing out the major 
features of the model, (67) can be replaced by two 
separate forms valid in the realm of small and large ¢, 
respectively. For ¢ small compared with the character- 
istic time 7 the linear quantum term predominates in 
w*(), and for ¢ large compared with r the linear classical 
term and the constants predominate. Thus, as a very 
rough description of the quantum mechanical diffusion 
model, we choose 


w*(t)= —2ihM—"t, 
w*(t)= —2ihM—'7+4D(t—7), t>r. 


r=1/n. 


0<i<r, (73) 


(74) 
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ft ransforming the Gaussian defined by (69), (73), 
and (74), one finds 
2 sin(wr—h?r/2M) 
l,(%,0) = ———-— 
w—hx*/2M 
/ 2x2D cos(wr—hx?r/2M) — 2w sin(wr—hn*r/2M) 
(x2D)?-+-? ; 





(75) 
The first term on the right of Eq. (75) comes from the 
small time region |t|<7, the second term from the 
large time region |t|>z. Considering this expression 
as a function of w at fixed x, one discerns two distinct 
types of behavior, depending on whether « is small or 
large. Define a critical parameter 


ke= (kepT/MD")}. (76) 
The two types of behavior occur in the regions «<x, 
and «>x«., respectively. In the former r1/(x?D), in 
the latter 7>>1/(x*D). In the region of small x, the first 
term of (75), considered as a function of w, is low and 
broad, the second is high and narrow. The numerator 
of the second term is approximately 2«*D for w in the 
range of the peak, hence the peak is almost symmetrical 
about w= 0, and has a width x*D and a Lorentzian shape, 
just as in the classical diffusion model [see the middle 
factor in Eq. (43) ]. Here there is essentially no recoil 
effect. In the region of large x, on the other hand, the 
roles of the two terms in (75) are reversed, the first 
being high and narrow, the second low and broad. 
The high peak is symmetrical about wo, where 

wo=hx?/(2M). (77) 
It is seen that here there is an average loss of energy on 
scattering, which is caused by recoil of the scatterer, 
and the magnitude of the loss, wo, is precisely the same 
as for a free atom or a Maxwellian gas. This agrees with 
the observations of Hurst and Henshaw on liquid 
helium.'* The detailed shapes of the peaks are certainly 
not reliable in the present approximation. In particular 
Eq. (75) predicts fine structure in the cross section 
which can be traced to the discontinuities in slope of 
the w(t) employed, and which is undoubtedly spurious. 
Also the width of the peak in the case of large x is 
independent of x. If one improves the approximation 
(73) by including higher powers of ¢ the width of this 
peak becomes an increasing function of x, although the 
extent of its dependence on x can be determined only 
by more detailed calculations. 

The transition from bound-particle to free-particle 
behavior at about x, is entirely reasonable, and rep- 
resents the fact that, for large momentum changes of 
the neutron, the recoil is sufficient to outweigh the 
binding of the atoms in the liquid. For liquid lead near 
its melting point, x-=5.4X10* cm™, which occurs in 
about the middle of the scattering pattern for neutrons 
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of wavelength 1 angstrom. From (77) it is seen that the 
amount of energy shift varies inversely with the mass 
of the scattering atom. For lead, this shift at x, is only 
about 3% of the peak breadth at this point, and hence 
is negligible. For atoms ten times lighter than lead, 
the recoil shift is beginning to be appreciable and should 
not be neglected for atomic masses much below 20, 
except in cases of abnormally small momentum change. 


6. GENERALIZATION TO POLYATOMIC SYSTEMS 


The time-displaced formalism and the convolution 
approximation are easily generalized to apply to the 
case of a liquid made up of several atomic species. For 
completeness the basic formulas will be presented here. 
Previously used symbols will be given a suffix » (or m) 
to refer to the mth (or mth) atomic species. Summations 
over these indices will always run from 1 to J, where J 
is the number of species present. G(r,/) must be general- 
ized to a set of functions G"”(r,t), the classical limit of 
which is the probability of finding an n-type atom at 
rand ¢ if an m-type atom was at the origin at time zero. 
The quantum mechanical definition in terms of 
operators 2;; follows from an obvious generalization 
of Eq. (47). The self-diffusion function for the nth 
species will be written G,"(r,/), and we let g”™(r) 
=G""(r,0). The convolution approximation is expressed 
by the relations 


G"" (1, 1)bnmGe"(1,)+ f grm(ryG.n(e—- r’, t)dr’, 
n,m=1---J. (78) 


The coherent and incoherent scattering cross sections 
are 








Goon k 
agers i tndentdon™ { [ ™™(r,t)—go" | 
dQde hko nm 
Xexp[i(n-r—wt) |drdi, (79) 
aaine k 
=— Sx (0ine)* f Gre) 
dQde hkyn 
Xexp[i(x-r—wt) jdrdt, (80) 


where x,, is the fraction of the atoms that are of type m. 

Defining the Fourier transform of G,"(r,/) as T',"(%,w) 
and the transform of g""(r)— go" as y"™(), in analogy 
with Eqs. (15) and (16), the convolution approximation 
leads to the simplified expressions for the cross sections 
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Goon k 

>— » X mcoh"Gooh™ T's" (%,0)[bnm+¥"™ (x) |, (81) 
dQde hko n,m 
Cine k 

—~=—)> x, (dine")*T'."(nw). (82) 
dQde hko n 


In the classical diffusing atom model, species m has 
the self-diffusion coefficient D,, and the function I,” 
is given by 

2D n° 
l,*(xo) =——_—_—_—_.. (83) 
(Dyx*)?+-w? 

The general physical content of these relations 

seems to require no further discussion at this stage. 


7. SUMMARY AND CONCLUSIONS 


Expressions for the coherent scattering cross sections 
of simple liquids for slow neutrons have been derived 
on the basis of two types of approximations: (a) the 
convolution approximation, which expresses the time- 
displaced pair distribution in terms of the radial 
density function and a self-diffusion function for a 
single atom; (b) a Gaussian approximation for the 
self-diffusion function. The width of the Gaussian is 
time-dependent and has certain general properties at 
large and at small times, and a behavior at intermediate 
times which can be inferred from simple models. 
The most sophisticated model considered in detail 
here has been the quantum analog of Brownian motion. 
A slightly cruder model is afforded by the classical 
Brownian motion. The neutron scattering is seen to 
involve a spread in outgoing energies with a width that 
increases rapidly with increasing scattering angle, and 
with a reduction in average energy attributable to 
recoil. The recoil is greater for light substances and 
large momentum changes, and is unimportant for atoms 
of intermediate or high atomic mass. The formulas 
derived here do not show the recoil effect unless the 
scatterer is treated quantum mechanically. The spread 
in energy produced by scattering at any given angle 
appears to be determined primarily by the coefficient of 
self-diffusion for the liquid, and may well afford a 
useful independent method of measuring this coefficient. 

The development presented here has the merit of 
giving simple results which contain a good deal of 
physical meaning and appear to possess the right 
qualitative features. Because of the several approxima- 
tions employed, the accuracy of the final formulas can- 
not be stated with certainty, and it is highly desirable 
that they be subjected to experimental tests. 
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The structure of the intermediate state has been studied in tin single crystals. In the purest crystals, an 
anisotropy is observed which is caused by the anisotropic resistance of the normal phase. The anisotropy of 
the structure changes sign as the temperature is lowered because of the very large magnetoresistance of 
pure tin. Superconducting-normal boundary (surface) energy values for tin single crystals have been 
measured and agree with those found earlier for polycrystalline tin samples. Boundary energy values for 
thallium have also been measured and agree with theoretical predictions. 


I. INTRODUCTION. REGULARITY OF PATTERNS 


N studying phenomena at the boundary between 

superconducting and normal phases in a metal, a 
complex intermediate state is almost always en- 
countered. That is, instead of a single boundary between 
the phases, there is a complex mixture of normal and 
superconducting regions with many interfaces. Before 
any detailed conclusions about the boundary can 
be drawn, it is necessary to know its length and 
configuration. 

This configuration can be displayed and studied by 
sprinkling the surface with a magnetic powder. If, in 
particular, the powder is diamagnetic, it is displaced 
from the normal regions which contain flux and remains 
on the superconducting areas.'* Related powder 
techniques, mainly with ferromagnetic powder, have 
been used by various Russian workers.*~* 

In our preliminary work with polycrystalline samples 
of moderately pure tin (containing approximately 
0.001% impurity), most patterns observed consisted of 
regular laminae. From the domain spacing, the inter- 
phase boundary energy was evaluated.? There was no 
marked dependence on crystal axes even though 
individual crystallites were several millimeters across. 
A typical pattern is shown in Fig. 1. 

In our present work, single crystals were studied. 
For crystals of the highest purity (containing approxi- 
mately 10-°% impurity; dc resistivity is less than the 
room-temperature value by a factor of approximately 
5X 10*), the patterns were often quite irregular (Fig. 2). 
This is not surprising, for in order to ensure the forma- 
tion of straight laminae, the domains must be formed 
simultaneously and interfere with each other as they 
grow. In the pure crystals, nuclei are relatively scarce, 


1Schawlow, Matthias, Lewis, and Devlin, Phys. Rev. 95, 
1344 (1954). 

2 A. L. Schawlow, Phys. Rev. 101, 573 (1956). 

3A. G. Meshkovsky and A. I. Shalnikov, J. Phys. (U.S.S.R.) 
11, 1 (1947). 

4A. I. Shalnikov and K. A. Tumanov, Collection Dedicated to 
the Seventieth Birthday of A. F. Ioffe (Publishing House of the 
Academy of Sciences of the U.S.S.R., 1950), p. 303. 

5 Tu. V. Sharvin and B. M. Balashova, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 23, 222 (1952). 

6B. M. Balashova and Iu. V. Sharvin, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 31, 40 (1956), [translation: Soviet Phys. 
JETP 4, 54 (1957) ]. 


and domain wall motion is quite slow because of eddy 
current damping. Thus, some individual domains grow 
ahead of others and are easily deflected by small 
crystalline imperfections. 

At higher temperatures, near the transition where the 
spread in critical fields due to imperfections is less, 
more regular patterns are usually obtained. It is 
important to note, however, that it is generally not 
safe to base conclusions on a pattern that is assumed to 
be regular without first verifying it. 

When the patterns are regular (as in Fig. 3), the 
values of interphase boundary energy deduced from 
them agree very well with those obtained from poly- 
crystalline samples. For instance, at 1.87°K, the 
boundary energy parameter A for tin was 3160+ 200 A. 
in polycrystalline samples, and 3211+270A in a 
single crystal. The errors quoted are average deviations ; 
there may be comparable systematic errors because the 
domains are never perfect, and the observer must 
judge what constitutes a domain. 


Il. ANISOTROPY 


Whenever regular domains are obtained in the 


purest tin crystals, they show a striking anisotropy. 





Fic. 1. Intermediate-state pattern on a polycrystalline tin 
plate. Dark regions (covered by niobium powder) are super 
conducting, light regions (powder expelled by magnetic flux) 
are normal. 7 =2.88°K ; H=72 oersteds. 
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Fic. 2. Intermediate-state pattern on a pure tin single crystal. 
This pattern is much less regular than that of Fig. 1. 7=1.85°K; 
H=170 oersteds. 


If a crystal plate with random orientation is examined, 
the patterns may be diagonal rather than perpendicular 
to one of the edges (see Fig. 4). The domains grow 
most quickly in the direction of the ¢ axis (fourfold 
symmetry axis); however, the demagnetizing factor 
associated with the shape of the plate favors domains 
perpendicular to the edges. For this reason, the resultant 
domains in a pure single crystal have an oblique 
direction between the perpendicular to the edge and 
the c axis. 

Motion pictures were taken to show the growth of 
the domains as the magnetic field was applied and 
removed. If a field perpendicular to the plane of a 
plate and having about half the critical value is applied 
suddenly, the demagnetization factor produces an 
instantaneous field greater than critical at the edge of 
the plate. The field quickly (~} second) penetrates 
several millimeters into the plate, destroying super- 
conductivity as it goes. However, large eddy currents 
are left behind the moving boundary and, in a medium 
of such high conductivity, decay quite slowly (several 





Fic. 3. Intermediate-state pattern on a well-annealed single 
crystal of tin. Large portions of the pattern are quite regular and 
can be used to measure interphase boundary energy. T=1.89°K; 
H=175 oersteds. 
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seconds). Thus the instantaneous field at the front is 
less than that at the edge of the plate, and the motion of 
the front slows. The front proceeds to break up into a 
large number of laminar fingers which advance faster 
than the almost stationary solid front. These fingers 
reach the center of the sample in approximately ten 
seconds; the actual time is longer for purer samples. 

It was pointed out to us by Professor C. J. Gorter 
that the rate of advance of a superconducting-normal 
boundary is dependent on the ratio of surface to 
volume swept out. If the surface is large, there is a 
long path for the eddy currents, and they are quickly 
dissipated by the normal resistance. Therefore, the 
field penetrates more quickly if the solid front breaks 
up into a series of wedges or fingers. 

The motion of a solid interface between normal and 
superconducting phases has been considered by several 





Fic. 4. Intermediate-state pattern on a single-crystal plate. 
The crystalline domains are inclined towards the edges of the 
plate. T7=1.85°K; H =150 oersteds. 


authors.’:* For this particular case, the rate of wall 
motion, when the magnetic field at the boundary 
exceeds the critical field by a fixed amount, is propor- 
tional to the square root of the resistivity. Since the 
eddy currents flow parallel to the boundary, that is, 
perpendicular to the direction of wall advance, the 
appropriate resistivity is the resistivity perpendicular 
to the direction of wall motion. We should then expect 
to find anisotropic rates of wall motion and anisotropy 
of the resultant intermediate state domain pattern if 
the dc resistance is not isotropic. In this case (interface 
motion between normal and superconducting phases), 
the domains would be expected to move fastest perpen- 
dicular to the direction of highest resistivity. A similar, 
although more complicated, relationship would govern 
the advance of the tips of laminar domains. 


7 A. B. Pippard, Phil. Mag. 41, 243 (1950). 
SE. M. Lifshitz, J. Exptl. Theoret. Phys. (U.S.S.R.) 20, 834 
(1950). 











INTERMEDIATE STATE 


Figure 5 (a flash photograph taken 4 seconds after 
applying a magnetic field to a crystal of highest 
purity’) shows the anisotropy of domain wall motion. 
The edges of the plate have been swept clear of powder 
by the advancing field which entered from all four sides. 
At the instant the photograph was taken, the center of 
the plate is still superconducting (the dark region 
fully covered by powder). It is being penetrated by 
magnetic field along the light portions of the laminae 
which surround it. The line of demarcation between 
the intermediate-state laminae and the superconducting 
region can be seen as the outline of the central dark 
area. It is evident from Fig. 5 that the magnetic field has 
advanced the farthest and reached the closest to the 
center of the plate along the c axis [001] of the crystal. 
Perpendicular to that direction, the advance has been 
much slower, and the line of demarcation of the central 
superconducting area remains relatively close to the 
edge. 

In contrast to Fig. 5, a sample of slightly less purity” 
is shown in Fig. 6 (a flash photograph taken 23 seconds 
after applying a similar magnetic field). Here the 
penetration rate is nearly equal on all four sides, and, 
therefore, the edges of the superconducting region are 
roughly equidistant from the sides of the plate. 

Resistivity measurements confirm that the anisotropy 
in the penetration rates and the domain patterns is due 
to anisotropy of the normal conductivity. For samples 
(like that of Fig. 6) which showed little anisotropy, 
the resistivity ratio was p273°K/ps2°xk~1.7X10*; at 
4.2°K, pv toc axis)/P(i toc axis)< 1-2. These values are 
close to the ones reported for tin of comparable or 
lower purity." For spectroscopically pure samples (such 
as that of Fig. 5), the ratio was p273°K/ps.2°x~5X10; 
and the anisotropy at 4.2°K was as large as at room 
temperature, i.€., pj toc axis)/P(1 toc axis)~1.5. Thus, 
the samples which show intermediate-state anisotropy 
are those which are pure enough to have a highly 
anisotropic resistivity at 4.2°K. 

The sign of the anisotropy, however, is wrong. 
According to the above argument, the boundary should 
move most quickly perpendicular to the direction of 
highest resistivity. Experimentally, the boundary 
moves fastest along the ¢ axis which is perpendicular 
to the direction of lowest resistivity at 4.2°K. 

It is conceivable that this might arise in some way 
from the complicated shape of the domains.'* However, 
the experiments have been done, for the most part, at 
temperatures below 2°K, and the normal portions of 
the sample were subjected to a critical magnetic field 


* Obtained from Vulcan Detinning Company, Sewaren, New 
Jersey, “Spec-pure” tin (approximately 2X 10-*% impurity). 

10 Obtained from Vulcan Detinning Company, Sewaren, New 
Jersey, ‘“Extra-pure” tin (about 0.001% impurity). 

ul T, E. Faber, Proc. Roy. Soc. (London) A219, 75 (1953). 

12 See a suggestion of C. J. Gorter described by A. L. Schawlow 
and G. E. Devlin in Proceedings of the Fifth International 
Conference on Low-Temperature Physics, Madison, Wisconsin, 
1957) (unpublished). 
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Fic. 5. A spectroscopically-pure tin single crystal 4 sec after 
applying a magnetic field. The boundary of the dark superconduct- 
ing region has moved inward fastest along the direction of the 
¢ axis. 


of about 200 oersteds. A sufficiently large and anisotropic 
magnetoresistance could reverse the resistivity ratio, 
but it would have to be larger than almost any known 
magnetoresistance. 

Resistivity and magnetoresistance measurements 
were made directly on the sample of Fig. 5 by an ac 
skin-depth method described in Appendix A. This 
method can be used with samples of very low resistivity, 
although for the purest samples the skin effect is 
somewhat anomalous even at 16 cycles per second. 
It permits measurements in different directions to be 
made on the same sample, and it does not require any 
leads attached to the sample. 

Figure 7 gives the resistivity of the sample shown in 
Fig. 5 along and perpendicular to the ¢ axis as a function 
of magnetic field. It is seen that the magnetoresistance 
is, indeed, enormous and anisotropic; and, at 1.85°K, 
just above the critical field, the resistivity perpendicular 
to the ¢ axis is twice the resistivity along the axis. 





Fic. 6. A less pure (~0.001% impurity) tin single crystal 24 
sec after applying a magnetic field. The rate of penetration is the 
same along and perpendicular to the ¢ axis. 
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Fic. 7. Magnetoresistance of a spectroscopically-pure tin single 
crystal measured by the skin-depth method. 


Hence, at this temperature and field, the resistivity has 
sufficient anisotropy with the correct sign to account for 
the observed intermediate-state patterns. The less 
pure samples with a resistivity three or four times 
larger would show magnetoresistance corresponding 
to that of Fig. 7, with the magnetic field reduced by 
the same factor of three or four. They would show 
almost no anisotropy of resistance under the operating 
conditions. As a final confirmation, the sign of the 
anisotropy cf the purest samples was found to be 
reversed at 3.15°K, where H,.~80 oersteds. 

The extraordinarily high magnetoresistance is assoc- 
iated with the unusually long mean free path found in 
these pure specimens (~1 mm)." Even assuming an 
effective mass as large as the free electron mass, the 
radius of curvature of an electron orbit is of the order 
of 5.7/H cm, where H is the magnetic field in oersteds. 
Hence, at only a few hundred oersteds, electrons might 
describe complete closed circles with a circumference 
equal to their mean free path. Under these conditions, 
a very large magnetoresistance can occur. Moreover, 
the sample shape is favorable; because of its width, 
the sides are sufficiently remote so that Hall fields 
have little effect on the orbits. The wide plate has 
much the same relation to a Corbino disk as a plane 
magnetron has to a cylindrical magnetron. In both 
cases, the current flow can be drastically reduced by a 
static magnetic field perpendicular to the electric field. 

It may be concluded, then, from their close correlation 
in magnitude and sign, that the observed anisotropy 
of the intermediate-state domain patterns is caused 
by anisotropy of the normal resistivity. Any anisotropy 
of interphase boundary energy which might be present 
is masked by the anisotropy of the resistivity in these 
experiments. 


Ill. OTHER SUPERCONDUCTORS 


Intermediate-state patterns comparable to those in 
tin have been observed on samples of mercury, indium, 


2B J. E. Kunzler and C. A. Renton, Phys. Rev. 108, 1397 (1958). 
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lead, and thallium. Pending a clarification of the effects 
of crystal structure and imperfections on domain 
regularity, no detailed measurements could be made on 
these elements. However, thallium is of special interest 
because the parameter S=eH 2do/h, which governs the 
boundary energy, is about 0.22 as compared with the 
0.12 value for tin. Lewis’ theory" predicts values of 
A for thallium which are larger than for tin; these 
values do not change much with temperature, except 
near the transition temperature. Actually, A/Ao is 
less for tin than for thallium; but, for thallium,!® Xp is 
much larger and therefore A is larger. Experimentally, 
it was found for a polycrystalline sample of thallium 
at 1.025°K that A=5.4X10-° cm; at 1.85°K, A=6.1 
X10-> cm. If S is adjusted for a best fit to Lewis’ 
theoretical curves, agreement is obtained for S=0.22 
+0.03. This coincides with the value of S deduced from 
H,, and Xo; in fact, the agreement is better than the 
uncertainty in Ao. 

Molecular theories of superconductivity’® have not 
been developed sufficiently to give predictions for A. 
It seems unlikely that they will differ radically from 
the values given by semiphenomenological theories 
such as that of Lewis. Considerably more refined 
measurements, both of A and of the penetration depth 
\, will be needed if surface energies are to critically 
test such theories. 


IV. TRAPPED FLUX IN TIN CRYSTALS 


When the external field is removed from a specimen 
in either the normal or intermediate state, most of the 
flux escapes to the edge in approximately 30 seconds. 
After this length of time, there still are many spots of 
trapped flux which break loose, one by one, and very 
slowly migrate to the edge of the crystal. There may 





Fic. 8. Trapped flux spots in a tin single crystal. 
T =3.2°K; no external field. 


14H. W. Lewis, Phys. Rev. 104, 942 (1956). 

1° N. V. Zavaritskii, Doklady Akad. Nauk S.S.S.R. 85, 749 
(1952). 

16 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
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Fic. 9. The same crystal as in Fig. 8 after cooling to 1.2°K. 
The spots contain the same amount of flux, but since H, has 
increased, the spots are much smaller. 


be twenty or so spots remaining after half an hour. 
These spots are generally irregular in shape, since they 
are held, presumably, by imperfections in the crystal. 

The field in one of these spots should nearly equal the 
critical field for the operating temperature. Dr. K. 
Mendelssohn suggested that if the critical field is 
changed by cooling or heating the sample, the size of 
the spots should change. This predicted effect has been 
observed by freezing spots which contain flux in a 
tin crystal plate at 3.2°K (H.~70 oersteds) and cooling 
to 1.2°K (H.~270 oersteds). ‘The spots shrink on 
cooling and expand on heating in approximately the 
correct ratio (see Figs. 8 and 9). 


Vv. CONCLUSIONS 


These experiments have shown that the intermediate 
state in superconductors can have very complex 
configurations. It has also shown how, in some cases, 
the configuration is controlled by kinetic effects during 
the transition. In particular, if the magnetic field is 
applied after cooling the specimen, eddy-current 
damping has an important influence on domain shape 
and direction. 

The general scale of the pattern, i.e., the average 
size of the domains, is governed chiefly by the interphase 
boundary energy. When reasonably regular patterns 
are obtained, their spacing can be used to measure 
boundary energy. The regularity is easily disturbed by 
crystal imperfections so that the accuracy of the 
method is limited. However, within the range of 
obtainable accuracy, the boundary energy is not very 
sensitive to small amounts of imperfections or impurities. 
Measured values of boundary energy for thallium, as 
for other soft superconductors, are in satisfactory 
agreement with present theoretical estimates. 

For the hard superconductors, all one can say at pres- 
ent is that they should be prepared with sufficient purity 
and freedom from strain in order to have bulk magnetic 


OF SUPERCONDUCTORS 1015 
properties indicating single phase; it may then be 
possible to deduce accurate values for surface energies 
from intermediate-state structures. 
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APPENDIX A. MEASUREMENT OF RESISTIVITY 
IN TIN CRYSTALS 

Since these crystals have resistivities of the order of 
10-” ohm cm, a direct dc measurement would require 
an apparatus sensitive to at least 10~* volt. If the 
resistance is increased by using a fine wire or thin 
plate, the long mean free path (~1 mm) causes large 
size effect errors; thus, it is necessary to measure very 
low resistances and correspondingly low voltages. 
Such small voltages can be measured by sensitive 
chopper amplifiers, if due attention is paid to reducing 
and balancing thermal emf’s.'? Superconductive or 
magnetoresistive choppers might also be used, but are 
disturbed by magnetic fields. A simple ac current and 
voltage method would give very misleading results, 
because the dec resistivity is so low that the inductive 
reactance exceeds it by a large factor (~100) even at 
20 cps. 

The present method derives the resistivity p from a 
measurement of the ac skin depth 6, to which it is 


related by the usual expression, 
6=5.05X 10° (p/ f)!, (1) 


where f is the frequency. 6 is measured by winding a 
coil closely about the sample (see Fig. 10). The emf 
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Fic. 10. Arrangement of coils on crystal sample for measuring 
resistivity by the skin-depth method. 


17 We are indebted to J. E. Kunzler and C. A. Renton for 
making some zero-field resistivity measurements on tin crystals 
by this method. They used either our actual samples or, in the 
case of square plate samples, bars cut adjacent to the square plate 
in the crystal. 
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induced in the coil by a magnetic field H (Fig. 10) is 
E=10- ‘wd volts=10~*w(2/)6H, (2) 


where w is the angular frequency, ¢ is the magnetic 
flux inside the coil, and / is the length of the sample. 
There is also a small contribution to ¢, and hence to 
E, from the small space between the coil winding and 
the surface of the sample. This contribution, which we 
shall call Eo, is the only emf which remains if we cool 
the sample below the superconducting transition, and 
so it can be measured directly. It can then be subtracted, 
bearing in mind that the emf from flux inside the sample 
differs in phase from it by 45°. Thus, if £,, is the total 
measured emf, 


= — E,/V2+ (Eot En?—E¢)}, (3) 


then E and, hence, p are determined. 
Measurements were made, for the most part, at 
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16.2 cps, where the skin depth at zero field was of the 
order of 0.1 mm. Since this skin depth is probably 
somewhat less than the mean free path, Eq. (1) is not 
strictly applicable. However, the ratio of resistivities 
should be quite satisfactory even at zero field. As the 
magnetic field is applied, 6 rises rapidly, and the skin 
effect becomes quite normal. 6 may even become 
comparable to the thickness of the plate, in which 
case we measure an effective 6 given by 


5er=6 tanh(a/6), (4) 


where 2a is the thickness of the plate. 6 can, of course, 
always be made less than a by raising the frequency. 

This method avoids thermal emf’s and does not 
require any leads fastened to the specimen. Moreover, 
measurements in different directions can be made on 
the same sample. This is of some importance because 
such low resistivities are critically sensitive to very 
small amounts of impurities. 
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The model of ferromagnetism proposed by Ising is treated by synthesizing a cluster treatment with the 
spherical mode]. The spherical mode] is used to determine approximately the molecular field acting on the 
cluster and the effective interactions between dipoles of the cluster. 

The method is applied to the square net and to the cubic lattice and the critical temperatures are obtained 
The result for the square net is that E/k7T.=0.831 and for the cubic lattice that E/kT.=0.442. In these 
results E is the energy required to change an adjacent pair of dipoles from parallel to antiparallel relative 


orientation. 


1, INTRODUCTION 


N 1925 Ising! proposed a model of ferromagnetism 
which attracted considerable attention in the 
ensuing years. This model assumes that a permanent 
dipole is situated at each site of a lattice, that the 
dipoles are capable only of parallel or antiparallel 
relative orientation, and that the energy of the system 
depends on the relative orientation of pairs of dipoles 
and on the orientation of the dipoles relative to an 
external field. 
In two and three dimensions this system has a Curie 
point ; that is to say, there is a temperature below which 
spontaneous order appears. The occurrence of a critical 





* Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in Physics in the Graduate School 
of Syracuse University. 

+ Now at The State University of New York, New York State 
College for Teachers, Albany, New York. 

1 E. Ising, Z. Physik 31, 253 (1925). 


temperature is one of the principle reasons for the 
attention that this model has attracted. The Ising 
model is possibly the simplest system which exhibits 
the subtle second order phase transitions characteristic 
of some strongly cooperating systems. 

The two-dimensional Ising ferromagnet was treated 
exactly by Onsager? in 1944. The history of the problem 
seems to indicate that Onsager’s treatment cannot be 
extended successfully to three dimensions, and many 
investigators have thus been led to consider approxi- 
mate treatments. 

One of the earliest theories of cooperative phe- 
nomena is due to Bragg and Williams.’ In this theory 
the approximation is made that the ordering energy 
depends only on the total order of the lattice. The 
ordering of adjacent sites contributes to the total energy 

2 L. Onsager, Phys. Rev. 65, 117 (1944). 


5’ W. L. Bragg and E. J. Williams, Proc. Roy. Soc. (London) 
A145, 699 (1934). 
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in precisely the same proportion as the ordering of 
distant sites. Thus sight is lost of most of the micro- 
scopic structure of the lattice. 

Bethe‘ contributed an analysis, developed and applied 
by Peierls® and Weiss,* in which some of the structure 
of the lattice is restored. This treatment consists in 
singling out a central dipole and a shell of dipoles 
consisting of its nearest neighbors, writing down a 
cluster distribution function, and then doing the 
statistics of the cluster exactly. The cluster distribution 
function is obtained with the ad hoc assumption that 
the effect of the lattice on the cluster is to create an 
effective field acting only on the shell dipoles. If an 
exact cluster distribution function could be obtained 
it would contain, in addition to the terms connecting 
the central dipole to the shell dipoles, terms linear in 
the variables associated with the shell dipoles, terms 
quadratic in these variables, terms tertiary, and so 
forth, up to a degree equal to the number of shell 
dipoles. Thus the Bethe-Peierls-Weiss treatment is 
carried through essentially by neglecting all the terms 
that would appear in an exact solution save the linear 
terms. With this restriction on the form of the cluster 
distribution function, the best possible effective field 
(coefficient of the linear terms) is obtained by imposing 
a consistency requirement, that the average moment 
of the shell dipoles be equal to the average moment of 
the central dipole. This treatment is in some ways 
quite good. It can be shown to give exact results for a 
linear Ising chain with nearest neighbor interactions. 
It yields a Curie temperature for the two-dimensional 
lattice which is 20% removed from that given by the 
known exact solution. However, it has the serious 
defect that the location of the Curie point is determined 
only by the number of nearest neighbors of a dipole 
and is independent of the dimensionality of the problem. 

The Bethe-Peierls-Weiss treatment bears a con- 
ceptual relationship to the work of Kikuchi,’ and to 
that of Fosdick and James.* Kikuchi’s work consists in 
treating small subgroups of lattice sites exactly, and 
coupling these groups in an approximate manner. The 
work of Fosdick and James is strictly a one-cluster 
treatment, as is B-P-W. However Fosdick and James 
weight the probability of phase, that goes with a 
particular cluster configuration, with two rather than 
one adjustable parameters. They now find it possible, 
indeed necessary, to introduce two rather than one 
consistency requirement. Their additional consistency 
requirement is on pair correlations in the cluster. 

In contrast to these treatments, in the work of Berlin 
and Kac® the expectation values for physical quantities 
of interest are obtained not by doing the statistics of a 
cluster but are calculated in the usual manner from the 


*H. A. Bethe, Proc. Roy. Soc. (London) A150, 552 (1935). 
5R. Peierls, Proc. Roy. Soc. (London) A154, 207 (1936). 

6 P. R. Weiss, Phys. Rev. 74, 1493 (1948). 

7R. Kikuchi, Phys. Rev. 81, 988 (1951). 

§L. D. Fosdick and H. M. James, Phys. Rev. 91, 1131 (1953). 
* T. H. Berlin and M. Kac, Phys. Rev. 86, 821 (1952). 
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partition sum; the partition sum however is obtained 
in an approximate manner. A description of the work 
of Berlin and Kac proceeds best if the problem is 


delineated mathematically. The distribution function 
for the Ising model is 


exp(K © e(@)ijes+Ll ¥ 6 Hd), (1.1) 
ij i 
in which 
K=ny?/2kT, L=p/kT, (1.2) 


(G°),;; is the interaction between dipoles i and 7, m is 
the density of dipoles, and yu is the dipole moment. 
The variable ¢; is to be associated with the dipole at 
lattice site 7 and, with equal a priori probability, takes 
on the values +1 corresponding to orientation of that 
dipole up or down. With (1.1), the partition sum is 


=> exp(K ya €(G") ;6;,+L ~ Je €;Ho), (1.3) 


‘j ij 7 


in which }>-; means the sum on all configurations of the 
system. The partition sum may be written 


o-f exp(K ¥ e(G@) ;€, 
x " 
+L¥ ¢Ho)[] deo[1—(e;)?], (1.4) 
? 2 


in which 6 is the Dirac delta function. The approxi- 
mation of Berlin and Kac consists in replacing the 
constraints [],é[1—(e,;)*] by the single weaker con- 
straint 6[ V—}> (e;)?], where V is the number of dipoles 
in the lattice. With this replacement, Q can be evalu- 
ated. This spherical replacement is successful in that 
it yields a transition for the three-dimensional case, but 
is unsuccessful in that it fails to predict a transition for 
the two-dimensional case. 

The present work synthesizes the work of Berlin and 
Kac and that of B-P-W. As in the Bethe-Peierls-Weiss 
treatment we shall obtain expectation values from a 
cluster distribution function treated exactly. Further- 
more, as in the B-P-W treatment, we shall perform an 
adjustment to insure that the average moment of the 
central dipole and that of the shell dipoles are equal. 
Unlike the Bethe-Peierls-Weiss method, the cluster 
distribution function will not be written down ad hoc. 
It will be obtained by actually performing the sum over 
the states of all dipoles save the dipoles of the cluster. 
However, this sum will be performed in an approximate 
manner and this approximate manner consists in using 
the spherical treatment of Berlin and Kac. Thus the 
spherical treatment is used in a less sensitive manner. 
It is used not to evaluate the total partition sum, but 
only to approximate the effect of the lattice on the 
cluster. The adjustment to insure that the average 
moment of the central and shell dipoles are equal is 
obtained by permitting the interaction in the lattice 
(outside of the cluster) to be an initially undetermined 
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TaBLeE I. The reciprocal critical temperature E/kT., where 
E=the energy required to change a pair of dipoles from parallel 
to antiparallel orientation. 








Cubic lattice 


Square lattice 





Bethe* 0.694 0.4054 
Bethe* 0.763 0.4216 
Fosdick and James® 0.823 0.43206 
Kikuchi* 0.8244 0.43388 
Domb and Sykes 0.8816 0.44338 
Exact® 0.88137 tee 
Spherical model‘ 0.50513 


Present work (spherical and cluster) 





x 
0.831 0.442 





® See reference 4. 
> See reference 8. 
© See reference 7. 
4 See reference 11. 
¢ See reference 2. 
! See reference 9. 


parameter. Thus the entire lattice outside the cluster 
“relaxes” to make the adjustment. The interaction 
within the cluster is of course not modified. 

This analysis is a logical extension of an analysis 
by Lax,’ which is conceptually identical except that 
the ‘‘cluster” is reduced to a single dipole. 

A crude measure of the accuracy of the present work 
may be obtained by comparing the transition temper- 
ature for the square lattice and the simple cubic lattice 
obtained here with the values obtained by other 
methods, as shown in Table I. The results indicate 
that the spherical modei alone gives the poorest 
prediction of transition temperatures (no transition in 
two dimensions, and a transition temperature about 
12% low in three dimensions), but when combined 
with the cluster technique a transition temperature is 
obtained within 6% of the exact temperature in two 
dimensions and within 0.2% of the Domb-Sykes" 
estimate in three dimensions. The Domb-Sykes calcu- 
lation, based on keeping a large number of terms in a 
series expansion of the partition sum is probably the 
most reliable (as well as laborious) method. (The values 
quoted for Domb and Sykes are averages of two results 
based on their series with and without the last term. 
Their two results differ by about 1% for the square 
lattice and 0.4% for the simple cubic lattice.) 

For a review of the extensive literature on the Ising 
model the reader is referred to Newell and Montroil.! 

In general it may be asserted that while many 
approximate treatments of the Ising-model problem 
may be applied to other strongly cooperating systems, 
these treatments are usually very inaccurate. On the 
other hand, the exact methods that exist are of re- 
stricted applicability. It is hoped that the methods of 
this work will have wide validity and reasonable 
accuracy. 

© M. Lax, Office of Naval Research Conference on Magnetism, 
University of Maryland, September, 1952, Revs. Modern Phys. 
25, 160 (1953). For a more complete discussion see M. Lax, 
Phys. Rev. 97, 629 (1955). 

1 C. Domb and M. F. Sykes, Proc. Roy. Soc. (London) A240, 
214 (1957); also Proc. Roy. Soc. (London) A235, 247 (1956). 


2G. F. Newell and E. W. Montroll, Revs. Modern Phys. 25, 
353 (1953). 
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2. MATHEMATICAL FORMULATION 


The cluster distribution function can be obtained 
from (1.4) by integrating only over the variables «; 
outside the cluster. Alternatively, one may integrate 
over all variables but insert a factor J], d[e,—(e°), ] 
that holds the cluster dipoles ¢, fixed in value. As 
explained in previous work,’ we are concerned with the 
cluster distribution function when the remainder of the 
lattice has a definite magnetization M. The exact 
cluster distribution function then takes the form 


+e 
O))=f eMKE a@)ue+LE otto 
XI] de [1 —(€;)* 1] dLe.— (€), ] 


a | 
xi(—-—r's), (2.1) 


ny 


where s runs over the cluster, and the primed sum runs 
over the lattice outside the cluster. 

After the distribution function (2.1) is used to calcu- 
late the mean moment of the dipole ¢ at the center of 
the cluster, one may impose the self-consistency 
requirement : 


M ‘n= (eo |m. (2.2) 


When Eq. (2.2) has a nontrivial solution in the absence 
of an applied field, spontaneous order exists. The usual 
self-consistency requirement of the B-P-W treatment, 


[€o Ja= Cer |n, (2.3) 


where ¢; is a shell dipole, should be satisfied automati- 
cally if no approximations are made. 

The integrals involved in Eq. (2.1) are intractable, 
and we proceed by relaxing the requirement that all 
dipoles have length unity. Instead we make the 
spherical approximation that the sum of the squares of 
the lengths of the dipoles be V. Our cluster is now 
embedded in a “bath” whose properties are no longer 
quite correct and the B-P-W self-consistency require- 
ment Eq. (2.3) would be violated. The bath can be 
made more realistic by modifying the strength of the 
interaction in the lattice outside the cluster so that the 
B-P-W self-consistency condition is obeyed. Thus we 
propose the cluster distribution function : 


ou((e).)= [II de; exp(K } €:(@),¢; 
+KY! AG yet LE old 


NM 
om LD! 8; 
nkT i 


X6(KN-—K E(«)a( - 


XI] o[Le,—L(e),], (2.4) 
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where (G");; is the temperature-dependent coupling 
strength to be determined by the B-P-W self-consist- 
ency requirement Eq. (2.3). The variables r and s run 
through the cluster. The primed sum over i and j 
includes all the remaining terms, i.e., it omits terms 
only if both i and 7 belong to the cluster. 

For all delta functions we shall use an integral 
representation of the form 


5(x) = (2mi) f exp(xt)dt. (2.5) 


With the integration variables /, h, and h,, respectively, 
for the spherical model condition, the magnetization, 
and ¢,, Eq. (2.4) can be rewritten as 


—NMh 
QOol (e), |= | dt exp(VKA)Qidh exp(— ) 
nkT 
XI] dh, expl—L(e).4,)0(H;), (2.6) 
where 
oH,)= f Ide exp(K > eGies+Ll ¥ €H;), (2.7) 
7 ‘7 2 
in which 
Gis=(G@" ) 5-3 ej = 5, (2.8) 
and 
H j= (Hoth) +Pj(—Ho—h+hy)), (2.9) 


where P; projects to the cluster, i.e., P;=1 for j=any 
rand P;=0 for jAany r. 

To simplify the subsequent integrations over ¢;, Eq. 
(2.6) has been written so that the quadratic form in 
G,; has the full periodicity of the lattice (by adding 
and subtracting cluster terms). This procedure results 
in Q, taking the form 


QO, =exp(K > (&) {Gi;-— (4) +4; )(&), 


+L ¥o(e),He), (2.10) 


where the superscript 0 can be used since the cluster 
dipoles are held fixed by the constraints d[e,— (e°), ]. 
Indeed, (); could be removed from beneath the integral 
sign entirely if ¢ were given its saddle-point value. 


3. INTEGRATIONS 


The exponential of any quadratic plus linear form 
can be integrated by means of the formula 


J 


N 
II de, exp(> 


j=l ij 


6Gijest2 > Bye;) 
7 


=i*[det(—G) } exp(— BiG") ;;B,), (3.1) 
ij 
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where (G~');; is the matrix reciprocal to G;;. Thus 


(2.7) can be evaluated: 


O(H;) = (x/K)#*[det(—G) 3 


Xexp[(—2nkT)“ AGH], (3.2) 


where 


AGH =>; HAG) :H;, (3.3) 


can, upon using the definition (2.9) of H;, be reduced 
to the form 


AG'H=A(Hoth)?+B(Hoth)+C, (3.4) 
in which 
A=N (ao) —2(@o) Dj P3+ Di PAG) i5P;, (3.5) 
B=2(ao) D Pjhj—2 Di iP (GCG) iP, (3.6) 
C=)0 5; AP (GC) ;P shy, (3.7) 
where 
@p== >; Gi; expLip: (r;—1,) ] (3.8) 


are the eigenvalues of the cyclic matrix G;;, so that the 
inverse eigenvalues are given by 


(a,) ==> (G”),; exp[ip- (r;—1,) ]: (3.9) 


in particular, 
(ao) l=>° (CG) ,;=N- > i(G");;, 


for p=0 (the ferromagnetic mode). 

With the help of (3.2) and (3.4) the integration over 
h in (2.6) can readily be performed. The result will 
contain a factor 


exp{{(B+2NM)*?—4AC]/8AnkT}. — (3.10) 


This exponent can be simplified by taking the limit as 
N approaches «, keeping a// terms of order unity, but 
omitting terms of order 1/N and smaller. Above the 
Curie temperature this limit is easy to take because the 
term (a) in A is of order NV and all other terms in 
A, B, and C are of order unity. Below the Curie point, 
however, previous discussions" of the spherical model 
have shown that (ao)~ becomes of order NV, and the 
limit must be taken with this in mind. The distribution 
function can then be written: 


Oo((e),)= fa exp(.V Ki?) expl(2NMHo 


+ NM?a»)/2nkT ](x/K)'*[det(—G)}# 
 (/K)}(N—aon’y2)!0,0(h,), (3.11) 
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where 


Q(h,) = f Tl dhs exp{ (2nkT)"L Cie he Real 


+2 h,2M (1—ao > 2 R..) 


—Lr h,2ny(e),}}, (3.12) 
and 
Rij= (G7) i3— No) 
=N" > (ap) expLip-(r;—r,)], (3.13) 
whereas 
(G>) is=N Ly(ap)* expLip- (ri—1,)]. (3.14) 


Above the Curie temperature, all the terms in the sum 
(3.14) are of order 1/N, and the sum may be replaced 
by an integral. Below the Curie temperature, the 
ferromagnetic term (Nao) becomes of order of magni- 
tude unity (i.e., of the same order as the sum of all other 
terms) and the sum (3.14) cannot be replaced by an 
integral. However, the matrix R;; is simply (G~),; 
with the troublesome term removed, and the sum 
(3.13) can always be replaced by the integral: 


Ry= f (as) explip- (rn) lap / f ap, (3.15) 


where the integral goes over one Brillouin zone in p. 

The cancellation of the ferromagnetic term which is 
demonstrated by a careful analysis of (3.10) keeping 
all terms of order (Nao) is not fortuitous: it is a 
consequence of the constraint placed on the lattice of 
a fixed total magnetization. 

The integration over the /, is now routine and the 
cluster distribution is given by 


Qu (e),)= f dt exp(NKi)(x/K)*°4+/[det(—G)} 


X (N—aon?u2)*(n2yu-? detR,.)-3 


exp (2nkT)“\(2NM Ho t+ NMa0t+M? ¥(R>); 


oe 2M?a9+ M? (ao)? » ws R,.) JXQL(€).], (3.16) 


in which f is the number of dipoles in the cluster and 
the only portion of the cluster distribution function 
that depends on the variable of the cluster is 


QC (e*).)=Q: expLK 2 (€)-(R)re(€)s 


—LM ¥(e€).(5(R™) re—aae) J. (3.17) 


The presence of terms of order N in the exponent 
permit the integration over ¢ to be performed by a 
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steepest-descent method. Since the cluster terms are 
not of order N, they do not influence the location of the 
saddle point (in the limit as VN). Thus the saddle 
point /, is identical to that in the perfect-lattice case 
and obeys the usual condition” 


M\? 1 
df:-(4)]--(2)rer, os 
ny N/ 


in which the primed sum excludes the term p=0 
(because [det—G) }-4(ao)! is independent of ao). Note 
that a, involves / through (3.8) and (2.8). 

Thus we may use directly the distribution function 
(3.17) simply by setting ¢ in (3.17) equal to the saddle 
value determined by (3.18), the remaining factors in 
(3.16) may be dropped since they affect only normal- 
ization. 


4. CLUSTER DISTRIBUTION FUNCTION 


After omitting square terms (¢,)’=1 that affect only 
normalization the cluster distribution function (3.18) 
can, by using (2.10) and (2.8), be written as 


O(e,) =exp(K ~ €L(@).— (G7) + (R rales 
+L ‘2 €.(Hess)*), (4.1) 


where 
(Hess)*= AotW, 


W,=ao—>-(R™) re 


(4.2) 
(4.3) 


For the case of nearest-neighbor interaction only, one 
may expect that the lattice outside the cluster can 
have no effect on the effective field acting on the 
central atom, nor on the central atom first-neighbor 
interaction. (This remark can be proven by isolating 
the terms in question during the integrations over the 
lattice, and noting that the lattice integrations then 
produce no terms involving ¢9, the central atom.) It 
is a gratifying check then to note that our direct 
calculations yield 


(4.4) 
(4.5) 


> -(R™) 0=a0, 
(R™)os= (G7)os, 


so that Wo=0 and (G°)o, is the interaction matrix 
between €o and e¢,. 

For the lattices we are considering, all first shell 
atoms are equivalent. Also any first shell atom has a 
set of equivalent nearest neighbors and a set of equiva- 
lent next nearest neighbors, and no others. Thus, 
(4.1) can be simplified to the form, 


O(€,) =exp(2KM neo 2 6,.+2KM, 5. €-€s 
8X0 a 


+2KM, > €-¢,+LeoHot+L(Hot+HM:) > «.), (4.6) 
b 80 
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where 


H,=M[ao—D-(R™) re | (4.7) 


is independent of s. For the square lattice, the inter- 
actions are given by 


My =G°—G7+(R™) a, 


M,=(R")n, (4.8) 
My=(R™) 02. 
For the simple cubic lattice, these are 
My =G°—G7+(R™) 00, 
M,=(R™)110, (4.9) 


M,= (R™) oo. 


Where the matrix R™ is given numerical indices, the 
numbers refer to the displacements between the two 
dipoles related by that matrix element. Thus in two 
dimensions, (R™')o,; connects the central and a shell 
dipole, (R~);, connects neighbors in the shell, (R-)o2 
connects non-neighbors in the shell. The corresponding 
quantities in three dimensions are (R™)oo, (R™)10, 
(R-) ooe. 


5. SQUARE LATTICE 


The work of the preceding sections applies equally 
well to the two- and three-dimensional problem. How- 
ever, in the work that must be done to give explicit 
analytic form to the saddle equation and to the pa- 
rameters that appear in the cluster distribution func- 
tions, and in determining the phase averages in the 
cluster, a clear distinction must be made between the 
square and the cubic lattice. 

It is first necessary to give explicit fundamental 
form to the parameters that appear in the cluster 
distribution function. We may then proceed to a 
calculation of cluster phase averages and to the appli- 
cation of the consistency condition. 

According to (3.15), (3.8), and (2.8) the matrix R,; 
is given by 


* 1 ff dp Ap, cospsr, Cospyr, 
he (2x)? —t+2GT(cosp.+cosp,) 





(5.1) 


Of fundamental importance is the matrix element 


Roo= — (2%)-*(2G7) 
x ff apaipsCz—(cospetcosp,)}, (5.2) 


wherein has been introduced 


Z=1/2G". (5.3) 
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Now 


(any* ff dpadpsl2—(cospetcosp,) 


2 2 
-2--K(—), (5. 
T Zz 


in which K(Z) is the complete elliptic integral. With 
this, the matrix element Roo has been reduced to 


explicit functional form. It is 
2.43 
-r=K(=). (5.5) 
ge \Z 


The saddle equation contains precisely Roo. [Combine 
(3.18) with (3.13) and take r;—1r;=0.] With (5.5) 
then, we have given the saddle equation functional 


form. It is 
MM 2 2 
1x(1-—.) =(zery=x(=), (5.6) 
ny? vy XZ 


in which K=mny?/2kT should not be confused with 
K(2/Z) which is the complete elliptic integral. 

In addition to Roo we shall have need of Ro, Roz, 
and K,;. These matrix elements can be obtained from 
recursion relationships that follow more or less directly 
from (5.1). The recursion relationships are 


4Ro = 1/G7+2Z Roo, 


4) 


2 2 
Roo= -1[26"}-K(—) == 
e NZ 


Root 2Ri+Ro2= 2ZRo1, (5.7) 
Ro2— Roo= (1/2GT) ¥ (2), 
in which 
2 2 2 
viz)=f a -1+-K(—) (5.8) 
Zz x \Z 


With Roo= —3[ZG7 }"(2/m)K(2/Z), these expressions 
give functional form to all of the elements of R,;; of 
interest in this work. 

The parameters of the cluster distribution function 
depend directly on (R“),, rather than R,;. The matrix 
R,,, describing a portion of the effective interactions 
between the five dipoles of the cluster, is a five-by-five 
matrix. Because of the symmetry of the cluster, the 
elements of the matrix R,, have one of the four values 
Roo, Ror, Ri, and Roz. These terms connect, respectively, 
a dipole to itself, the central dipole to a shell dipole, 
neighbors in the shell, and non-neighbors in the shell. 
The reciprocal matrix can be obtained without a 
difficulty if extensive use is made of the symmetry of 
the problem. The elements of the reciprocal matrix 
R,, have one of the five distinct values (R™)0o0., 
(R™)ooe, (R“)o1, (Rr, and (R™)or. (Roos refers 
to (R”),, with r=s0 and (R™)oo. refers to (R™),, 
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with r=s=0. Specifically, the reciprocal matrix ele- 











ments are 
1 1 
(R“) s=t+ . oe re oat 
: 4(Roo— 2Rut+Re) 2(Roo— Rez) 
Roo 
+. FE ee ee 
4 (Roo)? 4 2RwRi+RooRoo—4 Ro") 27 
(Root+2Riit+ Roz) 
(R™)o0c= + ig ’ 
[ (Roo)? + 2RooRut+RooRoe—4(Roi)* | 
1 
(RYu= sa ERR AO “na 
4(Roo- 2R13:+- Roe) 
(5.9) 
Roo 





4[ (Roy)?-+2RocRut RooRo—4(Rox)?) 
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Roy 
(RY a= =e ees 
[ (Roo) + 2RRut+RooRor—4(Ro1)? 7 
1 1 
R) = +>—— aie 
4(Roo— 2Ri:+Ro2) 2(Roo— Roz) 
Roo 


+-— 
at ( Roo)? + 2RooRut+RwRo— 


It has been verified by direct computation that RR™ 
is the identity matrix. In Eq. (5.9) we may now make 
use of relationship (5.7) and (5.8), and so obtain the 
reciprocal matrix (R™),, in functional form. With the 
relationships between the parameters of the cluster 
distribution function and (R™™),, known (see Sec. 4) 
we may now obtain these parameters in explicit 
functional form. The functional forms for these pa- 
rameters are 


-4(Ro)? 7 





Mn=G', ( 5.10) 
1 (2 mK Z) 
M, =26"| -— ———__-___ + | (5.11) 
(16/)K (2/Z)+4ZY (Z)— 22°01 — (2/x)K( 2/Z)} 271 — | 2/x)K(2/Z)) 
1 i (2/r)K(2/Z) 
M=20"| ; a —— | (5.12) 
~ (16/")K (2/Z)+4ZY (Z)—22%1 — (2/x)K(2/Z)] OY Z) 27-1—(2 )K(2/Z) | 
(2/x)K(2/Z) 3 
y= —2Mz6"| —_ - — (5.13) 


Z1—(2/m)K(2/Z)] 


The expectation values may be obtained by enumer- 
ating the states of the cluster. For the work above the 
critical temperature we may consider the phase averages 
for small applied fields. We then have with (4.6), that 


[€o]w2=+4A cosh(8KG°)LHo+4B cosh (4KG°)LH, 


+2CLH,+4B sinh(4KG°)L (2H o+2H;) 
+44 sinh(8KG"°)L(4Ho+4H;), (5.14) 


+44 sinh(8KG°)LHo+2B sinh(4KG°)LH 
+2B cosh(4KG°)L(2H»+2H;) 

+44 cosh(8KG°)L(4H,+4A), 
[ever w0= +44 sinh(8KG")+2B sinh (4KG"). 


In these equations, Q is the simple sum over states of 
the cluster distribution function. For small applied 
fields, 


Le JwQ= 


(5.15) 
(5.16) 


O=44A cosh(8KG°)+4B cosh(4KG)+2C, (5.17) 
in which 
A=exp(8KM.+4KM;), B=4, 

res : (5.18) 


C=4exp(—4KM,)+2 exp(—8KM,.+4KM)). 


We shall now obtain a condition for the transition, 
identified as the point at which the ratio of the effective 
field H, to the applied field Ho diverges. This corre- 





sponds 1 toa a div ergence of the s susc eptibility. Fr rom (2, 2, 


M/ n= [eo Ja. (5.19) 
If we define 
w=H,/M, (5.20) 
and use (5.14) and (5.17), then (5.19) leads to 
H,/Ho=2Kw(d+q)/(d—2Kw9), (5.21) 
in which 
g= 8B sinh(4KG°)+16A sinh(8KG"), (5.22) 
d=44A cosh(8KG")+4B cosh(4KG°)+2C. (5.23) 
The critical temperature thus occurs when 
1=2Kwg/d. (5.24) 


Our equations contain a parameter G’, which is 
undetermined until the consistency condition is ap- 
plied. It is of interest to note that the application of 
the consistency condition is essential to the production 
of the transition. If this condition is omitted and the 
replacement G7—+G° made, one finds that the equation 
which locates the transition, (5.24), is satisfied only at 
absolute zero, the usual spherical-model result. 

We have previously obtained one expression for the 
ratio of H, to Ho. If we now write down the B-P-W 
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consistency condition 


[€o |w= Ces lw, (5.25) 
then with (5.14) and (5.15) we get 
H,/Ho= — (4d+39+49)/(4p+49), 
in which 


p=—4B cosh(4KG") —16A cosh(8KG*). 


(5.27) 


The elimination of H,/H» between (5.26) and (5.21) 
leads to 


2Kw(d+q) /(d—2Kwg) 


=— (4d+3q+4p) '(4p+-4¢). (5.28) 


This is the equation which determines Z as the 
function of temperature. Other than the parameters 
of the problem, this equation contains Z, K, and the 
quantity G7 in the combination ZG’. The elimination 
of G’ is provided by the saddle equation (5:6). Above 
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the critical temperature, M=0 and the eliminant of 
ZG’ is by (5.6) 


oe 
ZG" = K( - (5.29) 


)uxp. 
T Z 


With (5.29) our equations are completely determinate 
and after a numerical solution of (5.28) has been 
performed, the expectation values can be calculated. 
The result for the critical temperature is that 


4K .G°=0.831, (5.30) 
which occurs at 


(2/Z,)?=0.974. (5.31) 


The exact value of the critical temperature is known 
from Onsager’s work and is the value for which 
sinh(4KG°)=1. To four significant figures this is 

4K .G=0.8814. (5.32) 


The accuracy in the location of the critical temperature 
is 6%. 
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For calculation we obtain, above the critical temper- 
ature, 
[eo lw/LHo=1+(1+2Kw)/(d/qg—2Kw), (5.33) 
and 


AT €o€: w= 9 d. (5.34) 


[eo lu/Ho is essentially the susceptibility and [eoe: Jw is 
proportional to the energy of the system. Figures 1, 2, 
and 3 are plots, respectively, of the susceptibility, the 
energy per dipole, and the specific heat, all above the 
critical temperature. 

For the spontaneous order and the specific heat 
below the critical temperature we have to investigate 
our equations in the presence of order. 

Below the critical temperature it is sufficient to 
consider the phase averages in the limit of zero applied 
field. These phase averages are 


[€o]lwJQ=+4A sinh(8KG°) sinh(L4H;) 





























+4B sinh(4KG°) sinh(12H;), (5.35) 
[ex JwQ= +44 cosh(8KG") sinh(L4H;) 
+2B cosh(4KG°) sinh(L2H;), (5.36) 
[€o€: wI= +44 sinh(8KG*) cosh(L4H;) 
+2B sinh(4KG°) cosh(L2H;), (5.37) 
1.2 ’ 
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in which 


Q=+4A cosh(8KG") cosh(L4H;) 


+4B cosh(4KG") cosh(L2H;)+2C. (5.38) 


If we insert H;= Maw, then the condition [¢€o Jw=[e1]m 
leads to 


2A sinh(8KG") (x+27) (x—«7) 
+2B sinh (4KG°) (x—2) 


=2A cosh(8KG°) (4+27) (x—a7) 
+B cosh(4KG*)(x—2«), (5.39) 
in which we have put 
x=exp(2Kw2M/my). (5.40) 


This is always satisfied by M=0, x=2". This is a 
trivial solution which appears because our equations 
have been written for zero applied field. If we cancel 
the factor (x—x~"), the trivial solution is eliminated 
and we obtain 


2A sinh(8KG°) (x+2—)+2B sinh (4KG°) 


=2A cosh(8KG") (x+27)+B cosh(4KG"). (5.41) 
If we restore x=exp(2Kw2M/ny) and define 
y=exp(4KG"), (5.42) 


and use B=4, then after some manipulation we have 


2A cosh(2Kw2M /ny) = y’— 3y. (5.43) 


In (5.43), A and 2Kw are functions of Z except for the 
appearance of the factor ZG7. The elimination of this 
comes from the saddle equation (5.6). With this elimi- 
nation, (5.43) contains only Z, M, and y. For the work 
below the critical temperature we have not yet used 
M/ny= [eo lw. 

With this and (5.43) the equations are presumably 
determinate. However, the attempt to solve these two 
equations simultaneously for real values of the order 
parameter has failed. The reason for this failure is 
presumed to be an essential incompatibility in two 
dimensions of the Bethe-Peierls-Weiss cluster method 
and the “sphericalization” technique of Berlin and Kac. 
The Bethe-Peierls-Weiss method predicts a Curie 
point in two dimensions while the sphericalization 
technique does not. It is apparently not possible to 
combine these techniques in the ordered area. This 
difficulty is not anticipated for the three-dimensional 
calculation, for which both the Bethe-Peierls-Weiss 
and the sphericalization technique predict a Curie 
point. 


6. CUBIC LATTICE 


The exposition of the problem in three dimensions 
parallels that of the two-dimensional problem, and for 
this reason considerably less detail need be shown. 


A. LEVITAS AND M. 


LAX 


In three dimensions, the matrix R,; is 








1 
ait (2x) 
" dpdpp. COSPSs COSP yy — 
«fff ——, (6.1) 
0 —t+2G"( cosp.-+cosp,+-cosp,) " 
and the important matrix element 
fv 
Rooo= pet ange yt 
(2m)* 2G7 
dp 2 
f(jf— ———, (6.2) 
(cosp,+cosp,+cosp. )’ 
wherein we have introduced 
Z=1/2G". (6.3) 


By analogy to the two-dimensional problem, we define 
a quantity 


3 3 1 
7 Z (2r)* 


xf dpApAp. (6A) 


Z—(cosp.-+cosp,-+cosp, ) 


This function has been tabulated recently by Tikson.” 
With this we may write 


3 3 
T 4 
3 3 
a-ri(2)e(2). 6s 
7 Z 


As before, this serves to give the saddle equation 
functional form. We get 


x(1-=)- [ZGT} (-)s (5). (6.6) 


In addition to Rooo we shall have need of Roo1, Roo2, 
and Rou. These matrix matrix elements can be obtained 
from recursion relationships that follow more or less 
directly from (6.1). These recursion relationships are 


6Roox aus 1/G7+ 2Z Rooo, 


Root 4Ro1+Rooo= 2Z Roo, (6.7) 
Rooz— Rooo= (1, '2G7) Y(Z), 
in which 
Y(Z)= af “ae - K(-)- i} (6.8) 


With Rooo= —4[ZG7}°(3/x) K (3/Z), these expressions 
give functional form to all of the elements of R;; of 
interest in this work. 


- 8M. Tikson, J. Research Natl. Bur. Standards 50, 177 (1953). 
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The parameters of the cluster distribution function 
depend directly on (R™),,, rather than R;;. As in the 
two-dimensional problem, the reciprocal matrix may 
be obtained by utilizing the symmetry of the cluster. 
If this is done, and if the reciprocal matrix elements are 
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given explicit functional form using (6.7) and (6.2), 
and if we then use the definition of the parameters 
that appear in the cluster distribution function (see 


Sec. 4), we shall obtain these parameters in explicit 
functional form. We obtain 

















Mu =0,, (6.9) 
(3/r)K(3/Z) 1 
u.-26"| — — — | (6.10) 
27°01—(3/4)K(3/Z)]  —9(3/e)K(3/Z)+(9/2)ZY(Z)—Z[1— (3/r)K(3/Z) ] 
1 1 (3/r)K(3/Z) 
M26" ——-$ - | (6.11) 
— (9/2) (3/)K(3/Z)+(9/4)ZY (Z) -4Z°01— (3/e)K(3/Z)] ZY(Z) 27[1-—(3/r)K(3/Z)] 
$(3/r)K(3/Z) 5 
y= —2Mz6"| _-— (6.12) 
Z(1— (3/r)K(3/Z)] 22 


The phase averages may now be written out for the 
cluster and the procedures of Sec. 5 followed. The 
result analogous to (5.28) determining Z as a function 
of temperature, in the absence of order, is 


2Kw(d+q)/(d—2Kwg) 


= — (6d+5q+6p)/(6p+6q). (6.13) 
In this equation, 
w= H,/M, (6.14) 
g=8C sinh (4KG")+16B sinh (8KG") 
+244 sinh(12KG*), (6.15) 
d=44A cosh(12KG°)+4B cosh(8KG*) 
+4C cosh(4KG°)+2D, (6.16) 
p= — (8/3)C cosh(4KG°) — (32/3)B cosh(8KG") 
—24A cosh(12KG*), (6.17) 
wherein 
A=exp(24KM,+6KM,), 
B=6 exp(8KM,+2KM,), 
(6.18) 


C=12 exp(—2KM;,)+3 exp(—8KM,+6KM,), 
D=8 exp(—6KM,)+12 exp(—8KM,+2KM,;). 


Equation (6.13) determines Z implicitly as a function 
of temperature. Other than the variables Z and K, 
this equation contains G7 in the combination ZG’. 
The elimination of this quantity is obtained from the 
saddle Eq. (6.6), with M=0. The result of a numerical 
solution of these two equations is shown in Fig. 4 
which is a plot of the temperature, in the combination 
exp(—4KG"), versus 3/Z. The curve has two branches, 
branch I belonging to the nonordered solutions which 
have just been discussed, and branch II belonging to 
the ordered solutions, which will be discussed shortly. 
The result for the critical temperature is that 


4K G°=0.442, 


which occurs at 3/Z,=0.995. 
For calculation we may obtain, from the appropriate 


(6.19) 





phase averages, that above the critical temperature 
[€0 lw/LHo=1+(1+2Kw)/(d/g—2Kw), (6.20) 
6[ eo: w= @/d. (6.21) 


For the spontaneous order and the specific heat 
below the critical temperature, we have to investigate 
our equations in the presence of order. Below the 
critical temperature we consider the phase averages in 
the limit of zero applied field. If the procedures applied 
in Sec. 5 to determine the ordered solution for the 
square lattice are repeated, we obtain, instead of (5.41), 


4A (x2 1447) (— 2y*) +4 B(x +277) [Ay*+ (5/3) 7] 


+4C(¥y—4y") =0, (6.22) 

in which 
a=exp(2Kw2M/ny), (6.23) 
y=exp(4KG"). (6.24) 


If in (6.22) the factor ZG” is eliminated with saddle 
equation (6.6), then (6.22) contains only Z, M, and 
the temperature. If with (6.22) we use 

M/np = [€o Jaws (6.25) 


we may now obtain a numerical solution and determine 
the spontaneous order and the specific heat below the 
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Fic. 5. I is the susceptibility of the cubic Ising lattice. II is 
the spontaneous order. III is the Brillouin function result, plotted 
for comparison. 


critical temperature. The result of solving (6.22) and 
(6.25) simultaneously yields corresponding values of 
4KG°, 3/Z, and M/nu. The quantity exp(—4KG°) as 
a function of 3/Z is plotted as branch II in Fig. 4, with 
the corresponding information from the nonordered 
solution. Figure 5 is a plot of the spontaneous order 
below and the susceptibility above the critical temper- 
ature. In Fig. 5, curve I shows the susceptibility, and 
curve II shows the spontaneous order. Curve III of 
Fig. 5 shows, for comparison, the usual Brillouin 
function result M/nu= BL (T./T)(M/np) }, with B(x) 
=2 coth(2x)—coth(«). Figure 6 is the energy versus 
temperature and Fig. 7 is the specific heat. 

Branch If of Fig. 4, which gives the fundamental 
solution in the ordered state, is multivalued in the 
vicinity of the critical temperature. This is reflected 
in an anomalous behavior of the spontaneous order and 
the energy. The multivalued behavior of branch II of 
Fig. 4 is displayed in more detail in Fig. 8, and the 
anomalous behavior of the energy curve, Fig. 6, is 
displayed in more detail in Fig. 9. These anomalies 
are discussed in the following section. (Note: The 
anomalous region is omitted from the specific-heat 
curve, Fig. 7.) 
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7. SUMMARY 


In this paper the Ising lattice has been treated by 
isolating a cluster in the lattice, estimating the effect 
of the remainder of the lattice on the cluster using the 
spherical approximation, and then doing the statistics 
of the cluster rigorously. 

The accuracy of the treatment is indicated by its 
accuracy when applied to a problem whose solution is 
known, namely the square Ising lattice. For this 
problem the critical temperature is located within 6%. 

The value of the treatment lies in the possibility of 
applying the methods to situations in which exact 
solutions are not available or not practical. 

There are apparently areas in which the “cluster” 
treatment and the spherical model cannot be reconciled. 
In two dimensions, the spherical model does not display 
spontaneous order. The Bethe-Peierls-Weiss “cluster” 
treatment does, however, have a Curie point when 
applied to the square Ising net. When the spherical 
model and the cluster treatment are combined and 
applied to the two-dimensional problem, as in Sec. 5, 
it is found that the application of the consistency 
condition produces a critical temperature. However, 
it is not possible to obtain real solutions in the ordered 
domain. The portion of the lattice which is treated in 
spherical approximation successfully resists the attempt 
to oblige it to assume an ordered phase. 

In three dimensions, the spherical model has a Curie 
point. In this case we find that the synthesis of the 
spherical model and the Bethe-Peierls-Weiss cluster 
treatment is solvable in both the ordered and unordered 
regions. One difficulty remains. In the vicinity of the 
Curie temperature, the order and the energy is a 
multiple-valued function of temperature as shown in 
Figs. 5 and 6. One is tempted to suggest that the effect 
results from the forcible welding together of two not 
quite consistent treatments. The anomaly in the magnet- 
ization curve might have the following explanation. 
Suppose the B-P-W cluster treatment, considered 
alone, produces a normal magnetization curve. Now 
the result of imposing the spherical treatment on the 
lattice is to introduce additional interactions among 
the shell dipoles. Thus a given degree of order will be 
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achieved at a lower temperature. It is now only neces- 
sary that the effect be most pronounced for lower values 
of the order parameter and the sort of reversal obtained 
in Figs. 5 and 6 is readily explained. 

If the results for energy and magnetization as func- 
tions of temperature were taken literally, we would 
have a first-order phase transition. The situation is 
analogous to the usual treatment of a van der Waals 
gas, in which a multivalued function [the V(p) rela- 
tionship] is replaced using arguments of minimum 
Gibbs free energy by a P—V diagram with a straight- 
line portion, because of the instability of the multi- 
valued part. 

However, it is well known that the most difficult 
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task of a fundamental statistical mechanics calculation 
is the reproduction of the behavior of a system in the 
immediate vicinity of a transition. We believe, there- 
fore, that the correct solution is a second-order phase 
transition and that our solution departs in only a 
minor way, over a very small region, from the behavior 
expected for a second-order transition. In particuiar, 
we believe that the correct analytic behavior near the 
phase transition is described by the hyperelliptic 
function K(3/Z) near its singular point 3/Z=1. Our 
approximate methods, however, have located the 
transition instead at 3/Z=0.995, and hence we do not 
obtain the precisely correct analytic behavior near the 
transition temperature. 
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Magnetic Properties of N-Type Silicon 


E. SONDER AND D. K. STEvENs* 
Solid State Division, Oak Ridge National Laboratory,t Oak Ridge, Tennessee 
(Received February 10, 1958) 


The magnetic susceptibility of n-type silicon samples with a wide range of donor concentrations 
(3X 10" to 3X10" atoms/cm*) has been measured as a function of temperature from 3°K to 300°K. By 
utilizing conduction-electron concentrations obtained from Hall coefficient measurements on comparison 
specimens over the range from 50°K to 400°K, the contributions to the susceptibility arising from the con- 
duction electrons and electrons trapped on donor atoms have been analyzed. In the upper range of tempera- 
ture the diamagnetic contribution of conduction electrons is dominant and is consistent with the model of 
six energy minima in the conduction band. However, comparison of the squared reciprocal mass ratio with 
that obtained from cyclotron-resonance experiments reveals that the former is appreciably smaller than the 
latter (~8 as compared to ~13). As the temperature is lowered, the conduction-electron contribution 
becomes successively less as electrons are frozen out on donor atoms. The trapping of electrons by donors 
at low temperatures leads to a Curie-law paramagnetism in the specimens of higher purity, whereas in the 
more impure samples, deviations from Curie’s law occur which are attributed to interactions between closely 


spaced donor centers. 


I. INTRODUCTION 


ETERMINATION of magnetic properties has 
been found to be of great value in the study of 


* Present address: U. S. Atomic Energy Commission, Wash- 
ington, D. C. 

t Oak Ridge National Laboratory is operated by Union Carbide 
Corporation for the U. S. Atomic Energy Commission. 
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the electronic structure of semiconductors. This is in 
part because analysis of the magnetic susceptibility is 
not beset by the many difficulties inherent in inter- 
preting electrical properties. One example is the re- 
quirement of a detailed knowledge of charge scattering. 

Depending upon the design of the specific experiment 
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and the choice of material, information can be obtained 
about a number of aspects of the band structure as well 
as about the configuration of various trapping levels. 
Most of the work to date has been concerned with band 
properties. Busch and Mooser,! who were the first to 
employ magnetic techniques in semiconductor investi- 
gations, obtained the width of the forbidden gap, 
effective masses, and some impurity ionization energies 
in gray tin. Similar data have been obtained for indium 
antimonide? and germanium,*~ the analysis having 
been carried further in the latter case.* In none of these, 
however, was it possible to analyze the magnetism 
stemming from un-ionized acceptors or donors. Silicon, 
with its somewhat larger impurity ionization energies, 
is more favorable for observing the contribution of 
filled donor or acceptor centers to the susceptibility. 

The present experiment was designed to obtain 
information about the conduction band analogous to 
that obtained in the work cited above’ and, in addition, 
to investigate the magnetic behavior of donor levels at 
low temperatures. It was expected that at low tempera- 
tures, interactions between donors would become 
apparent at higher concentractions, and that this 
might be of some help in understanding some of the 
anomalies*" in the electrical properties that are 
usually referred to as “impurity banding.” 


II. BACKGROUND AND THEORY 


Semiconductors, in contrast to metals, can be pre- 
pared with a large range of current carriers, both 
electrons and holes. Moreover, the current-carrier 
density is strongly temperature-dependent in a pre- 
dictable and measurable way. As a result, it is possible 
in most cases to separate the magnetic susceptibility 
originating from various sources and to obtain the 
separate components from experimental data. For our 
purposes it will be sufficient to consider the total sus- 
ceptibility x to be composed of three major components, 
the lattice contribution x;, the contribution of trapped 
electrons x;, and that of free or quasi-free current 
carriers (i.e., electrons in the conduction band) x,. 

The lattice term stems chiefly from the diamagnetic” 
contribution of the core electrons. However, included 
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Magnetic Susceptibilities (Oxford University Press, New York, 
1932), p. 211. 
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also is the Van Vleck paramagnetism™ which results 
from virtual transitions between the equilibrium and 
higher states of the electronic system.“ Both these 
contributions are to an extremely good approximation 
unaffected by small impurity additions. Comparison of 
impure samples with a pure one where only x, is present 
thus permits consideration of the sum x,+x-. The two 
terms in the sum can also be resolved. At low tempera- 
tures there are no free current carriers and x, vanishes. 
At high temperatures the number of trapped carriers is 
negligible so that x; is equal to zero. 


A. Carrier Susceptibility 


Pauli,'® Landau,'® and later Peierls,'7 Stoner,'* and 
Sondheimer and Wilson” have treated the magnetic 
susceptibility of free electrons for a number of cases. 
Most of these calculations were designed to apply to 
metallic systems and required modification for use in 
the present work on semiconductors. It will be useful, 
in order to demonstrate explicitly the assumptions 
made, to outline a fairly simple derivation of the 
paramagnetic contribution. 

The paramagnetic portion of the conduction-electron 
susceptibility results from the moment of the excess 
electrons lined up parallel to the magnetic field. If it is 
assumed that the magnetic field does not change the 
form of the density-of-states function, then the moment 
equals the difference between the product of the Fermi 
and density-of-states functions for spin parallel and 
that for spin antiparallel. For a many-valley semi- 
conductor, the expression for the magnetic moment due 
to the conduction-electron spins is 


27/Bedm (m*kT)! 
BE ieee 
h 
” ele" sinh (8H/kT )de 
<f | 
9 1+6'9+2e* cosh(8H/kT) 





where m*=(mm2)' is the effective mass appropriate 
for the density of states, 8 is the Bohr magneton, w,, is 
the number of energy minima in momentum space, 


43 An unexpected temperature variation of the susceptibility of 
pure germanium (reference 3) and silicon [D. K. Stevens and 


J. H. Crawford, Bull. Am. Phys. Soc. Ser. II, 1, 117 (1956)], 


which was discovered during the early phases of this investigation, 
has been attributed to a temperature dependence of the Van 
Vleck paramagnetism [J. A. Krumhansl and H. Brooks, Bull. 
Am. Phys. Soc. Ser. II, 1, 117 (1956)], the temperature changes 
stemming from changes in the band-to-band excitation energies. 
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16L. Landau, Z. Physik 64, 629 (1930). 
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A154, 656 (1936). 

19 E. H. Sondheimer and A. H. Wilson, Proc. Roy. Soc. (London) 
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and » and ¢ are the Fermi level and energy, respectively, 
both in units of kT. 

The magnetic fields used in these experiments are 
less than 25 000 oersteds. Therefore, for the range of 
interest, between 34°K and room temperature, BH<kT 
and the hyperbolic sine and cosine are, to an extremely 
close approximation, equal to unity and $H/kT, 
respectively. This simplifies the integral so that the 
paramagnetic part of the carrier susceptibility can be 
written in the form 

F / 
P= yeas M@ ( 2) 
pkT F;(n) 
where the Fermi integral Fy(n)= fel 1+e*"}"'de can 
be obtained from the density of carriers in the con- 
duction band, , by using the expression 


n= 2724 _)t*(m*kT ) IF y(n), (3) 


and where F’(n) is the first derivative of the Fermi 
integral, values for which have been tabulated.” 

The diamagnetic contribution to the conduction- 
electron magnetism results from the.fact that the wave 
functions in the plane perpendicular to H are quantized 
by the field. Sondheimer and Wilson’s treatment for 
free electrons” is quite general and exact, lending itself 
readily to the modification™ necessary for taking into 
consideration the details of the band structure. The 
only assumption necessary is that BH<«kT. The ex- 
pression that results is very similar in form to that for 
the paramagnetic contribution. The condition 8HKkT 
also permits writing of the total conduction-electron 
susceptibility as the sum of the paramagnetic and 
diamagnetic terms, yielding 


nF Fy'(n) ; 
x=—(3-())——, (4) 
3pkT F,(n) 


where (f*) is the appropriately averaged effective-mass 
correction, which for perfectly free electrons would be 
equal to unity. For a many-valley model of the con- 
duction band, (/*) is given by 


(f?)= (2M.4+M),)/3M 2M), 


where M, and M;, are the transverse and longitudinal 
effective masses, respectively, both in units of the free 
electron mass. Use of effective-mass ratios obtained 
from cyclotron-resonance experiments,” M,=0.19 and 
M,=0.98, yields a value of 12.8 for (/*). It should be 
evident from Eq. (4) that an (f*) greater than 3 will 


*” J. McDoughall and E. C. Stoner, Trans. Roy. Soc. (London) 
A237, 67 (1936). 

21 The general method is indicated by H. Fréhlich, in Elek- 
tronentheorie der Metalle (Verlag Julius Springer, Berlin, 1936), 
p. 152. The detailed calculation for ellipsoidal energy surfaces has 
been performed by Schweinler. [H. C. Schweinler (unpublished) ; 
see also reference 3. ] 

2 Dexter, Lax, Kip, and Dresselhaus, Phys. Rev. 96, 222 
(1954). 
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cause the total conduction-electron susceptibility to be 
negative. 


B. Donor Contribution 


An electron localized at a donor can be described to a 
reasonably good approximation by a hydrogen-like 
wave function. As a result, there is no orbital moment; 
and each electron, as long as it does not interact with 
electrons from neighboring donors, will contribute only 
its spin magnetic moment and some orbital diamag- 
netism. 

The paramagnetic spin term can be treated similarly 
to the free-electron spin contribution. However, it must 
be taken into consideration that because of electrostatic 
repulsion only one of the two donor spin states can be 
occupied. Mooser® has derived the expression 


BNa sinh (8H/k T) 


x?=— 


"pH }exp(eg—n)+cosh(SH/kT) 





where x,” refers to the paramagnetic contribution to 

the impurity susceptibility, Vz is the number of donors, 

and ¢,4 is the donor ionization energy in units of kT. 
The expression can be simplified for 8H<RT, yielding 


xi? = na/pkT, (5b) 


where in the absence of compensating acceptor levels 
the number of filled donors, m4, is equal to the difference 
between the total number of donors and the number of 
electrons in the conduction band. 

In order to ascertain the range of validity of the 
simple expression, x was calculated from Eqs. (5a) and 
(Sb) for a number of temperatures using the maximum 
value for H (25 000 oersteds) that is used in the meas- 
urements. It was found that less than 3% error is made 
at 3.3°K and that the expression (5b) is no less valid 
than (5a) above 3.5°K. 

The orbital diamagnetism of the trapped electrons 
is given by the Larmor-Langevin™ formula, 


9 


ena 
x?= —-——_(r) 


, (6a) 
6pm;*c 


where m,* is an effective mass for an electron in an 
impurity state, c is the velocity of light, and (r*) is the 
mean square radius of this state. The constants m,* 
and (r*) are difficult to evaluate directly. However, the 
similarity between a donor state and a hydrogen atom 
can be used to evaluate x,¢ in terms of the ionization 
energies of the donor and hydrogenic states, and the 
dielectric constant, K, of silicon.*® This is most easily 
done by using the classical theory of the hydrogen 
atoms,”* from which it can be shown that the ionization 


% E. Mooser, Phys. Rev. 100, 1589 (1955). 

* J. H. Van Vleck, reference 12, pp: 206 ff. 

26H. C. Schweinler (private communication). 

26 See for instance G. Hertzberg, Atomic Spectra and Atomic 
Structure (Dover Publications, New York, 1944), pp. 15 ff. 
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Fic. 1. Diagram of cryostat used for susceptibility measure- 
ments at low temperatures. T7:-7, indicate the three radiation 
shields that are near liquid helium, liquid nitrogen, and room 
temperature, respectively. C is a thermal contact which permits 
adjusting of 7,, the temperature of the innermost shell. P:-P, 
indicate the points where vacuum pumps are connected. 


energy of such a state is proportional to (m,*/K*) and 
that the radius is proportional to K/m;*. These pro- 
portionalities are then used to eliminate (r’) and m,* 
by substituting for them the respective values for 
hydrogen and the ratios of the dielectric constants and 
the ionization energies. The resulting expression takes 
the form 


nax(H) 13.5 ev\*s1\4 
xé= ( ) (_) =—1.7X10-°"4, (6b) 
Nop E; K 





where Vy is Avogadro’s number; the molar suscepti- 
bility of atomic hydrogen, x(H), is —2.4X10~*; the 
ionization energy of the donor state, £;, is 0.05 ev; and 
the density of silicon, p, is 2.33 and K=11.9. 
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Evidently, since the paramagnetic susceptibility of 
the donors is given by 


x? = naB?/pkT = 2.67 X10-*T"na, 


the diamagnetic term will be a six. percent correction 
at 10°K. 
Ill. EXPERIMENTAL 


The technique used to measure the magnetic sus- 
ceptibility has been described in the past.*:” The 
method yields the absolute value of the susceptibility 
of a sample and the ratios of the susceptibility at 
various temperatures to that at room temperature. 
The accuracies after correcting for a small (~ <1%) 
contribution of the suspension are 0.5% and 0.1%, 
respectively. The cryostat shown in Fig. 1 permits 
making susceptibility determinations over the tempera- 
ture range 3-350°K. For obtaining temperatures up to 
38°K the lower reservoir is filled with liquid helium; 
for temperatures between 51 and 350°K liquid nitrogen 
is used. Readings between 38 and 51°K can be taken 
while the cryostat slowly warms. Two copper-con- 
stantan thermocouples mounted on the wall of the 
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Fic. 2. The Hall coefficient of n-type silicon as a function 
of reciprocal temperature. 


27D. K. Stevens, Oak Ridge National Laboratory Report 
ORNL-1599 (unpublished). 
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specimen thimble were calibrated with a standardized 
platinum resistance thermometer and were used to 
measure temperatures above 10°K. For temperatures 
below ten degrees, a number of 1-mm germanium cubes 
were used as resistance thermometers. Unfortunately, 
the reproducibility of these was poor, making it neces- 
sary to calibrate the germanium elements immediately 
after each run. This was done by condensing helium in 
the specimen thimble and measuring the vapor pres- 
sure. The temperatures obtained are judged to be 
accurate to a few tenths of a degree. 

Resistivity and Hall coefficients were measured on 
plates cut from susceptibility specimens or from 
portions of the various ingots adjacent to the suscepti- 
bility samples. In the case of two ingots where a 
concentration gradient was expected (1262 and 329), 
two Hall plates, one from the high and the other from 
the low concentration side of the susceptibility speci- 
men, were measured. 


IV. RESULTS 


The results of the Hall coefficient measurements are 
shown as a function of reciprocal temperature in Fig. 2. 
The density of conduction electrons, n, was calculated 
from these data using the expression 


n=~+/Rec, (7) 


where R is the Hall coefficient and y is a numerical 
constant of the order of unity which depends upon the 
degeneracy of the sample and the details of the electron 
scattering processes in the crystal. It has been usual in 
the past to use 37/8 for y. However, more careful 
analyses of transport properties using a many-valley 
model yield values for y that are perhaps more ac- 
curate.**-” In the analysis of the present results y= 0.865 
was used for degenerate samples. For nondegenerate 
silicon the constants used were 1.08 when scattering 
was due to thermal vibrations and 1.67 when it was due 
to charged impurity centers. 

In silicon, essentially all of the donors are ionized 
above 400°K. Consequently, the high-temperature Hall 


TABLE I. Composition of samples. 





Net donor 
density 
Room (obtained from 
temperature 400°K 
resistivity Hall data 
Sample Doping agent (ohm cm) (cm 
26-76-7 Arsenic 0.002 2.9X 109 
743 Arsenic 0.008 5 X10'8 
RR174 Phosphorous 0.013 4 X10'5 
1407B Arsenic 0.017 1.2 10'8 
1262 Arsenic 0.026 5.7X 10!” 
329 Arsenic 0.046 2.5X 10!” 
0.059 1.6X 107 
1400 Arsenic 0.17 3.5X 106 
26-76-6 Boron (35) (—3X 10") 





28 B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 
* C. Herring, Bell System Tech. J. 34, 237 (1955). 
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Fic. 3. The magnetic susceptibility of arsenic-doped silicon 
as a function of temperature. 


coefficient gives a good estimate of the net number of 
donors in a given sample. Table I lists the samples 
together with their room-temperature resistivity, and 
the donor density. 

The results of measurements of the magnetic sus- 
ceptibility of silicon doped with from 3X 10"* to 3X 10" 
donor atoms/cc are shown in Fig. 3. Also shown 
plotted is the measured susceptibility of a “pure” 
sample. Since the presence of less than 10" carriers 
cannot be detected by this method, any sample con- 
taining fewer magnetic centers than this is considered 
“pure.” In this instance, sample 26-76-6 was a p-type 
sample containing 3X 10" boron atoms/cc. It should be 
pointed out that the curve (shown dashed) below 70°K 
is an extrapolation based on theoretical grounds and 
on the expected similarity between pure silicon and 
germanium, the latter having been measured by 
Bowers" and Van Itterbeck and Duchateau.*® 

Figure 3 exhibits the following aspects of the mag- 
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TABLE ITI. Values of the square of the freedom number calculated from results of Hall and susceptibility measurements on silicon.* 
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Square of freedom number f? 








For 
Donor Temperature Fermi level For thermal For impurity degenerate 
density T (¢ —Ee) scattering scattering statistics 

Sample cm7? (°K) (ev) n =1.02/Rec n =1.67/Rec n =0.865/Rec 
26-76-7 2.9 10" 300 0.009 6.2 5.0 6.8 
200 0.021 6.9 5.4 7.6 
100 0.029 7.2 5.6 7.9 
50 0.030 7.3 5.6 8.0 
20 0.031 7.2 5.6 8.0 
743 5.0X 10!8 300 —0.047 10.6 7.7 12.0 
200 —0.021 9.8 7.1 11.0 
150 —0.010 9.3 6.8 10.4 
RR174 4.0X 10"* 300 —0.060 10.8 7.8 12.2 
200 —0.030 11.3 8.1 12.7 
150 —0.016 10.7 7.7 12.0 
100 —0.005 9.5 7.0 10.7 
1407B 1.2X 10" 300 —0.085 8.0 6.0 8.9 
200 —0.052 10.1 7.3 11.4 
140 —0.035 10.1 7.3 11.4 

1262 5.0X 10%” 300 —0.103 545 
200 —0.063 1043 








® Values of f? calculated for conditions for which the constant in the Hall effect is fairly certain are shown in italics. 


netic behavior. Except for specimen 329, all of these 
n-type sampies*® are more diamagnetic than pure 
silicon at room temperature, the difference increasing 
with donor concentration. (In view of the experimental 
error inherent in the determination of the absolute 
value of the susceptibility [4%], the position of the 
curve for sample 329 is probably not a departure from 
the trend shown by the other samples.) As the tempera- 
ture drops below room temperature, the specimens 
become increasingly diamagnetic relative to the pure 
material. In the liquid nitrogen range and below, a 
marked difference appears between degenerate and 
nondegenerate silicon. Specimen 26-76-7 which, as 
shown by its temperature-independent Hall coefficient, 
is highly degenerate, remains diamagnetic down to 
3.5°K. Specimens 1400, 329, 1262, and 1407B become 
strongly paramagnetic relative to pure silicon at tem- 
peratures below 50°K. In these specimens, as their 
Hall data in Fig. 2 show, there is a rapid decrease in 
carrier density with temperature. Hence the two con- 
tributions, i.e., diamagnetism of conduction electrons 
and the paramagnetism of un-ionized donors, are 
clearly evident. 

Departures from a simple relationship between the 
Hall effect and the magnetic properties are exhibited 
by specimens whose donor density puts them into the 
transition range between degenerate and nondegenerate 
material. Specimen 743, which contains 5X10!* net 
donors, exhibits a reversal in sign of the net electron 
magnetism, but has an almost temperature-independent 
Hall coefficient. This would seem to indicate that even 
though the electrons carry current, at least some of 


% Jt should be emphasized that this behavior of the magnetic 
susceptibility is for n-type silicon. Some preliminary measurements 
on p-type material [Stevens, Sturm, Sonder, Cleland, and Craw- 
ford, Bull. Am. Phys. Soc. Ser. II, 2, 134 (1957) ] shows that in 
these materials the carrier contribution to the susceptibility is 
paramagnetic throughout the temperature range 75°K-300°K. 




































them exhibit characteristics of localized magnetic 
centers. Specimen RR174, which contains phosphorous 
donors rather than arsenic, does not exhibit evidence of 
the reversal of sign of the donor magnetism down to 
75°K. This might be explained by the fact that a phos- 
phorous trap is more shallow than an arsenic trap. 
(0.39 ev vs 0.49 ev according to the American Inslitute 
of Physics Handbook) and that, therefore, overlap be- 
tween the conduction band and the donor levels might 
set in at lower concentrations in the case of phosphorous. 
In any case, these data make it appear that the mag- 
netic properties of silicon with donor impurities in the 
range near 5X10'* cm-* may be complicated by the 
nature of the donor centers and effects associated with 
impurity banding and impurity level-conduction band 
overlap. 


V. DISCUSSION AND COMPARISON WITH THEORY 


In this section, two components of the magnetic 
susceptibility will be analyzed in more detail. First, 
by use of the results of measurements made in the 
vicinity of room temperature, the free-carrier contri- 
bution will be compared with Eq. (4). Second, it will 
be of interest to compare the low-temperature data 
with Eq. (5) and to look for a source of the large 
deviations from it that occur for the specimens with 
larger donor concentrations. 

In the vicinity of room temperature most of the 
donors in silicon are ionized. This is particularly true in 
the case of heavily doped samples, in which the impurity 
energy gap has been narrowed by broadening of the 
impurity levels. When, as is the case under the above 
conditions, there are no bound donor electrons, the 
difference between the susceptibility of a given doped 
sample and that of pure silicon should be in good 
agreement with Eq. (4); as a consequence, (/*) may be 
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26-76-7 with curves derived for various assumptions about the 
freedom number, /, and the number of energy minima,.wm. ~ 


calculated by using Hall data to determine the carrier 
concentration. 

It should be pointed out that although the value for 
x-=x(doped)— x (pure) is accurate to about 3% in the 
case of the most highly doped sample, 26-76-7, the 
accuracy is less for the purer samples, where the 
susceptibility approaches that of pure silicon. x. for 
sample 1262 is probably accurate only within a facto: 
of two. Values for (/*) calculated from Eq. (4) are 
shown in Table II. Since there may be some question 
as to the choice of constant in the Hall-effect expression 
(Eq. (7) ], values of (/*) are listed for the three possible 
choices. The results calculated for conditions for which 
the constant in the Hall expression is fairly certain are 
shown in italics. It is evident from the results that (/*) 
is much closer to 8 than to the 13 expected from the 
cyclotron-resonance values of the effective masses. 

The ratio [F,'(n)/F y(n) ] is obtained from the Hall 
data by use of Eqs. (3) and (7) and published tables.” 
The ratio is not appreciably affected by the choice of y. 
However, the constant w,, in Eq. (3) which refers to the 
number of energy minima in & space could, if incorrect, 
have a large effect on the ratio. Cyclotron-resonance 
measurements have shown that the minima are along 
the [100] axes. Also, it is generally agreed now that 
the minima do not lie at the Brillion zone boundaries. 
This would make w,, equal to 6, which is the number 
that has been used in the calculations yielding (f*) in 
Table II. However, it was felt worthwhile to check the 
validity of this assumption for at least one sample. 
Sample 26-76-7, for which there is the smallest un- 
certainty in x—x(pure) and for which there is little 
question about the choice of constant y, seemed to be 
the best choice. The susceptibility for that sample was 
calculated from Eqs. (3), (4), and (7) for a number of 
temperatures and for two choices of each of the con- 
stants w», and (f*). Figure 4 shows the results compared 
with the experimental data. Evidently agreement is 
best when one assumes six minima in k space and a 
value near 8 for (f°). 
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Fic. 5. The paramagnetic component of the trapped-donor 
susceptibility as a function of reciprocal temperature. 


For nondegenerate arsenic-doped silicon below 20°K, 
it is safe to assume that all donors have been trapped at 
donor sites. This is borne out by the Hall data which 
show that even as high as 50°K less than 2% of the 
extrinsic electrons remain in the conduction band. As a 
result, the conduction-electron contribution to the total 
susceptibility vanishes, leaving only the trapped-donor 
contribution. This is given by Eq. (5) and Eq. (6) and 
will be equal to the difference between the suscepti- 
bility of the experimental samples and that of pure 
silicon, i.e., x—x(pure). In the range of interest (that 
is, below 20°K) the trapped-donor diamagnetism [Eq. 
(6) ] is appreciably smaller than the paramagnetism 
and can therefore be estimated and treated as a cor- 
rection term. The experimental results with the 
correction made are shown in Fig. 5 where the para- 
magnetic component of the trapped-donor suscepti- 
bility, x:?, is plotted versus reciprocal temperature. 
The arrows pointing to the lowest temperature point 
of each curve indicate the magnitude of the diamagnetic 
correction made. It can be seen that except for sample 
743 the corrections are minor. For all the samples, 
including 743, the corrections are not the source of the 
deviations to be discussed below but only increase them 
by a small amount. 

It is readily observable that the plots of the data for 
specimens 1400 and 329 are straight lines, as one would 
expect from Eq. (5b). However, the curves for the other 
three samples bend over, having lower slopes as the 
temperature decreases. It would seem that for samples 
having more than 5X10” donors/cm* the number of 
magnetic centers relative to the number of donors, 
na/Na, decreases with temperature below 10°K. More- 
over, in the case of highly doped specimen 743 (5X 10'* 
donors), the difference between the number of magnetic 
centers and the number of donors is apparent even 
above 20°K. This can be seen from Table III where 
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TABLE III. Comparison of the number of donors with the 
number of magnetic centers at low temperatures. 











Number of 
magnetic centers 





a oor) — 
sity /T) plot 
Specimen Na (cm) a (cm) 
743 5 X10 1.2 108 
1407B 1.2X 10'8 1.1 10'8 
1262 5.7X10" 6.6X 10" 
329 2.5X 10" 
1.6X 10"? 2.1 10" 
1400 3.5X 1018 (541) X10" 





values of mq obtained from the high-temperature 
limiting slopes of the curves shown in Fig. 5 are com- 
pared with the number of donors. These results indicate 
that Eq. (5b) is applicable down to liquid helium 
temperatures for samples having less than 2X10" 
donors per cubic centimeter, but that deviations appear 
below ten degrees for samples having donor densities 
between that figure and 2X 10'*. For even higher donor 
concentrations, where degeneracy and impurity banding 
start to occur, deviations appear even above 20°K. 

It is not difficult to account for the apparent decrease 
in number of magnetic centers in highly doped silicon 
at low temperatures. It must only be recalled that the 
wave function of a hydrogenic state will extend much 
further in material of high dielectric constant than in 
an isolated atom and that therefore even at a moderate 
concentration of filled donor states there will be enough 
overlap of pairs of electrons to form “hydrogen-like 
molecules,” i.e., systems in which the spins are paired 
in opposite directions, causing them to be magnetically 
inactive. This pairing will, as the concentration of 
donors increases, cause more and more of them to be 
nonmagnetic until there remains but a small tempera- 
ture-independent Pauli paramagnetism in the limit of 
a completely degenerate impurity band. Moreover, as 
the temperature is lowered the fraction of paired to 
unpaired centers will increase as kT approaches the 
energies of interaction between closely situated donors. 

The more usual approach to interacting donors in 
solids is in terms of band theory. However, it is by no 
means clear that the usual assumptions made for 
periodic structures can be carried over to a situation 
where the location of the “lattice” sites is random. It 
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is for that reason that we feel that, for nondegenerate 
silicon, approaching the problem from the point of view 
of interactions of systems of two, three, or four electrons 
is more realistic. This is borne out by some spin-reso- 
nance experiments which have demonstrated inter- 
actions between 2- and 3-electron groups in silicon 
containing 10’ phorphorus donors. 

Mooser* has attempted to derive expressions that 
would apply to a “donor band.” Agreement between 
his expression for the susceptibility of weakly banded 
donors and our data is poor. However, this may be due 
to the fact that electrostatic forces which repel a second 
electron from a singly filled donor site are neglected in 
the derivation, rather than any lack of applicability of 
band theory. : 
VI. SUMMARY 


1. Analysis of the carrier contribution to the mag- 
netic susceptibility of n-type silicon yields a value of 
8 for the square of the freedom number rather than the 
13 one would expect from the effective mass ratios. 
Aside from that, the data agree well with theory and 
with the assumption that there are six energy minima 
in k space for n-type silicon. 

2. For donor concentrations of less than 3X10" 
cm~ the behavior of the trapped-donor magnetism can 
be accounted for by assuming that the trapped electrons 
are independent centers, each with a magnetic moment 
equal to the Bohr magneton. 

3. The trapped-donor susceptibility of silicon doped 
with more than 5X 10" arsenic atoms/cc does not follow 
a simple Curie law. The deviations can be explained 
qualitatively by interactions of closely neighboring 
donor centers. 
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Magnetoresistance Symmetry Relation in n-Germanium 
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Careful measurement of the weak-field magnetoresistance coefficients of n-germanium indicates that the 
magnetoresistance symmetry relation is obeyed for samples with carrier concentrations as high as 6X 10!§ 
cm~*. For a 3X10! sample, the deviation, if any, is still quite small. For samples with carrier concentrations 
of 4X 10"7, 1 10'*, and 1X10", there is definite evidence of deviation but there is no evidence of the large 
deviations previously reported. The values of the anisotropy parameter K obtained from these measurements 
are in agreement with values previously obtained from magnetoconductance measurements. 


1. INTRODUCTION 


T can be shown! that a symmetry relation exists 
between the weak-field magnetoresistance coeffi- 
cients? of a solid whose band structure is of the many- 
valley’ type. For n-germanium, where the valleys are 
oriented along the [111 ] axes in k-space, the symmetry 

relation is 
b+c=0, (1.1) 


provided that (a) the conductivity tensor for the crystal 
as a whole can be expressed as the sum of conductivity 
tensors representing the contributions to the current 
by the carriers in each valley, (b) the conductivity 
tensor for each valley has the symmetry of the valley, 
and (c) there is no longitudinal magnetoconductance in 
a valley when the magnetic field is parallel to a principal 
axis of the valley. 

While the symmetry relation (1.1) has been verified‘ 
for n-germanium with a carrier concentration of 10" 
cm~*, Glicksman’s magnetoresistance measurements® 
indicate that at 77°K the ratio c/b has values between 
—1.16 and —1.23 for samples with carrier concen- 
trations in the range 4X10"* to 2X10!’. For a sample 
with a carrier concentration of 5X10"* he findsf{ that 
c/b=+2 instead of the value of —1.00 predicted by 
(1.1). The ratio c/b has also been determined® by 
combining planar Hall and magnetoresistance measure- 
ments. These latter measurements indicated that 
c/b=—0.79 at 77°K for a sample with a carrier con- 
centration of 7X10" cm~. 

The anisotropy parameter®®*® K=K,,/K, can also 
be determined from weak-field magnetoresistance 
measurements combined with weak field measurements 
ae Present address: Materials Engineering Departments, West- 
inghouse Electric Corporation, 7325 Penn Avenue, Pittsburgh 8, 
Pennsylvania. 

t Present address: Physics Department, Harvard University, 
Cambridge, Massachusetts. 

1R. W. Keyes, Westinghouse Research Report 8-1038-P20 
(unpublished). 

2G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 

3. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 

4C. Goldberg and R. E. Davis, Phys. Rev. 102, 1254 (1956). 

5M. Glicksman, Phys. Rev. 108, 264 (1957). 

¢ Note added in proof —Dr. Glicksman has informed us that the 
measurements on his 5X 10'* sample are in error due to a mistake 
in sample orientation. His later measurements give results similar 


to those presented in Fig. 5, i.e., c/b is approximately minus unity. 
6 C, Goldberg, Phys, Rev, 109, 331 (1958). 


of the Hall mobility. The values for the anisotropy 
parameter obtained in this way*’:* differ from the 
values obtained from magnetoconductance measure- 
ments® and strong-field magnetoresistance measure- 
ments.*!° 

Aside from experimental errors, determination of K 
by weak-field magnetoresistance measurements should 
give precisely the same values as those determined from 
magnetoconductance measurements (if the symmetry 
relation is correct), since only phenomenological theory 
is used in each case and no detailed assumptions are 
needed. Some of the possible sources of error in mag- 
netoresistance measurements and a method of avoiding 
them will be discussed in Sec. 2. The measurements of 
c/b and K reported in this paper have been made using 
this new method. 


2. DETERMINATION OF THE WEAK-FIELD 
MAGNETORESISTANCE COEFFICIENTS 


If a long thin crystal has the electric current in the 
[HKL] direction, the change of resistance caused by a 
weak magnetic field in the [hk/] direction is* 


Ap Akl 
Muxy'= Lim(— ) 


H-0 





poll?/ nx 
(I-H)* 3 12H? 
=b+c——+d > ——, (2.1) 
Pr i=1 [°° 


where the summation is over the axes of cubic sym- 
metry and 6, c, and d are the weak-field magnetore- 
sistance coefficients. 

All measurements reported in this paper were made 
with the electric current in the [110] direction and, for 
convenience, the [110] subscript is omitted hereafter. 
The [110] direction is chosen for the current because 
then the coefficients 6, c, and d can be determined from 
measurements of the longitudinal magnetoresistance 
M*® and the two transverse measurements M°’ and 


7M. Glicksman, Phys. Rev. 100, 1146 (1955). 

® Benedek, Paul, and Brooks, Phys. Rev. 100, 1129 (1955). 

*R. M. Broudy and J. D. Venables, Phys. Rev. 105, 1757 
(1957). 

1H, P, Furth and R. W. Waniek, Phys. Rev. 104, 343 (1956). 
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M™°, Equation (2.1) yields 


M™=6b+c+4d, (2.2a) 
M"= 6b, (2.2b) 
M™=b+4d. (2.2c) 


There are several difficulties in making accurate 
measurements of the quantities M"*'. One is that since 
M** is the weak-field limit of (Ap/poH?)', it is 
necessary either to make measurements of Ap/po at a 
very weak field or to make measurements at stronger 
fields and extrapolate to zero field. In the region where 
Ap/ pol?” is at the weak-field limit and is independent of 
field, the quantity Ap/po is often so small that it is 
difficult to measure accurately. It is also very difficult 
to extrapolate high-field data accurately to the zero-field 
values. (Figure 2 of reference 5 is an example of the 
difficulty in extrapolating. It appears that “reasonable” 
extrapolations, different from the ones shown there, 
could be made that would change each of the zero-field 
values of Ap/poH? by several percent.) 

The magnitude of the field must also be known 
accurately to determine M, especially since the square 
of the field is involved. Since M, M™°, and M™° must 
all be measured in order to calculate c/d, a slight change 
in magnet calibration between the measurements of the 
M"**' may cause a significant error in the determination 
of c/b. Since it is usually necessary to measure Ap/po 
with the magnetic field in one direction and then 
measure the same quantity with the field reversed, 
taking an average of the two measurements to obtain 
Ap/poH?, any hysteresis effects in the magnet can cause 
errors if the field reversal is accomplished by reversing 
the magnet current direction. These magnetic field 
errors can be eliminated if the magnetic field is con- 
tinually monitored. However, it is not always conven- 
ient to do this to the accuracy desired. 

In order to reduce the effect of the above problems, 
an electromagnet was placed on a mount which would 
enable the magnet to be turned with respect to the 
sample. When the sample was mounted as in Fig. 1(a), 
(Ap/po)™ could be measured. Turning the magnet 90 
degrees put the sample in the position shown in Fig. 
1(b) and (Ap/po)™ could be measured. The effect of 
reversing the field for each of these orientations could 
be obtained by two additional 90-degree rotations. The 
zero-field resistivity was measured before the first and 
after the fourth measurement. Since the reversal of 
field was achieved by a physical rotation of the magnet 
rather than a reversal of magnet current, there was no 
need to be concerned about the effect of hysteresis on 
the magnet calibration, and since the magnet current 
was provided by a well regulated power supply, the 
four measurements were made at a constant value of 
the magnetic field. 

Since even when the above method is employed it is 
still necessary to know the field accurately to get a 
highly precise measurement of (Ap/poH?), what was 
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calculated from these measurements was 
(Ap)#9/ (Ap)! = (Ap/poH?)"°/ (Ap/poH*)™, 


the calculation of which obviously does not require 
knowledge of the magnitude of the magnetic field. 
Measurement of (Ap)"°/(Ap)™ at several fields per- 
mitted an extrapolation to zero field to obtain the 
quantity »; defined as 


y= Mi0/Y= Limyo(Ap)""/(Ap)™ 
= (b+}d)/b. (2.3) 


In order to extrapolate, it is necessary to know the 
magnitude of the magnetic field but the accuracy 
required is much less than that required to determine 
(Ap/poH”) at a given field. Furthermore, the field 
dependence of (Ap/pof*) is always such that the de- 
pendence upon field of the ratio of the two magneto- 
resistance effects is less strong than that of either of 
the two effects when considered individually. Thus the 
extrapolated value of the ratio is known more accurately 
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Fic. 1. The sample orientation for measurement of M™°is shown 
in (a). When the magnet is rotated 90 degrees, the sample has the 
orientation shown in (b) and M®! is measured. The orientation of 
the sample for measurement of M™® is shown in (c). When the 
magnet is rotated 90 degrees the sample has the orientation shown 
in (d) and once again M® can be measured. In each case the 
=" field direction is assumed to be horizontal from left to 
right. 


than the extrapolated value of either of the (Ap/pof’), 
and is known with even more accuracy still than the 
ratio of the two extrapolated values. The quantity » 
was determined in the above manner over a range of 
temperature. 

After determining y; the sample holder was removed 
from the magnet and the sample rotated and replaced 
in the magnet gap in the position shown in Fig. 1(c). 
Rotation of the magnet put the magnetic field in the 
orientation shown in Fig. 1(d) and permitted evaluation 
of the ratio 

v2== M"°/M" = (b+c+ }d)/b. (2.4) 


The quantity c/b is then simply v.—», and the sym- 
metry relation (1.1) may be written as 


(2.5) 


The advantages of measuring c/b by this method can 
be summarized as follows. (1) The experimentally 
determined value of c/b is affected only slightly by 
errors in magnet calibration ; (2) it is necessary to make 
only two extrapolations instead of three; and (3) the 


vo= y;—1. 








MAGNETORESISTANCE SYMMETRY RELATION 


extrapolations can be made more accurately because 
the quantities being extrapolated have a weaker field 
dependence. 

It had been hoped that the method® of using a planar 
Hall measurement in combination with a magneto- 
resistance measurement might be useful for determining 
c/b. However, measurement of the planar Hall voltage 
is less accurate than determination of magnetoresist- 
ance simply because the voltage is smaller by a factor 
approximately equal to the width-to-length ratio of 
the sample. Furthermore, it is difficult to extrapolate 
the ratio of the planar Hall effect to the magneto- 
resistance effect. The planar Hall coefficient iricreases 
with increasing field while Ap/poH? decreases with 
increasing field, so that the ratio has a stronger field 
dependence than either effect alone. 

The anisotropy parameter*** K can be determined 
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Fic. 2. Experimental values of »; (open symbols) and v2 (solid 
symbols) for samples with carrier concentrations of 710%, 
6X10", and 6X10'*. The dashed curves are obtained by sub- 
tracting unity from the solid curves. 


from the quantity 
W=d/(b+ux’), 


where uy is the Hall mobility Ro/po, since, if the sym- 
metry relation is obeyed and the Herring-Vogt*® model 
is applicable, 


W =2(K—1)?/(2K+1)(K+2). 
The quantity 


(2.6) 


(2.7) 


vs= (Ro/po)?/M™ = ux"/b (2.8) 
can be measured by a method similar to that used for 
determination of »; and v2. Then 


W=2(»;—1)/(1+93), (2.9) 


or 
W = 2p2/(1+ 93). 


Equation (2.10) assumes the symmetry relation (1.1). 


(2.10) 
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Fic. 3. Values of —c/b obtained from Fig. 2 by subtracting the 
v2 data from the solid curves through the »; data. The symbols are 
the same as those used in Fig. 2. 


3. SAMPLE PREPARATION 


Samples were oriented optically and cut in a bridge 
shape." Tin was ultrasonically soldered to the electrode 
arms and the sample was then heat treated at 450°C 
for ten minutes to give the desired low contact 
resistance. 

In this paper the samples are designated by numbers 
which are simply a shorthand for describing the carrier 
concentrations, i.e., sample 7-13 has a carrier con- 
centration of 7X10" cm-*, sample 6-14 has a carrier 
concentration of 6X 10", etc. The carrier concentrations 
were obtained from weak field Hall measurements by 
the approximation Ro=1/ne. Rqom temperature Hall 
measurements were used except for sample 7-13, where 
Hall measurements were made at liquid nitrogen 
temperature because of the effect of intrinsic carriers 
on room temperature measurements. 

All the samples except 1-18 and 1-19 were prepared 
from single-crystal material grown by the usual 
Czochralski technique. The material for 1-18 and 1-19 
was grown by controlled cooling of a heavily doped 
germanium melt.” 


4. MEASUREMENT OF c/b 


Figure 2 gives the results of measurements of »; and 
ve for samples with carrier concentrations of 710", 
6X10", and’ 6X10"*. The dashed curves through the 
ve data are simply the solid curves through the »; data 
less unity so that comparison of the v2 data with the 
dashed curves indicates the degree of agreement 
between the data and the symmetry relation (2.5). 

The quantity —c/b was obtained by subtracting the 
values of v2 from the solid lines through the »; data. 
Figure 3 shows the values of —c/b computed from Fig. 
2. With the exception of one point at 1.04 all the values 
of —c/b are between 0.99 and 1.02, indicating good 
agreement with the symmetry relation (1.1). 

Measurements on samples with carrier concentrations 
of 3X10'*, 4X10"7, and 1X10'* cm™ are summarized 
in Figs. 4 and 5. For the 3X10'* sample the deviation 

uP, P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 

12 We are indebted to R. G. Seidensticker and M. Pollack who 


supplied the germanium crystals. The orientation work was done 
by J. Patchel and Mr. Seidensticker. 
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Fic. 4. Experimenta! values of »; (open symbols) and v2 (solid 
symbols) for samples with carrier concentrations of 3X10", 
4X 10"’, and 1X 10#8. 


from the symmetry relation is small. The ratio c/b is 
approximately independent of temperature and has a 
value of about —1.05 compared to a 77°K value of 
—1.23 reported by Glicksman® for a 2X10'* sample. 
For the other two samples the deviations from the 
symmetry relation at the lower temperatures are more 
significant, but at the higher temperatures c/b~ — 1.05. 
Examination of the data for 3-16 in Fig. 5 leads one to 
suspect that there is a systematic error in these meas- 
urements that leads to a value of 1.05 rather than 1.00 
for the ratio —c/b. This systematic error would have 
to be about 1.5% for each of the measurements. We 
have been unable to think of any source of error which 
would cause this consistent discrepancy, but if this 
were true, it would mean that sample 3-16 obeyed the 
symmetry relation throughout this temperature range. 

As mentioned in Sec. 1, Glicksman has reported 
c/b=+2.0 for a 5X10'* sample. Figure 5 gives no 
indication of such a large deviation from the symmetry 
relation in samples with carrier concentrations up to 
1X10'*. Measurements have also been made on a 
1X10" sample. It is difficult to make accurate measure- 
ments of magnetoresistance on a sample with such a 
high impurity concentration because the effect is very 
small. For sample 1-19 the fractional change of re- 
sistance caused by a 7600 gauss field in the [001] 
direction was approximately 2X10~*. Measurements 
of v; and v2 were made as carefully as possible and 
indicate that c/b is —1.0 at room temperature and — 1.6 
at 77°K with an uncertainty of perhaps 30%. This 
uncertainty is much higher than for the measurements 
shown in Figs. 3 and 5 but is still small enough to 
indicate that the ratio c/b remains negative for all 
our samples. 
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The weak-field magnetoconductance coetticients" 
are calculated in theoretical work more directly than 
the magnetoresistance coefficients.© The magneto- 
conductance symmetry relation is 


B+y7=0, 


The magnetoconductance coefficients can be expressed? 
in terms of the magnetoresistance coefficients and the 
ratio —7/8 can then be written in terms of the measured 
quantities 7, v2, and vs: 


—7/B= (un? — c)/(un?+b) oe (v1— vot v3)/(1 + v3). (4.2) 


If the deviation from the magnetoresistance symmetry 
relation is 6), i.e., if —c/b=1+46,, then from (4.2) we 
see that the deviation from the magnetoconductance 
symmetry relation is 62.=6;/(1+ 3), ie., —y/8=14+6)/ 
(1+¥;). Experimentally it is found that for the samples 
3-16, 4-17, and 1-18, v3 is in the range 2.5 to 5.0 so that 
52 is smaller than 6;, 62/5; varying from 0.17 to 0.29. 
Thus the deviation from the magnetoconductance 
symmetry relation for sample 3-16 means that the two 
magnetoconductance integrals which are supposed to 
have equal absolute values differ by one percent. For 
sample 1-18 at 77°K where —c/b=1.16, we find that 
—7/B=1.04. 

We conclude from the data that the deviations, if 
any, from the symmetry relation are very small for 
samples with carrier concentrations up to 3X 10!* cm, 
For samples with carrier concentrations of 4X 10" and 
1X10'* the deviations mean that the two magneto- 
conductance integrals differ by only a few percent. 
While no quantitative conclusions can be made from 
the measurements on sample 1-19, it can be said quali- 
tatively that the large deviations (i.e., c/b>0O) reported 
previously® are not observed. 

The above is consistent with the conclusions from 
magnetic susceptibility measurements" where there is 
no evidence of any significant deviation from the (111) 
symmetry of the electron distribution. 


5. ANISOTROPY PARAMETER 


The quantity v; defined by (2.8) was measured for 
samples 7-13, 6-14, 6-15, and 3-16, and Eq. (2.9) was 


—7/8=1. (4.1) 
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Fic. 5. Values of —c/b obtained from Fig. 4 by subtracting the v2 
data from the solid curves through the »; data. 


4 F. Seitz, Phys. Rev. 79, 372 (1950). 
1*R. Bowers, Phys. Rev. 108, 683 (1957). 
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used to calculate the values of W shown in Fig. 6. The 
right-hand ordinates in this figure are the values of the 
anisotropy parameter calculated from Eq. (2.7). 

For comparison of the magnetoresistance values of 
W shown in Fig. 6 with the values obtained from 
magnetoconductance measurements,® Fig. 7 shows the 
latter measurements on samples with approximately 
the same carrier concentrations as those used in Fig. 6. 
The curves shown in Fig. 7 represent the magneto- 
resistance measurements, these curves being identical 
with those shown in Fig. 6. The two methods of meas- 
uring W are seen to be in fair agreement. 

From measurements of the quantities 1, v2, and vs, 
we can obtain a parameter Z in addition to the ani- 
sotropy parameter K. The dependence of the »; upon 
temperature and impurity concentration can then be 
“explained” as being due to the dependence of K and L 
upon these quantities. The parameter ZL is related to 
the scattering mechanisms and is dependent upon the 
model used. This parameter shall be defined here as 


v3(2K +1)? 


3K (vs+1)(K+2) 
ea ’ (5.1) 


This definition is used because for the relaxation time 
approximation the parameter L given by (5.1) can be 
shown‘ to be equal to /,/;//.°, where 


r= f r"el(0 fo/de)de. (5.2) 
0 


Figure 8 shows the correlation between the values 
of W and ZL calculated from our measurements, the 
relation between W and K being given by (2.7). This 
figure can be interpreted as indicating that the de- 
pendences upon temperature and impurity concen- 
tration of both K and ZL are due to the same cause, 
namely, ionized impurity scattering. 

If the energy dependence of the relaxation time is 
represented as ¢*, then the values of s can be obtained‘ 
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Fic. 6. Values of W calculated from Eq. (2.9) and the measured 
values of »; and v3. The right-hand ordinates are the values of the 
anisotropy parameter K calculated from W by Eq. (2.7). 
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Fic. 7. Magnetoconductance measurements of W (taken from 
reference 6) for samples with carrier concentrations similar to 
those shown in Fig. 6. (There is no magnetoconductance data for 
a sample comparable to 3-16.) The solid lines represent the 
magnetoresistance values of W and are taken directly from Fig. 6. 
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Fic. 8. Correlation between values of K and L obtained from 
measurement of the »;, the relation between W and K being given 
by Eq. (2.7). 


from L. For this approximation L>1 for s<0, L=1 
for s=0, and L>1 for,s>0. The minimum in Fig. 8 
is at L~1.02. If the minimum were at 1.00, we would 
assume that to the right of the minimum s was negative 
due to the predominance of lattice scattering. As im- 
purity scattering became more important, we would 
move to the left through the minimum (where s=0) 
into the region where s was positive approaching the 
region where impurity scattering is dominant. The fact 
that the minimum is at 1.02 rather than at 1.00 is 
established since there would have to be experimental 
errors of at least ten percent in the measurements of 
the »; in order to cause even this small deviation of L 
from unity. However, the occurrence of the minimum 
at L=1.02 is not surprising, since it is not to be expected 
that the energy dependence of the relaxation time can 
be represented exactly as e* throughout the range where 
both scattering mechanisms are significant. 
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RicHarp H. Buse AnD Epwarp L. Linp 
RCA Laboratories, Radio Corporation of America, Princeton, New Jersey 
(Received February 13, 1958) 


Photosensitive crystals of zinc selenide have been prepared by incorporating suitable proportions of 
Group VII donors (e.g., bromine) and either Group I acceptors (copper or silver) or Group V acceptors 
(antimony or arsenic) in crystals prepared from the vapor phase. Photoconductivity phenomena charac- 
teristic of other II-VI photoconductors, such as (a) variation of photocurrent with a power of light intensity 
greater than unity, (b) temperature quenching of photoconductivity, and (c) infrared quenching of photo- 
conductivity, are also found for zinc selenide. Sensitizing centers in ZnSe: Br:Cu and ZnSe: Br: Ag have 
levels lying at the same distance above the top of the valence band (0.6 ev) as sensitizing centers in CdSe, 
even though the band gap of ZnSe is 50% larger than that of CdSe. Crystals with Group V acceptors are 
characterized in addition by a long-wavelength spectral response, out to 1.4 microns, associated with levels 
lying about 1.3 ev above the top of the valence band. By a consideration of known data on the conductivity, 
photoconductivity, and luminescence of II-VI compounds, a consistent correlation of donor and acceptor 


levels in these materials is possible. 





INTRODUCTION 


ETAILED investigations of the mechanism of 
photoconductivity in II-VI materials have been 
concentrated mainly on CdS and CdSe.' Photosensitive 
single crystals of CdS and CdSe have been prepared 
both by incorporation of suitable impurities (Group VII 
donors plus Group I acceptors),? and by vacuum anneal- 
ing to introduce suitable deviations from stoichiometry.* 
A successful description of the phenomena observed 
with these materials has been made on the basis of the 
hypothesis‘ that the photosensitivity is associated with 
the capture of holes by sensitizing centers which sub- 
sequently have a small cross section for capturing free 
electrons. As long as holes are stably captured by these 
centers, high photosensitivity is obtained; when, how- 
ever, the holes are released to the valence band, either 
by thermal or optical energy, quenching of the photo- 
sensitivity results, as the holes are captured by other 
centers with a subsequent large cross section for free 
electrons. 

Some investigations have been made on other II-VI 
photoconductors. Many general studies have been made 
on photoconductivity in ZnS powders, but few, if any, 
on the mechanism of photoconductivity in single 
crystals. Photoconductivity in ZnTe has been briefly 
reported.* Investigations on CdTe have been limited 
mainly to its semiconducting properties.*’ 

This paper describes the preparation and sensitization 
of ZnSe single crystals. The temperature dependence of 
the spectral response of ZnSe crystals has been pre- 
viously reported,® but no detailed study of the photo- 


1 R. H. Bube, Proc. Inst. Radio Engrs. 43, 1836 (1955). 

2 R. H. Bube and S. M. Thomsen, J. Chem. gos 23, 15 (1955). 

3R. H. Bube and L. A. Barton, J. Chem. Phys. (to be pub- 
lished). 

4R. H. Bube, J. Phys. Chem. Solids 1, 234 (1957). 

5 R. H. Bube and E. L. Lind, Phys. Rev. 105, 1711 (1957). 

®D. A. Jenny and R. H. Bube, Phys. Rev. 96, 1190 (1954). 

7 F. A. Kréger and D. De Nobel, J. Electronics 1, 190 (1955). 

® R. H. Bube, Phys. Rev. 98, 431 (1955). 


conductivity characteristics was undertaken at that 
time. The results of the present study show that photo- 
conductivity in ZnSe is markedly similar to that found 
in CdS and CdSe when sensitization is by Group VII 
donors and Group I acceptors, but that certain new 
phenomena occur when Group V acceptors are used. 

A consideration of the results obtained with ZnSe, 
together with known data on other II-VI materials, 
leads to a consistent correlation of donor and acceptor 
levels in these materials. The key to this correlation is 
the observation that the donor ionization energy is 
determined primarily by the cation of the compound, 
whereas the acceptor ionization energy is determined 
primarily by the anion of the compound. In this way 
the conductivity and photoconductivity properties of 
these materials may be correlated with their lumines- 
cence properties. 


EXPERIMENTAL 


Crystals of ZnSe were prepared from the vapor phase 
reaction between zinc and selenium. A modification of 
the Frerichs technique, similar to that used previously 
for CdS and CdSe,” was used. A flow of hydrogen, at 
the rate of 50 ml/min, carried zinc vapor, over zinc at 
710°C, to react with a similar stream of selenium vapor, 
carried by hydrogen over selenium at 525°C, into a 
reaction zone at 1100°C. The useful crystal growth 
usually occurred in the first 10 minutes of operation, 
and the final yield was about 10 to 15%. 

X-ray analysis of many crystals’ showed the presence 
of both cubic and hexagonal crystal forms. This result 
is similar to that found in ZnS. Most of the crystals 
grow in the form of needles. One plate-like crystal 
which grew in a region of high vapor concentration was 
found to be completely cubic. 


® X-ray analysis by J. White. 
(1958) W. Strock and V. A. Brophy, Am. Mineralogist 40, 94 
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PHOTOCONDUCTIVITY OF ZnSe CRYSTALS 


Halide impurity was introduced into the crystals by 
passing a portion of the carrier gas for the zinc over or 
through a suitable halide source during the growth of 
the crystals. Bromine was used principally; a portion 
of the carrier gas, between 20 and 100%, was passed 
over bromine at 0°C. Best crystal growth observed for 
any preparation conditions was found when 80% of the 
carrier gas passed over bromine. For very high bromine 
proportions, excess ZnBr, was observed in the prepara- 
tion. The color of the crystals varied markedly with the 
proportion of bromine incorporated, from light yellow 
to orange. 

Crystals of ZnSe: Br prepared in this way were sub- 
sequently treated to incorporate copper or silver. 
Optimum results were obtained when 0.1 g of ZnSe: Br 
crystals were placed in 10 cc of a 10~°M solution of 
copper nitrate. After washing and drying, the crystals 
were heated at 900°C for 20 minutes to diffuse copper 
into the crystals. 

To incorporate antimony impurity, antimony was 
placed in the same furnace zone as the zinc, so that at 
the temperature of that zone, there was about 1 mm of 
antimony vapor pressure. Similarly, to incorporate 
arsenic, arsenic was placed in the same furnace zone as 
the selenium; the exact vapor pressure involved is not 
certain because of the likelihood of the formation of an 
arsenic selenide. The presence of antimony or arsenic 
in the preparation strongly inhibited crystal growth, 
particularly in the absence of bromine; such ZnSe: Sb 
and ZnSe: As crystals showed very high resistivity and 
almost negligible photosensitivity. 


PHOTOCONDUCTIVITY WITH 
GROUP I ACCEPTORS 


Spectral Response 


Spectral response curves for several crystals of ZnSe 
are shown in Fig. 1. “Pure” ZnSe crystals show maxi- 
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Fic. 1. Spectral response curves for photoconductivity in ZnSe 


crystals. (1) “Pure” ZnSe, (2) ZnSe with halide impurity, 
(3) ZnSe: Br: Cu, and (4) ZnSe: Br: Cu at — 183°C. 
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Fic. 2. Spectral response curves for photoconductivity in ZnSe: 
Br: Cu with high bromine and copper concentration. 


mum photosensitivity at about 4620 A (2.68 ev) which 
corresponds to the absorption edge of “pure” ZnSe. 
This value is somewhat lower than that reported in a 
previous publication,’ but agrees well with the value 
obtained from measurement of edge luminescence 
emission.! In crystals with halide impurity, the maxi- 
mum is shifted about 100 A to longer wavelengths. In 
most crystals of ZnSe: Br: Cu, the maximum is shifted 
even further to longer wavelengths, by as much as 
300 A; in these crystals a second impurity-associated 
shoulder in the spectral response curve occurs at about 
5100 A, with a long-wavelength tail extending out to 
about 6000 A. 

The spectral response for one of the most sensitive 
ZnSe:Br:Cu crystals prepared is shown in Fig. 2. 
This crystal was prepared with all the hydrogen carrier 
gas passed over the bromine and was later treated with 
10-*M copper nitrate. At liquid nitrogen temperature, 
the photoresponse is determined by the impurity re- 
sponse band. 

Spectral response curves for ZnSe: Br: Ag are shown 
in Fig. 3. A semilogarithmic plot has been used to show 
the sharp cut off at 5500 to 6000 A, characteristic of all 
ZnSe: Br: Cu and ZnSe: Br: Ag crystals. 


Photosensitivity 


The specific sensitivity of unsensitized “pure” ZnSe 
crystals is about 10~* to 10-* mho cm? per watt. This 
appears to be a common value for sensitivity in “‘pure” 
crystals, being found also in CdS and CdSe. The 
maximum sensitivity obtained in ZnSe:Br:Cu and 
ZnSe: Br: Ag insulating crystals (conductivity less than 
10-” mho/cm at room temperature in the dark) is 
about 4X10-* mho cm? per watt. The sensitivity of 
photosensitive CdS and CdSe crystals is about 10~' mho 
cm?/watt. Higher photosensitivities can be obtained in 
ZnSe: Br: Cu crystals if a higher dark conductivity is 
permitted. The crystal corresponding to the spectral 
response of Fig. 2, for example, had a room temperature 
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Fic. 3. Spectral response curves for photoconductivity 
in ZnSe: Br: Ag. 


dark conductivity of 6X10~* mho/cm and a specific 
sensitivity of 4X 10-* mho cm’ per watt. 


Speed of Response 


The decay time of photoconductivity was measured 
for both the insulating and the more conducting 
ZnSe: Br: Cu crystals after illumination by 1740 ft-c of 
incandescent light. The insulating crystals had a meas- 
ured decay time of 2 milliseconds; the more conducting 
crystals had a decay time of 14 milliseconds. Both 
values, together with the measured photoconductivity 
gain, lead to a calculated effective mobility of 4 cm?/volt 
sec. (Data on insulating sensitive ZnSe: Br: As crystals 
gave an effective mobility of 18 cm*/volt sec.) 

The low-light speed was also measured for the insu- 
lating ZnSe: Br:Cu crystals. At 0.2 ft-c, the rise time 
was about 1 sec, and the decay time was less than 
0.1 sec. 


Temperature Dependence 
(a) Insulating ZnSe: Br:Cu 


The photocurrent for an insulating ZnSe: Br:Cu 
crystal was measured as a function of light intensity at 
several temperatures between that of liquid nitrogen 
and 100°C, using a broad band of exciting wave- 
lengths from 4800 to 5200 A from a monochromator. 
The variation of photocurrent with temperature for 
different exciting intensities is shown in Fig. 4. The 
data are completely analogous to similar data obtained 
on CdSe crystals.‘ At low temperatures the photo- 
sensitivity is high, corresponding to the stable capture 
of holes by sensitizing centers. Above some critical 
temperature, which decreases with decreasing light 
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intensity, temperature quenching sets in as holes in 
sensitizing centers begin to be thermally released. 
When all the holes have essentialiy been released from 
the sensitizing centers, the thermal quenching ceases. 
At higher temperatures the sensitivity may increase 
again; centers with levels lying near the conduction 
band, which act as recombination centers at lower tem- 
peratures, change over to acting as trapping centers, 
thereby decreasing the total density of recombination 
centers. The loci of the approximate points for the 
onset and end of temperature quenching are indicated 
in Fig. 4. 

As indicated in a previous publication,‘ the following 
relationships hold: 


Int max = In(NS»p ‘S,)—E, ) (1) 
In#tmin=1n(N,N./Na)— Ea/RT min, (2) 


where max is the density of free electrons at the onset 
of temperature quenching at temperature Tax, %min iS 
the density of free electrons ai the end of temperature 
quenching at temperature Twin, NV. is the effective 
density of states in the valence band, S, is the capture 
cross section of a sensitizing center for a hole when 
occupied by an electron, S, is the capture cross section 
of a sensitizing center for an electron when occupied by 
a hole, E, is the height of the level corresponding to 
the sensitizing centers above the top of the valence 
band, N, is the density of sensitizing centers, and N, is 
the total density of large cross-section recombination 
centers. The photocurrent at the onset of temperature 
quenching is shown on a semilogarithmic plot as a 
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TEMPERATURE, °C 
_ Fic. 4. Variation of photocurrent with temperature for different 
intensities of excitation for ZnSe: Br:Cu crystal. Dashed lines 
show loci of approximate points of beginning and end of tem- 
perature quenching. 
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function of 1/Tmax in Fig. 5; also the photocurrent at 
the end of temperature quenching is shown on a semi- 
logarithmic plot as a function of 1/Tmin. The lines 
shown in the figure are the result of a least-squares 
analysis. The lines are approximately parallel with a 
slope corresponding to E,=0.60 ev, essentially the 
same as for CdSe. From the intercept of the curve for 
imax at 1/T=0, a value of S,/S,~10* is obtained, to 
be compared with a ratio of 810° for CdSe. From the 
intercept of the curve for imin, N-/Na=3 is obtained. 

If the photocurrent is considered as a function of 
light intensity at temperatures in the quenching range, 
it is found that the photocurrent varies as about the 
square of the light intensity. 


(b) ZnSe: Br:Cu of Higher Conductivity 


Crystals such as the one corresponding to the spectral 
response of Fig. 2 also showed temperature quenching 
which could be treated by the same analysis as that 
just discussed. A value of 0.6 ev was obtained for the 
ionization energy of the sensitizing acceptors. Instead 
of the region of temperature quenching being associated 
with a transition from a variation of photocurrent as 
the first power of light intensity to a variation with a 
higher power, however, temperature quenching is associ- 
ated with a transition in the variation of photocurrent 
with light intensity from a power 0.5 to a power unity. 
This is consistent® with the fact that there is probably 
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Fic. 5. Photocurrent at beginning of temperature quenching 
(imax) and end of temperature quenching (imin) as a function of 
the corresponding reciprocal temperature. 
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Fic. 6. Infrared quenching spectrum for ZnSe: Br:Cu crystal 
at — 183°C. Primary excitation by blue light from Corning 5113 
filter; secondary radiation from monochromator. 


a much greater density of shallow levels, lying above 
the Fermi-level, in the higher conductivity crystals. 


(c) ZnSe: Br: Ag 


Temperature quenching in the ZnSe: Br: Ag crystals 
could also be treated by the same analysis. A value of 
0.64 ev was found for the ionization energy of the 
sensitizing acceptors, with a ratio of cross sections of 
about 10°. In the temperature quenching range, the 
photocurrent varied as about the 2.4 power of the light 
intensity. 


Infrared Quenching 


Under conditions of temperature and light intensity 
such that holes are stably captured in the sensitizing 
centers, quenching of photoconductivity can be caused 
by optical excitation of electrons from the valence band 
to the centers. At low temperatures, such optical 
quenching is very strong in the ZnSe:Br:Cu and 
ZnSe: Br: Ag crystals. A quenching spectrum, measured 
for an insulating ZnSe: Br: Cu crystal, is given in Fig. 6, 
measured at —183°C for primary excitation by blue 
light passed by a Corning 5113 filter. For secondary 
excitation by photons with energy greater than 2.2 ev, 
the apparent quenching disappears because light of 
this energy begins to cause efficient excitation of photo- 
conductivity. The quenching spectrum is flat from 
2.0 ev to about 1.4 ev, and then decreases to a cut off 
near about 0.6 ev. The data shown in Fig. 6 have been 
corrected for the measured observation that the percent 
quenching varies as the 0.6 power of the secondary 
radiation intensity. 

The general interpretation of the quenching spectrum 
given here is the same as that previously given for that 
of CdS." In that case, however, it was not so obvious 


~ 1 R. H. Bube, Phys;-Rev. 99, 1105 (1955). 
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Fic. 7, Temperature dependence of infrared quenching in ZnSe: 
Br: Cu using a secondary radiation of 9500 A. 


that the interpretation was valid, because the spectrum 
had much more the appearance of a symmetric quench- 
ing band. The data obtained for ZnSe confirm the 
conclusion that the main quenching occurs as a transi- 
tion between the valence band and the sensitizing 
centers, the apparent decrease in quenching for high 
photon energies being caused by the high excitation 
caused by these same photon energies. 

When photoexcited holes are no longer thermally 
stable in sensitizing centers, it is clear that the existence 
of infrared quenching must disappear. The temperature 
dependence of infrared quenching for a constant photo- 
current excited by the primary radiation and for a con- 
stant secondary intensity of 9500 A is shown in Fig. 7. 
This dependence on temperature is again completely 
identical with that previously reported for CdSe.” 
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Fic. 8. Spectral response curves for photoconductivity 
in ZnSe: Br: Sb. 
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Saturation of Photocurrent with Voltage 


In the course of the investigation of ZnSe crystals 
with apparently ohmic indium contacts, it was fre- 
quently found that the photocurrent saturated with 
voltage, at fields of about 10° volt/cm or less applied 
perpendicular to the crystal striations. This was par- 
ticularly common for sensitive ZnSe crystals. The 
phenomena are sufficiently complex, however, that con- 
siderable further research is necessary before a useful 
discussion can be given. It is highly probable, however, 
that the saturation of photocurrent, presence of stacking 
faults, and occurrence of a high-voltage photovoltaic 
effect”? in both ZnS and ZnSe are mutually interrelated. 
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Fic. 9. Spectral response curve for photoconductivity 
in ZnSe: Br: As. 


PHOTOCONDUCTIVITY WITH GROUP V ACCEPTORS 
Spectral Response 


Spectral response curves for photosensitive ZnSe: 
Br:Sb and ZnSe:Br:As are given in Figs. 8 and 9, 
respectively. The curves of Fig. 8, which are repre- 
sentative for all ZnSe: Br: Sb tested, show a main peak 
near the absorption edge of ZnSe, a shoulder breaking 
at about 7000 A, and a long-wavelength tail with 
threshold wavelength near 1.1 microns. The two long- 
wavelength shoulders indicate transitions of about 1.8 
ev and 1.1 ev, respectively. The long-wavelength re- 
sponse is so much less at —177°C than at 25°C prin- 
cipally because of the strong simultaneous quenching 
caused by light of these wavelengths. The long-wave- 


2B, Goldstein, Phys. Rev. 109, 601 (1958). 
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length tail occurred much less frequently in ZnSe: Br: As 
than in ZnSe: Br: Sb. 


Photosensitivity 


Insulating crystals of ZnSe: Br:Sb, like insulating 
crystals of ZnSe:Br:Cu and ZnSe:Br:Ag, have a 
maximum photosensitivity of about 4X10-* mho 
cm?/watt. Insulating crystals of ZnSe: Br:As with a 
sensitivity of 4X10-*? mho cm*/watt have been ob- 
tained. Higher conductivity crystals have likewise a 
higher sensitivity. A ZnSe: Br: As crystal, for example, 
with a dark conductivity of about 10~* mho/cm, had 
a specific sensitivity of 3X10~' mho cm? per watt. 

ZnSe:Sb and ZnSe:As crystals prepared without 
bromine show a sensitivity of about 10-7? mho cm?*/watt, 
about the lowest yet found in any Il-VI compounds. 


ea 


——————— 








os 





[owm ca 
Oy Sy, 
4 


DARK CONDUCTIVITY, 
a 


i) 





4 











' 
$ ? 
vt, %' 26? 





ube 
wo 


Fic. 10. Dark conductivity as a function of temperature for 
ZnSe: Sb: Br, giving bromine ionization energy of 0.21 ev. 


Dark Conductivity 


The best measurement of the ionization energy for 
bromine donors in ZnSe was obtained for a crystal of 
ZnSe: Br:Sb with a conductivity of 7X10-* mho/cm 
at room temperature. The dark conductivity varied 
exponentially with 1/T for more than six orders of 
magnitude, giving an ionization energy of 0.21 ev. The 
curve is shown in Fig. 10. 


Infrared Quenching 


If the energy separations between the top of the 
valence band and the levels indicated by the spectral 
response are calculated, values of about 0.8 and 1.5 ev 
are obtained. If such levels are associaced with sensi- 
tizing acceptor centers, the thermal or optical release 
of captured holes from them should be manifest in 
thermal or optical quenching effects. Figure 11 shows 
infrared quenching spectra obtained for a ZnSe: Br: Sb 
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Fic. 11. Infrared quenching spectra for ZnSe: Br: Sb. 


crystal at both —177° and 25°C. Infrared quenching at ~ 
the low temperature is associated with transitions from 
the valence band to a level about 0.7 to 0.8 ev above 
the top of the valence band, and to higher levels. 
Infrared quenching at room temperature is associated 
with transitions to levels lying about 1.2 to 1.3 ev 
above the top of the valence band. The absence of the 
low-energy infrared quenching at room temperature 
appears to be caused by the thermal release of holes 
from these centers. Thus the infrared quenching spectra 
give values for the height of the acceptor levels above 
the top of the valence band which agree well with the 
values estimated from the response spectra. 

The lower of the two acceptor levels has about the 
same ionization energy as the acceptor levels found in 
crystals with Group I acceptors. The presence of a 
higher level in which holes can be stably held at room 
temperature and above is very similar to the results 
reported for annealing-sensitized CdSe crystals’; ac- 
ceptor levels in that case were found 0.6 and 1.0 ev 
above the top of the valence band. 

Evidence of thermal quenching should be found in 
measurements of photocurrent as a function of tem- 
perature. Figure 12 shows such data for a ZnSe: Br: Sb 
crystal measured at different light intensities. There is 
a small quenching just below 0°C, which is the correct 
temperature range for thermal release of holes from 
levels lying about 0.6 ev above the top of the valence 
band (compare with Fig. 4). In addition there is a 
high-temperature quenching of much greater magni- 
tude, which sets in near 100°C, about the right range 
for levels lying slightly more than 1.0 ev from the top 
of the valence band. The low-temperature quenching is 
associated with a transition in the variation of photo- 

















1046 Rn. HH: BUBE 





50 


)) 


Jif 


id L = 100 


Ye 


) 





S41 





T 


T 
i 





1 


=3 
10 4 1 4 4 4 1 i i 1 n 1 


—100 () 
TEMPERATURE, °C 

















6 
rx) 
2 


°) 


Fic. 12. Variation of photocurrent with temperature for different 
intensities of excitation for ZnSe: Br: Sb crystal. 


current with light intensity from a 0.6 power to a 1.0 
power; the high-temperature quenching is associated 
with a variation of photocurrent with a power of light 
intensity greater than unity, up to 1.8 over the range 
measured. 

Although the above aspects of the temperature de- 
pendence data fit into the whole picture, there are two 
additional features which do not. (a) If the analysis 
of Eqs. (1) and (2) is applied to the data of Fig. 12, 
the thermal ionization energies determined in this way 
do not agree at all with the infrared-quenching deter- 
mined energies; a value of 0.35 ev is obtained for the 
low-temperature quenching, and a value of 0.45 ev is 
obtained for the high-temperature quenching. (b) This 
discrepancy may be associated with the second different 
feature, i.e., the form of the high-temperature quench- 
ing. Instead of the quenching being confined to a fairly 
narrow range of temperature, as has been found for all 
previous data on CdS, CdSe, and ZnSe with Group I 
acceptors, the range of temperature quenching is much 
broader, and the photocurrent decreases exponentially 
with temperature. The power of the dependence of 
photocurrent on light intensity increases with tem- 
perature in the range of temperature quenching. This 
behavior suggests a distribution of acceptor levels, 
instead of a discrete level. Identical behavior has been 
found in one other case, namely low-temperature data 
on In2S; crystals,” indicating that this type of behavior 
has real physical significance. 


48 Unpublished data on crystals prepared by W. H. McCarroll. 
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In ZnSe:Br:As crystals which do not exhibit the 
long-wavelength response tail, infrared quenching is 
associated only with transitions from the valence band 
to levels lying about 0.7 to 0.8 ev above the top of the 
valence band. Analysis of temperature quenching of 
photoconductivity in such crystals, according to Eqs. 
(1) and (2), gives an acceptor ionization energy of 
about 0.6 ev, in reasonable agreement with the spectral 
response and infrared quenching values. 


Other Effects 


In addition to the fairly frequent occurrence of a 
photocurrent saiurating with voltage, mentioned in the 
previous discussion of Group I acceptors, two other 
effects were found with the ZnSe: Br: Sb crystals which 
are worthy of description. 

(a) Enhancement of photoconductivity.—Photocurrent 
caused by a wavelength shorter than the absorption 
edge was appreciably enhanced by simultaneous excita- 
tion by wavelengths longer than the absorption edge, 
but shorter than those giving quenching, i.e., the sum 
of the photocurrents measured independently was less 
than the photocurrent measured for both radiations 
present simultaneously. Values of the measured photo- 
current for both radiations present were as much as 
30% greater than the sum of the individual photo- 
currents. The photocurrent for either radiation sepa- 
rately did not vary with a power of light intensity 
greater than unity. The effect was much smaller if the 
primary excitation was by light of wavelength longer 
than the absorption edge. The enhancement caused by 
the secondary radiation had a slow decay over several 
seconds. 

(b) Oscillating photocurrents.—Oscillating photocur- 
rents have been observed under steady light and field 
conditions in CdS by Liebson and by Loebner.’® The 
same phenomena were found over a small range of 
temperature near liquid nitrogen temperature for a 
ZnSe: Br:Sb crystal. Figure 13 summarizes the main 
characteristics of the effect. (a) The photocurrent 
saturated with voltage, saturating at a lower voltage 
the lower the light intensity. Oscillations occurred only 
for a voltage in the saturation region. (b) The oscilla- 
tions were associated with an abrupt culling off of the 
normal photocurrent. The maximum photocurrent in 
the oscillating range was about the same as the steady- 
state current expected in the absence of oscillations. 
The minimum photocurrent varied linearly wich light 
intensity, oscillations ceasing at both high and low 
light intensities. (c) The ratio of maximum to minimum 
photocurrent in the oscillations decreased as the 0.67 
power of light intensity. The amplitude of the oscilla- 
tions is constant at high lights and then decreases 
rapidly at low lights. (d) The period of the oscillations 
decreases linearly with light intensity, from a value of 
34 sec to a value of 1.5 sec over the light intensity 


14S. H. Liebson, J. Electrochem. Soc. 102, 529 (1955). 
15 FE. E. Loebner (private communication). 
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Fic. 13. Data pertinent to oscillating photocurrent in ZnSe: Br: Sb crystal at — 183°C. (a) Photocurrent as a function 
of applied voltage for two different light levels. (b) Photocurrent as a function of light intensity for two different 
voltages, indicating the presence of oscillations by the arrows. (c) Ratio and amplitude of the oscillations as a function 
of light intensity. (d) Period of the oscillations as a function of light intensity. 


range measured. The actual complicated but fairly 
reproducible wave form of the oscillations for a light 
intensity of 2.2 ft-candles is given in Fig. 14. (e) 
Oscillations were obtained both for light with wave- 
length shorter than the absorption edge and for light 
with wavelength longer than the absorption edge. 


CORRELATION OF DONOR AND ACCEPTOR 
LEVELS IN II-VI PHOTOCONDUCTORS 


One of the striking results of the above investigation 
is that the sensitizing levels lie the same distance above 


the top of the valence band in ZnSe as in CdSe, even 
though the band gap itself is 55% larger in ZnSe. 
This fact suggests that the sensitizing ievels, which are 
acceptor levels, are determined primarily by the nature 
of the anion. This is not surprising when it is realized 
that the electronic transitions involved should be 
considered in most cases to be to and from perturbed 
anions in the neighborhood of the acceptor impurity 
or imperfection. This is probably clearest in the case of 
a cation-vacancy acceptor; the holes which this center 
can release exist in the form of missing electrons from 
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Fic. 14. Tracing of the oscillating photocurrent in ZnSe: Br: Sb, 
when excitation is by 2.2 ft-c and period is about 34 seconds. 


anions around the vacancy. By analogy we might expect 
that the location of donor levels would be determined 
predominantly by the cation. Following this line of 
reasoning, it is possible to see an internal consistency 
to scattered data on conductivity and photoconduc- 
tivity in II-VI compounds. 

Typical donor and acceptor ionization energies are 
listed in Table I. Only tellurides have been definitely 
prepared in p-type form to date; of the tellurides, 
ZnTe has not to date been prepared as m type because 
of the difficulty of removing small traces of p-type 
copper impurity. Photoconductivity shows temperature 


TaBLE I. Donor and acceptor ionization energies 
in II-VI compounds. 











Acceptor 
Donor ionization ionization 
Compound Impurity energy, ev energy, ev 
ZnS Cl 0.25," 0.37 
Cu 0.95%4 
Ag 0.5564 
CdS Cl 0.04% 
Cu 0.6,&" 1.0! 
ZnSe Br 0.21 
Cu 0.6 
Ag 0.6 
Sb 0.7, 1.34 
CdSe Cl 0.03 
(Anion vacancy) 0.14* 
Cu 9.6! 
(Cation vacancy) 0.6, 1.0% 
ZnTe Cu 0.11, 0.34™ 
CdTe I 0.003" 
Li 0.27" 
Sb 0.36" 
P 0.38" 








*F. A. Kréger, Physica 22, 637 (1956). 
> R. C. Herman and C. Meyer, J. Appl. Phys. 17, 743 (1946). 

°G. F. J. Garlick and A. F. yay J. Opt. Soc. Am. 39, 935 (1949), 
4R.H. Bube, Phys. Rev. 70 (1953). 

e ige er, Vink, and V: hg Philips Research Repts. 10, 39 (1955). 

{ H. Bube, J. Chem. Phys. 23, 18 (1955). 

& See reference 11. 

b Found only for very high copper concentrations. 

iS. M. Thomsen and R. H. Bube, Rev. Sci. Instr. 26, 664 (1955). 
i Possible second ionization levels. 

k See reference 3. 

! See reference 4. 

™ See reference 5. 

® See reference 6. 
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quenching below room temperature in ZnTe, near 
room temperature for ZnSe and CdSe, and above 
room temperature for CdS. Figure 15 presents an 
energy scheme with representative donor and acceptor 
levels. A shallow donor level (~0.03 ev) characteristic 
of cadmium compounds and a deeper donor level 
(~0.25 ev) characteristic of zinc compounds are shown. 
Also indicated are three acceptor levels: a deep level 
(~1.0 ev) characteristic of sulfur compounds, a 
shallower level (~0.6 ev) characteristic of selenium 
compounds, and a still shallower level (~0.3 ev) 
characteristic of tellurium compounds. 

There are two further points which must be men- 
tioned. First is the fact that it is possible that the 
photoconductivity data on ZnSe: Br:Cu, ZnSe: Br: Ag, 
ZnSe:Br:Sb, ZnSe:Br:As, CdSe:I:Cu, annealing- 
sensitized CdSe, etc., which show the same level at 
0.6 ev above the top of the valence band, may be 
associated with one and the same type of vacancy 


CONDUCTION (CATION*) BAND 
i 


Dy, 











Tr 


VALENCE (ANION®) BAND 





Fic. 15. Representative energy levels for donors and acceptors 
in II-VI materials. Dea—donors in Cd compounds, Dz,—donors 
in Zn compounds, As—acceptors in S compounds, A s.—acceptors 
in Se compounds, A te—acceptors in Te compounds. 


defect center, rather than with the different acceptor 
impurities which have been incorporated to control 
the dark conductivity. Second is the fact that in the 
previous discussion, we have had in mind the first 
ionization energies. In divalent compounds there is 
obviously at least the possibility of double ionization 
processes. Some evidence for such double donor and 
acceptor ionizations has been found for CdSe,’ and 
for ZnSe: Br:Sb and ZnSe: Br:As as discussed in this 
paper. We have also neglected certain secondary 
complexities, such as the low-energy quenching band 
in CdS, corresponding to a transition from a low-lying 
level to the acceptor level described in the above 
discussion." 

It is probably correct to interpret the magnitude of 
the ionization energy as being at least a qualitative 
indication of the effective mass of the corresponding free 
carriers, as has been suggested by Kréger and De 
Nobel.” We may conclude then that the effective mass 
of both electrons and holes decreases with increasing 
atomic number of the corresponding cation or anion. 














PHOTOCONDUCTIVITY OF ZnSe CRYSTALS 


We may also tentatively conclude that the effective 
mass of holes is greater than the effective mass of 
electrons in all II-VI compounds, with the possible 
exception of ZnTe. 

The reasoning which has been presented here based 
on conductivity and photoconductivity processes is 
directly analogous to that presented by Klasens'® 
from the point of view of luminescence. One need only 
realize that the same type of centers are called by 
different names according to the field involved.’ 
Klasens discussed how luminescence emission and trap 
depths varied in the solid solutions ZnCdS and ZnSSe. 
In going from ZnS to CdS through ZnCdS, the lumines- 
cence emission undergoes a continuous shift (only one 
S type of emission center present), whereas the trap 
depths show the presence of both Zn type and Cd type 
centers. On the other hand, in going from ZnS to ZnSe 
through ZnSSe, the trap depths show a continuous 
shift (only one Zn type of trapping center present), 
whereas evidence of emission from both S type and 
Se-type emission centers is found. 


SUMMARY 


Photosensitive crystals of ZnSe have been prepared 
from the vapor phase with incorporation of Group VII 


18H. A. Klasens, J. Electrochem. Soc. 100, 72 (1953). 

16 Cation-determined levels near the conduction band are 
alternatively called coactivator, electron trap, desensitizing, 
donor, or recombination levels; anion-determined levels near the 
valence band are alternatively called luminescence, poison, sensi- 
tizing, hole trap, acceptor, or recombination levels. 
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donors and either Group I or Group V acceptors. 
The general photoconductivity characteristics of ZnSe 
are identical with those previously reported for CdS 
and CdSe. Temperature quenching of photoconduc- 
tivity, a variation of photocurrent with a power of 
light intensity greater than unity in the temperature 
range of temperature quenching, and infrared quenching 
of photoconductivity at temperatures below the onset 
of temperature quenching, are all present. 

The levels associated with the sensitizing centers for 
photoconductivity in ZnSe:Br:Cu and ZnSe: Br:Ag 
were found to lie 0.6 ev above the top of the valence 
band, the same location as previously found for the 
sensitizing levels in CdSe crystals. Two sets of levels 
are found in photosensitive ZnSe: Br:Sb and ZnSe: Br: 
As crystals, one at about this same location, and a 
second lying 1.3 ev above the top of the valence band. 
The double set of levels found in ZnSe with Group V 
acceptors is very similar to that previously ascribed 
to double vacancy ionization in annealing-sensitized 
CdSe crystals. The high-lying acceptor levels provide 
photoresponse out to about 1.4 microns. 

A consistent picture of donor and acceptor levels in 
II-VI photoconductors can be developed by considering 
donor ionization energies to be primarily determined by 
the cation of the compound, and acceptor ionization 
energies to be primarily determined by the anion of the 
compound. This viewpoint correlates observations in 
semiconductivity, photoconductivity, and luminescence. 
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Neutron Diffraction Investigation of the 119°K Transition in Magnetite* 
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Neutron diffraction measurements on synthetic single crystals of magnetite confirm the orthorhombic 
ordering scheme proposed by Verwey and co-workers to explain the changes in physical properties which 
magnetite undergoes when cooled below 119°K. A magnetic field suitably applied during cooling prevents 
the multiple twinning which occurs in the absence of a field and allows one to make the following deductions: 
The spins of all magnetic ions align themselves parallel to the cubic [001] direction nearest the direction of 
the external field. The face diagonals of the cube orthogonal to this ¢ axis become the orthorhombic a and 
b axes. If these are labeled such that a is magnetically harder than b, the ferric ions in octahedral sites lie 
in rows parallel to a and the ferrous ions in rows parallel to b. Although the average oxygen position is un- 
changed, there are presumably shifts in the four oxygen parameters which compensate for the effect of the 
ordering on the ionic sizes at the various sites. In attempting to reproduce the results on natural crystals, 
which had a transition temperature some five to ten degrees lower, it was found impossible to remove the 
[a,b] twinning by use of a magnetic field; furthermore, failure to observe an (002) reflection would seem 
to indicate that the twinning persists on a micro basis, that is, that there is only short-range order. A least- 
squares fit was made to the intensities of the cubic phase at 296°K; a value of «=0.2548+-0.0002 was 
obtained for the oxygen parameter in the spinel structure. The severe primary and secondary extinction 





encountered was satisfactorily accounted for by methods previously described by the author. 





INTRODUCTION 


AGNETITE, Fe;0,, exhibits between 110° and 
120°K (the exact temperature depending on the 

purity of the sample) remarkable changes in its physical 
properties. This transition is accompanied by a heat 
capacity anomaly,'* a decrease in ease of magneti- 
zation,*> and a large decrease in the electrical con- 
ductivity.*-* Verwey and co-workers have postulated*-’ 
that the high conductivity of magnetite above the 
transition temperature is due to rapid electron transfer 
between ferric and ferrous ions in the octahedrally 
coordinated sites, i.e., that there is a dynamic disorder 
of ferric and ferrous ions. The transition to the low- 
temperature phase is then associated with a cessation 
of electron transfer and an accompanying ordering of 
the ions. The particular ordering scheme proposed by 
Verwey ef al. has orthorhombic symmetry, with ferric 
and ferrous ions lying in mutually perpendicular rows 
as indicated in Fig. 1, which shows only the ions in 
octahedral sites. Verwey suggested that the cube edge 
perpendicular to these rows becomes the direction of 
easy magnetization. The transition was first confirmed 
as a change in crystal structure by the x-ray work of 
Tombs and Rooksby” who observed splitting of some 
of the powder lines. Subsequent powder x-ray work led 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

1G. S. Parks and K. K. Kelley, J. Phys. Chem. 30, 47 (1926). 

2R. W. Millar, J. Am. Chem. Soc. 51, 215 (1929). 

3B. S. Ellefson and N. W. Taylor, J. Chem. Phys. 2, 58 (1934). 

4 P. Weiss and R. Forrer, Ann. phys. 12, 279 (1929). 

5 C. H. Li, Phys. Rev. 40, 1002 (1932). 

sa Okamura, Science Repts. Téhoku Imp. Univ. 21, 231 
(1932). 

7E. J. W. Verwey, Nature 144, 327 (1939). 

8 E. J. W. Verwey and P. W. Haayman, Physica 8, 979 (1941). 

° mn” Haayman, and Romeijn, J. Chem. Phys. 15, 181 
(1947). 

10N. C. Tombs and H. P. Rooksby, Acta Cryst. 4, 474 (1951). 


to some controversy as to whether the symmetry below 
the transition was rhombohedral" or orthorhombic,” 
but later work on synthetic single crystals seems to 
indicate unambiguously that the symmetry is ortho- 
rhombic or lower"; the powder pattern of Abrahams 
and Calhoun” was indexed on the basis of an ortho- 
rhombic unit cell with dimensions 


ao= 5.912 A, 
bp =5.945 A, 
co= 8.388 A. 


Orthorhombic symmetry is also strongly indicated by 
the strain gauge measurements of Bickford, who 
found that the dimensional changes below the transition 
relative to do at 130°K were 


Aa= —0.0696%, 
Ab= +0.0594%, 


in general qualitative agreement with the x-ray cell 
dimensions.'® 

The work of Li® had shown that the direction of easy 
magnetization below the transition temperature could 
be influenced by a magnetic field applied as the crystal 
was cooled through the transition temperature. More 
recent studies'*-” have established that the cubic [001 ] 
axis lying nearest the direction of the applied field 


1H. P. Rooksby and B. T. M. Willis, Acta Cryst. 6, 565 (1953). 

22S. C. Abrahams and B. A. Calhoun, Acta Cryst. 6, 105 (1953). 

13 §.C. Abrahams and B. A. Calhoun, Acta Cryst. 8, 257 (1955). 

“ L. R. Bickford, Jr., Revs. Modern Phys. 25, 75 (1953). 

16 Bickford’s results would give ao=5.926 A, byp=5.934 A, 
Co= 8.384 A for a cell of the same volume as the x-ray cell. 

1©L. R. Bickford, Jr., Phys. Rev. 78, 449 (1950). 

17 Williams, Bozorth, and Goertz, Phys. Rev. 91, 1107 (1953). 

18 C, A. Domenicali, Phys. Rev. 78, 458 (1950). 

19 B. A. Calhoun, Phys. Rev. 94, 1577 (1954). 
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becomes the orthorhombic ¢ axis, and that the ortho- 
rhombic a and b axes have less and different tendencies 
to lie in the field direction. 


THE STRUCTURE 


Magnetite is the simplest of the compounds 
M**M ;**O,~ crystallizing in the spinel structure.” The 
space group, Fd3m—O,', has atoms in the following 
positions,” the origin being taken at the center of 
symmetry”: 


32 oxygen atoms in (e): 
+(u,u,u; u,i—u,t}—u; }—u,u,t—u; }—u,}—u, u) 
+face-centering translations (FC), 


16 metal atoms in (d): 


1 


» 2) 


ae Se te Ty > a 
> 2> 49 4) 49 20 +FC, 


~~ 


’ 


Nie 
ore 
ue 
_—_ 
ed 


’ , ’ 


= 

we 
4 
= 
mm 


8 metal atoms in (a): }, 3, 3; §, 


Bragg” found u for magnetite to be approximately }, 
a value which was revised a few years later by the 
careful work of Claasen® to u=0.254+0,.001. The 
value of the « parameter and packing considerations 
led Verwey and de Boer™* to the conclusion that 
magnetite has the inverse spinel structure, i.e., half of 
the sixteen ferric ions are in (a), and the remainder 
together with the eight ferrous ions are distributed 
randomly in (d).*° This structure has approximately 
the correct metal-oxygen distances for both sites and 
also explains the abnormally high conductivity. Such a 





Fic. 1. Octahedrally coordinated ions in unit cube of Fe;Q,. 
In the ordered structure, the large balls represent Fe*?, the small 
one Fe*. 

* W.H. Bragg, Phil. Mag. 30, 305 (1915). 

*! The labeling of positions and symmetry elements follows the 
conventions of the [nternational Tables for X-Ray Crystallography, 
(Kynoch Press, Birmingham, 1952). 

2 The alternative origin on 43m at —}, —}, —} from the center 
is often used. In such a case u is approximately ? rather than }. 

3 A. A. Claasen, Proc. Phys. Soc. (London) 38, 482 (1925-26). 

* E. J. W. Verwey and J. H. de Boer, Rec. trav. chim. 55, 531 
(1936). 

25 Sites (a) and (d) are known respectively as the tetrahedral 
and octahedral sites because of the oxygen coordination about the 
metal ion. In the ferrite literature, these sites are often referred 
to as A and B. 
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structure was shown by Néel’® to account satisfactorily 
for the saturation magnetic moment, which corre- 
sponds to that to be expected for the ferrous ions alone, 
4 Bohr magnetons per Fe;0, molecule. The octahedral 
sites are assumed to be coupled antiferromagnetically 
to the tetrahedral sites, thus leading to a resultant 
moment of zero for the ferric ions. This antiferro- 
magnetic ordering has been confirmed by the neutron 
diffraction work of Shull, Wollan, and Koehler.?? 

The most symmetric space group which fits the 
ordering scheme proposed by Verwey is the body- 
centered orthorhombic space group Jmma—Dz,,”* 
which is obtained from Fd3m by the following trans- 
formation : 

Aortho = SAcubic (1) 


where @ortho ANd Acypic are the vector triples defining the 
orthorhombic and cubic unit cells, and S$ is given by 


1 -3 0 
S={i 4 Ol. (2) 
0 ms 


Thus, the cubic and orthorhombic ¢c axes are identical, 
and the orthorhombic a and b axes are half the face 
diagonals of the cube. The atomic positions in the 
orthorhombic space group are given by 


a 
Xortho = (S’)~"Xeubie= | 1 l Ol xXeupw- (3) 
QO g.{ 


Applying (3), we find that the following coordinates 

describe the structure in the orthorhombic space group: 

8 oxygen atoms in (#): +(0, y, 2; 0, +4, 2) 
+body-centering translation (BC), 

tu. 


with y=2u, 


8 oxygen atoms in (i): +(«,},2; %,4,2)+BC, 


with x=2u—}, s=}—u. 
4 Fe** ions (tetrahedral) in (e): +(0,3,2)+ BC, 
with z=}. 
4 Fet3 {o: (0,0,3; 0,3,3)+BC 
(octahedral) in 
4 Fe*? \(d): (3,3,3; 3,3,3)4-BC. 


The assignment of the ferric and ferrous ions to (6) and 
(d) as well as the exact parameter values are to be 
determined (if this model is indeed correct). 

Now if the crystal is cooled through the transition 
with no magnetic field applied, any of the three [001 ] 
directions can become the orthorhombic ¢ axis. Further- 
more, for each of the three choices of ¢ axis, there are 
two possible choices for a and b.** The most likely state 

26 L. Néel, Ann. Physik 3, 137 (1948). ; 

27 Shull, Wollan, and Koehler, Phys. Rev. 84, 912 (1951). 

28 There are of course 48 different transformations possible from 
the cubic to the orthorhombic axes. These correspond to the six 
possible ways of ordering the rows in S and the eight possible sign 
combinations for each row arrangement. We cannot distinguish 
between the different choices of sign and thus need only consider 
the six basically different transformations. 
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for the crystal to be in, below the transition, is then a 
multiply twinned state—a mosaic of many single 
crystals, each with one of the six distinguishable axial 
relationships. The crystal in such a state will exhibit 
isotropic behavior, albeit with different properties than 
the cubic crystal existing above the transition. Most of 
the changes to be expected in the neutron diffraction 
intensities are almost averaged out by this twinning. 

The ambiguity regarding the ¢ axis may be removed 
by application of a field along one of the [001] cube 
directions as the crystal is cooled through the transition. 
Although this [001] direction will become the ortho- 
rhombic c¢ axis, there still remains the possibility of 
[a,b] twinning. Bickford has shown" that this twinning 
may be removed by application of pressure along one 
of the cubic [110] directions while the crystal is being 
cooled in a magnetic field along ¢. This face diagonal of 
the cube will become the short axis of the orthorhombic 
cell, and one might suppose that the rows of the smaller 
ferric ions would lie parallel to this axis.” Calhoun, in a 
thorough study of the magnetic and electrical behavior 
of synthetic single crystals below the transition, con- 
cluded® that a complete removal of twinning could also 
be achieved by use of a magnetic field applied in an 
appropriate direction, since the a and b axes differ in 
magnetic hardness. Removal of the twinning appeared 
to be less straightforward for natural crystals'’—due 
perhaps to the influence on local fields of impurities 
and defects. 


EXPERIMENTAL 


Unless otherwise noted, all of the measurements were 
made on fragments of synthetic single crystals grown 
from the melt by Smiltens,® who reported a stoichio- 
metric ratio of Fe+?/Fet* and a density 99.58% of the 
x-ray calculated density. The crystals were cut from 
the same block as those on which Calhoun’s magnetic 
measurements were made"; he found the transition to 
occur sharply at 119.4°K, although the extent of the 
order, as measured by the conductivity anisotropy, 
increased as the temperature was lowered to that of 
boiling nitrogen. Bickford’s nuclear magnetic-resonance 
results'® indicate that the range of the transition for 
these crystals is about 3°K. The crystal used for most 
of the quantitative work reported here was a rectangular 
pillar 0.96 mm X 2.50 mm in cross section and 11.04 mm 
high. The long axis was parallel to a cubic [110] 
direction. Other less extensive measurements were 
made on a crystal similar in shape but with the long 
axis a [100] direction; the data obtained relevant to 
the transition agreed in every way with those for the 
first crystal. 

The low temperatures were reached by blowing a 
stream of vapor from boiling nitrogen over the crystal, 
which was surrounded by a small quartz Dewar. Care 

* See, for example, M. E. Fine and N. T. Kenney, Phys. Rev. 


94, 1573 (1954). 
% J. Smiltens, J. Chem. Phys. 20, 990 (1952). 
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was taken to insure that no condensed water or ice was 
present in the path of the incident and diffracted beams. 
Temperatures down to 100°K, as measured by a copper- 
constantan thermocouple attached to the crystal, were 
easily obtained. 

The neutron diffraction apparatus was similar to 
that described by Corliss, Hastings, and Brockman,* 
but with certain modifications dictated by its design 
for use primarily as a single-crystal spectrometer. The 
magnetic fieid was applied parallel to the plane of the 
spectrometer with an electromagnet capable of pro- 
ducing fields of 10 000 gauss with a }-in. gap between 
the pole faces. The fields were measured with a search 
coil and a ballistic galvanometer, calibrated at low 
fields against a G.E. Gaussmeter. 

A monochromatic beam of neutrons with a mean 
wave length of 1.067 A was used. The effective flux at 
the crystal was approximately 10° neutrons cm™ sec“, 
the absolute value being obtained by measuring the 
diffracted intensity from a small potassium-bromide 
crystal of known weight. A fission counter on an 
adjacent experimental hole was used to detect changes 
in incident intensity due to variations in the power 
level of the reactor. 


EXTINCTION 


The synthetic single crystals used in this investigation 
suffered severely from extinction effects, the most 
intense reflections having only 0.20-0.25 of the calcu- 
lated intensities for the correct. structure. The author 
has shown in a recent paper™ that, for the less severely 
extinguished reflections from a cylindrical crystal, a 
secondary extinction correction of exponential form is a 
good approximation, i.e., 


. T obs = calo exp( = Claw), (4) 
with 
8r3At 
Gta, (S) 
(34)!V 2n 
and 
Teato= F?/sin28. (6) 


Tops and I caic are the observed and calculated intensities, 
\ is the neutron wave length, A is the cross-sectional 
area of the cylinder, V, is the unit cell volume, 7 is the 
mosaic-spread standard deviation, @ is the Bragg angle, 
and F? is the square of the structure factor. Equation 
(4) is accurate to about 5% for cylindrical crystals 
provided that exp(—c,Jeaic) is greater than 0.70. It will 
also be valid, with somewhat less accuracy, for crystals 
of rectangular cross section, if the length-to-width ratio 
is not too great. A least-squares determination of c¢,, 
and hence 7, has been carried out for several experi- 
mental situations, with the results shown in Table I. 
The estimated standard deviation in 7 is about 0.3. 
One of the interesting features is that the synthetic 


1 Corliss, Hastings, and Brockman, Phys. Rev. 90, 1013 (1953). 
® W. C. Hamilton, Acta Cryst. 10, 629 (1957). 
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crystal is much more nearly perfect than the natural 
crystal. Furthermore, below the transition, the effective 
mosaic spread is large for crystals which have been 
cooled with no field, i.e., where there is a random 
arrangement of orthorhombic axes among the possible 
positions. If a unique axial system has been established, 
however, there is no significant change in the mosaic 
spread and, hence, the extinction. 

The estimates of mosaic spread in Table I were 
obtained under the assumption that only secondary 
extinction is important. An indication that primary 
extinction may also play a role is the fact that the 
intensities of the partially magnetic reflections were 
consistently too low, even after the secondary extinction 
correction calculated to give the best fit to the pure 
nuclear reflections had been made. In a forthcoming 
paper,™ curves are presented which permit one to 
calculate the amount of primary extinction and hence 
fo, the average linear dimension of the mosaic blocks, 
by comparison of the actual observed intensity with 
that to be expected for a pure nuclear reflection of the 
same calculated intensity and at the same scattering 
angle. This technique was applied to several reflections 
from the synthetic magnetite crystal, the resulting 
estimate for /o being 0.0014 cm. Although this estimate 
certainly lacks precision (¢=0.0007 cm), it is believed 
that the order of magnitude is correct, the agreement 
between observed and calcu'ated intensities being better 
in several respects than for the case of no primary 
extinction. 

The amount of primary extinction estimated to be 
present is not enough to affect the estimate of 9 for 
the synthetic crystal in its near-perfect state. It is, 
however, comparable to the total amount of extinction 
present after the crystal has been cooled through the 
transition with no magnetic field. This would seem to 
suggest that all the secondary extinction has been 
removed by the cooling process with its resultant 
twinning, but that the primary extinction remains. 
One may write, for small amounts of primary ex- 
tinction, 


Tove = Ieaic(1 —Cpl cate sin26), (7) 
with 
Cyp=N4G/(3V 2). (8) 


TABLE I. Estimates of mosaic-spread parameter from the 
extinction observed in several experimental situations. H indicates 
that the crystal was cooled with an axis-establishing magnetic 
field. 














Crystal Temperature (°K) Mosaic spread (seconds) 
Synthetic 296 15 
Synthetic 105 (H) 17 
Synthetic 105 147 
Natural 296 327 
Natural 105 613 











3 W. C. Hamilton, Acta Cryst. (to be published). 
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Comparing these expressions with (4)—(5) for secondary 
extinction, we find that the two are equivalent if 


nt? =1.7X10°A'X/sin28, (9) 


n being expressed in seconds of arc, the other quantities 
in cm. For our crystal of magnetite, this reduces to 


nto’ = 2.84X 10-*/sin26. (10) 


Assuming / to be 0.0014 cm, and taking a value of 
unity for sin26, we find that the corresponding 7 is 
142”, a value which is almost identical to the estimate 
in Table I. 

The agreement between the observed and calculated 
intensities (see Table II) is gratifying in view of the 
fact that but two extinction parameters (m and fp), 
based on simple models, have been used for the entire 
range of intensities, and particularly that the calculated 
secondary extinction corrections are for a cylinder 
instead of for the 2X1 rectangular pillar actually used. 
Most of the deviations observed can be explained in 
the light of the latter factor. 


REFINEMENT OF THE CUBIC STRUCTURE 


The intensities of 60 (hhl) reflections with 
siné/A<0.88 were measured at room temperature. A 
sequence of least-squares adjustments of the oxygen 
parameter w, a single isotropic temperature factor 2B,™ 
a scale factor K, and an exponential extinction parame- 
ter c, was carried out on the weakest 36 of the reflections 
(marked with asterisks in Table IT). The resuits of the 
final iteration were as follows: 


u=0.2548, o=0.0002, 
2B=0.98, «=0.19, 
K=10, o=0.1, 
c,=0.002, «=0.0007, 


the only large correlation coefficient being, as expected, 
that between the scale and temperature factor pa- 
rameters. Intensities calculated for this structure are 
presented in Table II, the extinction corrections being 
made as previously described. Nuclear scattering 
amplitudes of 0.96X10-" and 0.58X10-" were used 
for iron and oxygen,** and magnetic scattering ampli- 
tudes of 1.08/X10-" and 1.35/X10-" corresponding 
to S=2 and S=} were used for Fet® and Fe**. The 
form factor f was assumed to be the same as for the 
Fe** ions in magnesium ferrite.** The value 0.89 for 
(o/oo)? was taken from the data of Weiss and Forrer.‘ 

The interatomic distances calculated for this value 





4 One refinement was carried out with separate temperature 
factors for oxygen and iron, but the difference proved to be not 
statistically significant for the reflections used in the refinement. 
Compare the standard deviation quoted below for the temperature 


factor. 
35 C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 
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TABLE IT. Observed and calculated intensities for cubic magnetite at 296°K. J,»s has been corrected for second-order contamination 


Tcaic= ba (Fauctear? +3 X0.89F magnetic?) exp[ —0.98(sind/d)?). 


sin2@ 


E, the extinction correction, is equal to E,E,, where E, is tanh(h,| F 


)/ki| F| with k: =0.025X 10", an additional correction being made 


for magnetic reflections as discussed in the text. E, is calculated for a cylinder with a cross-sectional area of 0.024 cm? and a rectangular 
mosaic distribution function of standard deviation 15.4’’=7.47X10~ radian. The reflections marked with asterisks were used in the 


least-squares refinements discussed in the text. 














Toate Tobs 








hh tl Fauc® Frag? Teale TeatoE Tobs Pinag? Toate 

00 4 682 339 1726 297 347 4 410* 0 0 0 0 0 
00 8 1688 1 1535 321 384 4 412 618 0 370 213 196 
0 012 629 0 386 219 186 5.3." 27 17 38 35 34 
ee 9 227 646 259 220 . as 224 0 213 148 126 
tis 165 2 386 209 180 ee 294 0 245 161 146 
Ss 226 0 328 192 154 5: $39" 9 0 6 6 7 
Te SS be 1 17 11 11 11 ey og 53 0 34 33 32 
Oe Te a 27 1 22 21 22 > weer 162 0 97 81 76 
, eer 114 0 74 64 59 6 6 OF 68 1 59 52 50 
1 113 292 0 175 129 127 6 6 2* 7 2 7 7 9 
220 60 62 264 167 133 6 6 4 51 0 39 37 38 
i 2: 10 163 236 155 116 6 6 6 5 0 + 4 , 
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of the parameter u and” ap=8.3940 A are 


6 Fe(octahedral)—O 2.0590+0.0016 A 
4 Fe(tetrahedral)—O 1.8871+0.0029 A 


3 O-—O 2.8538+0.0046 A 
6 O—O 2.9689+0.0003 A 
3 O-—O 3.0817+0.0046 A. 


Using Pauling’s octahedral radii of r(Fe**)=0.60, 
r(Fet*)=0.75, r(O-)=1.40, and assuming r(tetra- 
hedral) /r(octahedral) = 0.946,** on obtains 


Fe**(octahedral)—O 2.00 A\ 
Fe**(octahedral)—O 2.15 A) 
Fet*(tetrahedral)—O 1.89 A, 


in fair agreement with the observed values. 


Mean value 2.075 A, 


STRUCTURE OF THE ORTHORHOMBIC PHASE 


The crystal was cooled to 105°K in the absence of a 
magnetic field, and the intensities of a number of re- 
flections were measured. Although most details of any 
ordering in the octahedral sites would be obscured by 
the multiple twinning, the intensities are sensitive to 
any change in the parameter associated with the 


36. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, New York, 1948), pp. 350, 367-368. 


tetrahedral sites and the average oxygen parameter 
defined by 
i= ($+ynt+2n,+21—2;)/6. 


A least-squares refinement was carried out on a group 
of fifteen reflections, with the following results: 


2(e)=0.125, o=0.004, 
i=0.2547, o=0.0002, 
2B=0.35,  o=0.05. 


Thus, there is no appreciable change in the average 
geometric structure. The observed and calculated 
intensities are given in Table ILI. The higher intensity 
reflections not used in the least squares were used to 
obtain an estimate of the extinction correction: 
¢,=0.00022.57 

One of the most convincing confirmations of the 
Verwey ordering scheme would be the observation of 
an (002) reflection. This reflection, absent in the cubic 
structure, has a structure factor proportional to the 
difference between the scattering factors for Fet* and 
Fet?, if the ordering scheme is correct. A magnetic 
field of 10000 gauss was applied during cooling along 


37 As indicated above, the extinction remaining here is quite 
likely primary. However, a reasonable fit is obtained considering 
a correction of the secondary type. 











NEUTRON DIFFRACTION OF 
the [001] direction parallel to the plane of the spec- 
trometer in order to establish a unique ¢ axis along that 
direction. As the ionic moments lie along the ¢ axis, 
there is no diffracted magnetic intensity in the (002) 
reflection unless the moments are turned out of this 
direction by a magnetic field; the intensity to be ex- 
pected for the Verwey model is 13 ¢*.** The crystal and 
counter were rotated to the proper position for obser- 
vation of the (002) reflection, and counts of twenty 
minutes duration were made at intervals of one-half 
degree in 26, both with zero magnetic field and with a 
magnetic field of 10000 gauss at 26° to the [001 | 
direction, i.e., with g@=0 and with g=0.19." Several 
runs were made, all showing a distinct peak at almost 
precisely the proper angle (20=14.7°); a composite of 
the results is shown in Fig. 2. The observed integrated 


TABLE III. Observed and calculated intensities for multiply- 
twinned orthorhombic magnetite at 105°K. JcaicZ includes 
extinction correction of the form E=exp(—0.00022/ a:-). The 
intensities are defined as in Table II but with ¢/oo=1, and are 
for the cubic cell size which is twice the orthorhombic. The re- 
flections marked with asterisks were used in the least-squares 
refinements discussed in the text. 


h kh I (cubic) TeaicoE Tobs 
00 4 1197 1105 
00 8 1191 1224 
ik § 548 543 
TE BY bg 95 88 
ie 221 222 
22 ¢4 118 121 
2.2: oe 41 40) 
\ iy as 60 58 
i BY 48 43 
ime ag 120 112 
S waar 61 65 
440 1423 1452 
. = 3 45 47 
sa F 44 39 
> pie” 137 123 
6 6 OF 68 67 
6 6 4 46 46 
6 6 8* 56 56 
iy Be a 64 68 
a. eae 97 99 
8 8 0 1012 995 
1010 O* 82 81 


intensity was 2.0+0.6, while that calculated for the 
Verwey model is 2.47. The peak is rather more broad 
than a normal peak at this angle, indicating that the 
order is perhaps not complete.” 

The (002) reflection should appear even if [a,b] 
twinning exists. More information about the structure 





38 g?=sin*r, where 7 is the angle between the magnetic axis and 
the scattering vector. 

%® That the applied field was large enough to saturate the crystal 
was demonstrated by observation of its effect on other magnetic 
reflections. 

# Tt should be noted here that the quartz Dewar gave rise to a 
broad diffuse peak in this region. However, the effect of this is 
eliminated by the difference technique as described above. The 
second order peak from the (004) reflection was eliminated by use 
of a filter of Pu®® which has a transmission of 0.40 for the primary 
wavelength, but 0.0016 for the \/2 component. 
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Fic. 2. Intensity curve for (002) reflection in orthorhombic 
magnetite, plotted as difference between counts received with 
and without magnetic field at 26° to [001]. 


can be obtained by consideration of changes in other 
intensities under circumstances when the twinning is 
removed. Following the experience of Calhoun,” the 
magnetic field was applied during cooling at 40° to the 
c¢ axis in an attempt to remove the [a,b } twinning (see 
Fig. 3). This was indeed successful, as indicated by the 
low mosaic spread and the observed intensities of the 
reflections. The intensities of a number of reflections 
which are particularly sensitive to the ordering were 
measured, together with several reflections with no 
magnetic contribution in order to be absolutely sure 
of the scale factor and the situation with regard to 
extinction. The intensities observed (Table IV) indicate 
strongly that the Fe** ions must be assigned to set (d) 
of D»,?* and the Fe** ions to set (0). As the experiment 
was performed, this assignment places the ferrous ions 
in rows parallel to the cubic [110] direction in the plane 
of the ¢ axis and H, and the ferric ions in rows per- 
pendicular to this plane, i.e., if a is magnetically the 
harder of the a and b axes, the Fe** ions will lie along a. 
Although the resolution of our spectrometer is not high 
enough to measure easily the small difference between 
ad) and bo, some magnetization measurements by 
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[100] ORTHORHOMBIC 





[100 cusic} 








4 cusic 


4 [010] ORTHORHOMBIC 




















. 


40° 


Lal 
x cusic 
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Fic. 3. Axial relationships in experimental arrangement. Inci- 
dent and diffracted beams were in the plane of [001] and H, 
which is shown oriented in the position which satisfactorily 
removed the [a,b ] twinning. 
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TaBLE IV. Calculated and observed intensities for orthorhombic magnetite for three axial relationships. The intensities are defined 


WALTER C. 


HAMILTON 





as in Table III, but have been multiplied by 1/10. Extinction corrections have been applied to the observed intensities to make the 


intensities in the three cases directly comparable. 











¢ axis Random Fixed Fixed 
> b axes Random Random Fixed 
hhl (cubic) Cale Obs Cale Obs Fe*# in (6) Fe*# in (d) Obs 
004 184 184 138 134 138 138 133 
Add 84 80 84 83 84 84 84 
111 73 74 73 75 65 82 8&4 
220 28 28 35 34 42 28 24 
331 12 13 17 16 15 19 18 








Bickford“ indicate that the magnetically easier axis b 
is the shorter of the two. Thus, the larger ferrous ions 
lie in rows parallel to the shorter axis, contrary to 
one’s first expectations. However, the detailed dis- 
cussion of interionic distances below suggests that the 
situation is not unreasonable. 

Insufficient data were collected on the untwinned 
specimens to refine the oxygen parameters. However, 
using the information from the twinned sample that 
the average value is essentially unchanged and in- 
formation as to the ionic radii, we may make an 
informed guess of these parameter values. The pa- 
rameters were adjusted by least squares to fit the 
distances as closely as possible to those given by the 
Pauling radii,** at the same time satisfying the condition 
that 7=0.2547. The resulting set of coordinates for the 
orthorhombic phase is given in Table V together with 
the corresponding coordinate for the cubic phase with 
u=0.2548. Also presented are the metal-oxygen dis- 
tances calculated for the orthorhombic structure with 
an average cell dimension of agV2 = byV2 = co= 8.3854 A. 
The metal-oxygen distances are approximately those 
calculated by the Pauling radii. The packing is not 
simple enough to give a wholly convincing argument 
that a should be longer than b, although detailed con- 
siderations which will not be repeated here indicate 
that this is perhaps reasonable. 


TABLE V. Probable parameters and interatomic distances in 
orthorhombic magnetite. Parameters A are adjusted to fit Pauling 
radii. Parameters B are those for a structure with atomic positions 
unchanged from those in the cubic form. 











A B 
x(i) 0.2445 0.2596 
2(i) —0.0154 —0.0048 
y(h) 0.5237 0.5096 
2(h) 0.2445 0.2548 
Octahedral Fe*?—O 2.000 and 1.968 
Octahedral Fe*?—O 2.123 and 2.147 
Tetrahedral Fe+*—O 1.867 and 1.908 
Range of O—O 2.683 to 3.176 
Average O—O 2.966 








41L. R. Bickford, Jr., U. S. Office of Naval Research, Physics 
Branch Report NR 018-606, January, 1954 (unpublished). 


NATURAL CRYSTALS 


Some crystals of natural magnetite, kindly furnished 
by Dr. Robert Nathans, were also examined below the 
transition, which for these crystals occurred between 
110 and 115°K. The intensities observed for the mag- 
netic peaks indicated that a unique ¢ axis was readily 
established by cooling in a magnetic field. However, 
attempts to remove the [a,b] twinning by use of the 
magnetic field were unsuccessful. Furthermore, a 
distinct (002) reflection could not be observed, though 
there may well have been a broad diffuse peak obscured 
by the background. This would indicate that the [a,b] 
twinning persists on a micro-basis, i.e., there is very 
little long-range order. This is possibly due to the fact 
that the working temperature was little more than 5° 
below the transition, whereas for the natural magnetite 
it was 15°. One would expect the transition to be 
considerably sharper for the synthetic crystals. 

Although no extensive investigation into the axis 
switching phenomenon was made, a few pertinent 
observations were made in passing. A natural crystal 
was cooled with an axis establishing field along [001 ]. 
The field was removed and applied along the [110] 
direction in the plane thus moving the magnetic 
moments into the (001) plane. After removal of the 
field, the moments remained in the (001) plane, as 
indicated by the intensity of the (004) reflection. This 
is an example of the axis switching noticed by earlier 
investigators.’ The [010] and [100] direction pre- 
sumably become orthorhombic ¢ axes in equal amounts, 
although the exact distribution may depend on a 
variety of factors such as crystal and domain shape, 
impurities, etc. This behavior did not appear to hold 
for the synthetic crystal (at 105°K and fields up to 
10 000 gauss). The moments could be turned around 
to other directions, but returned to their original 
direction when the field was removed. 


CONCLUSION 


The Verwey structure may be regarded as being 
established. If the orthorhombic axes are labeled such 
that the anisotropy energies E; satisfy 


E,>E,>E£.=0, 








NEUTRON DIFFRACTION OF 119°K TRANSITION IN MAGNETITE 1057 


i.e., ¢ is the direction of easy magnetization, then the 
following statements hold: 


(1) The octahedral ferric ions lie in rows parallel to a. 

(2) The octahedral ferrous ions lie in rows parallel to b. 

(3) The magnetic moments of all ions are parallel or 
antiparallel to ec. 

(4) The a axis is longer than the b axis. 


ACKNOWLEDGMENTS 


The author would like to express his appreciation to 
Dr. J. M. Hastings and Dr. L. M. Corliss for suggesting 
the problem and for many helpful discussions, to Dr. 
B. A. Calhoun for making the synthetic crystals avail- 
able, and to Dr. L. R. Bickford, Jr., for a helpful 


communication. 





PHYSICAL REVIEW VOLUME 


110, 


NUMBER 5 JUNE 1, 1958 


Effect of Degree of Orientation and Crystal Size on the Scattering 
of 20-kev Electrons by Aluminum* 


L. Marton, J. Arort Srupson, J. A. SuppetH, M. D. WacneEr, National Bureau of Standards, Washington, D. C. 


AND 


HrrosH1 WATANABE,} Hitachi Central Research Laboratory, Kokubunji, Tokyo, Japan 
(Received February 12, 1958) 


The energy distribution of 20-kev electrons scattered by aluminum has been measured as a function of 
degree of crystalline orientation and foil thickness. For equal physical thickness the foils with higher degree 
of orientation are electron-optically thinner. Over a range of thickness from 35 to 500 A, the values of the 
first two characteristic losses are 6.30.1 ev and 15.0+0.1 ev. They exhibit no systematic change with 
thickness greater than the experimental uncertainty. The intensity ratio between the two losses is essen- 
tially constant within this range. It is concluded that the low-lying (6.3 ev) loss is not due to the depolariza- 


tion effect of grain boundaries. 


N an earlier publication’ it was noted that the dis- 

tribution of electrons scattered by gold was strongly 
influenced by the degree of crystalline orientation, but 
the instrumental resolution was insufficient to show 
detail. When a new analyzer became available that 
had an energy resolution of less than 1 ev and an 
angular resolution less than 1 milliradian, it became 
possible to obtain quantitative data. 

Foils of cp aluminum were prepared by vacuum 
evaporation at a residual gas pressure of less than 10~ 
mm Hg on a freshly cleaved rocksalt substrate. In the 
case of the polycrystalline samples this was at room 
temperature, and in the single-crystal samples at the 
known epitaxy temperature of 440°C. A few partially 
oriented samples were prepared with substrates at 
intermediate temperatures obtained by use of a gradi- 
ent furnace. The evaporation rate was uncontrolled but 
rapid, so that the process was completed in less than 1 
minute. The rocksalt was masked to give four }-in. 
disks. The four disks were floated off the rocksalt onto 
a water surface and then three were picked up, one over 
a 0.014-in. hole in the scattering mount, another on a 
standard 200-mesh diffraction camera mount and the 





* This work was supported in part by the U. S. Atomic Energy 
Commission. 

+t Guest Scientist, National Bureau of Standards and Research 
Associate, University of Maryland. 

1 Marton, Simpson, and McCraw, Phys. Rev. 99, 495 (1955). 

2L. Marton and J. A. Suddeth, Rev. Sci. Instr. 29, 440 (1958). 


third on a microscope slide for thickness measurements 
in a Tolansky’ interferometer. 

Figures 1 and 2 show typical diffraction patterns of 
“unoriented” and “oriented” films prepared in this way. 
Figure 3 presents a typical energy distribution at zero 
scattering angle for a polycrystalline sample. The char- 





Fic. 1. The electron diffraction pattern of a typical 
unoriented sample of thickness 900 A. 


ae S. Tolansky, Multiple Beam Interferometry (Oxford Uni- 
versity Press, New York, 1948), 
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Fic. 2. The electron diffraction pattern of a typical oriented 
sample of thickness 1400 A. Note the almost perfect single- 
crystal pattern. 


acteristic energy loss‘ at ~15 ev and its multiples are 
prominent features. The intensities on the recording are 
on a quasi-logarithmic scale which was converted to 
actual intensities by a calibration against a detector cf 
known linearity. To avoid the errors involved in abso- 
lute intensity measurements and to compensate for the 
absorption of the different foil thicknesses, the data are 
presented as a series of ratios. 

Figure 4 is a plot of the ratio of elastically scattered 
electrons to electrons of the characteristic loss value at 





aS 


Fic. 3. The energy spectrum of electrons scattered by the 
unoriented aluminum sample. Note the characteristic 15-volt 
loss and its multiples. The intensity scale is logarithmic. 


4 Marton, Leder, and Mendlowitz, in Advances in Electronics 
and Electron Physics, edited by L. Marton (Academic Press, Inc., 
New York, 1955), Vol, VII, p. 183, 
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two scattering angles, @2=0 and @~6X10~ radian [the 
(220) diffraction maximum ], for unoriented and ori- 
ented foils. The partially oriented foils gave points 
scattered between the two plotted curves. The desired 
diffraction maximum was found by initial calculation 
from the constants of the instrument and the nominal 
20-kev acceleration voltage. The final adjustment was 
made by adjusting @ for the local maximum of elasti- 
cally scattered electrons. In the case of the single 
cryStals a further adjustment of the specimen orienta- 
tion about the beam axis @ was made using the same 
criteria. Both adjustments were simplified by the fact 
that, in the region of the diffraction maximum, the 
intensity of the characteristic loss exceeds the intensity 
of the elastically scattered electrons except at the dif- 
fraction maximum itself. 

The bars on one of the curves (Fig. 4) represent the 
spread in values obtained from two measurements on 
each of three samples of the same evaporation. All the 
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Fic. 4. The ratio of the characteristic loss to the elastic trans 


mission as a function of thickness and degree of orientation. The 
solid lines are at zero angle, the dotted at the (220) diffraction 
maximum. 


errors are reported as errors in intensity ratio although 
some arise from thickness differences between the 
supposedly identical samples. Multiple interferometry 
measurements show that this error may be as high as 
50 A. 

There are two features that are immediately obvious. 
First, the energy distribution at the diffraction maxi- 
mum is significantly different from the one at zero 
angle. Moreover, this difference depends on both the 
sample thickness and the degree of crystalline order. 
This behavior is of considerable importance in precision 
diffraction, since the ‘‘center of gravity” of the dif- 
fraction ring moves to larger angles in polycrystalline 
samples and as the thickness increases. This effect has 
been reported® but has been ascribed to a change in 
lattice spacing. It appears necessary to repeat the 
diffraction experiments with apparatus capable of 
analyzing the energy spectra in the maxima, since our 


’Y, Fukano, J, Phys, Soc, Japan 10, 420 (1955), 
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results show a mean energy shift of the correct magni- 
tude and direction to explain the observed shift of the 
maxima. Further support for this point of view is given 
by some preliminary work with an energy filter lens 
where the shift was not observed.* The same effect on 
the broad and intense 20-ev loss of Au may offer an 
explanation of the difficulties experienced by Rymer in 
his attempts to verify the de Broglie relationship by 
comparing electron and x-ray lattice spacings of this 
material.’ 

Second, the more nearly single-crystal samples for 
equal thickness scatter less or are electron-optically 
thinner. 

This observation is consistent with their visual trans- 
parency and with the optical data of Sennett and 
Scott® showing that for metals the transmission in- 
creases sharply as order increases. Similarly, more 
marked effects in germanium were noted by Gebbie.’ 

To extend the measurements to still smaller crystal- 
lite sizes, use was made of the linear relationship be- 
tween grain size and foil thickness reported by Kuwa- 
bara.'° For these experiments the aluminum was evapo- 
rated onto carbon-coated collodion substrates. To 
prevent migration or grain growth the aluminum was 
immediately covered with approximately 50 A of car- 
bon. The carbon was applied without exposing the foils 
to air by the method developed by Bradley." The 
variation in thickness was achieved by placing the 
supports a varying distance from the evaporation source. 
The absolute thickness was then computed by inverse 
square relationship from the thickest foil which was 
measured interferometrically. Five samples varying 
in thickness from 35 A to 500 A were prepared with the 
substrate at room temperature and another five at 
liquid nitrogen temperature. 

The energy spectra of these foils were measured at the 
highest obtainable resolution (0.1 ev) and with the 
energy scale compared with a standard cell. 

An éarlier measurement, made by one of us (HW) on 
similar samples with an entirely different analyzer, had 
given some indication of a slight (~0.4 ev) systematic 
increase of the characteristic loss with decreasing grain 
size. This shift was in the opposite sense and much 
smaller than that reported by Friedmann” for selenium 
over the same range of thickness. 

Our present measurements show no systematic shift 
within the thickness range studied with the maximum 
deviation in the ten measurements less than 0.3 ev. 

The same measurements were used to investigate the 
applicability of the theory of Ritchie” as to the origin 





*H. Boersch (private communication). 

7T. B. Rymer and K. H. R. Wright, Proc. Roy. Soc. (London) 
A215, 550 (1952). 

8 R.S. Sennett and G. D. Scott, J. Opt. Soc. Am. 40, 203 (1950). 

90. S. Heavens, Optical Properties of Thin Solid Films (Butter- 
worths Publications, London, 1955), p. 170. 

10S. Kuwabara, J. Phys. Soc. Japan 12, 637 (1957). 

1D). E. Bradley, Brit. J. Appl. Phys. 5, 65 (1954). 

12H, Friedmann, Z. Naturforsch. 11, 373 (1956). 

3 R, H. Ritchie, Phys. Rev. 106, 874 (1957). 
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Fic. 5. The intensity ratio between the characteristic loss and 
the low-lying loss as a function of thickness. The shaded region 
covers experimental points; the solid line is the predicted de- 
pendence. w, is the plasma frequency and 2 the initial electron 
velocity ; thickness X (7/w,)=¢ (the top scale of the abscissa). 


of the low-lying energy loss. He suggests that this loss 
is a “lowered” plasma loss. The lowering is caused by a 
depolarization effect because of the boundaries of the 
finite grains. Such a loss would appear at a value below 
the plasma loss by a factor of 1/v2 if only the thickness 
were finite or 1/v3 if the grains are assumed to be 
spherical. 

The average value of the characteristic (plasma) 
loss was found to be 15.00.1 ev and for the low-lying 
loss 6.30.1 ev. The measured ratio is then 0.42+01. 

The same theory predicts that as the grain size is 
reduced, the intensity ratio between the characteristic 
and low-lying loss should decrease in a particular 
manner. 

In all, thirty specimens were measured, the ten 
mentioned above and twenty additional ones ranging 
in thickness between 350 and 500 A whose thicknesses 
were directly measured and which were self-supporting. 
The results are shown in Fig. 5. All the points lie within 
the shaded area of the graph. For comparison, the ex- 
pected variation taken from Fig. 1 of Ritchie is shown 
by the solid line. The calculation of Ritchie is for the 
total cross section while the measurements are of the 
cross section within a small acceptance angle (~10-* 
radian) about the forward direction. The justification 
of the direct comparison lies in the experimental fact 
that essentially all the scattered beam lies within this 
narrow cone. We believe the cause of this peaking in 
the forward direction is diffraction. Even in poly- 
crystalline samples a high degree of order exists and the 
diffraction maxima, especially the zero order, are very 
prominent. Measurements taken on 200 A thick poly- 
crystalline aluminum show that the intensity, within a 
10~*-radian cone at an angle of 5X10~ radian, is only 
one hundred thousandth (10~*) of the intensity within 
the same cone in the forward direction. The initial 
falloff has an angular dependence of the order of 6-5 to 
@-*. The plasma theory predicts an angular dependence 




















1060 MARTON, SIMPSON, 
of the electron losses considerably less peaked (@~°). 
Ferrell’* assumed that the difference between the 
observed distribution of the characteristic losses and 
that calculated from the plasma theory is due to 
“contamination” of the characteristic loss by the no- 
loss peak. Evidence obtained previously by us'® does 
not seem to bear out this assumption. Ritchie'® has 
calculated J./Ixx versus foil thickness assuming the 
angular distribution given by plasma theory and a 
detector with an acceptance of 1 milliradian. He finds 
considerably better agreement with the experiment than 
shown here. Although our explanation of the peaking 
as a diffraction phenomenon may be incorrect we feel 
that the peaking itself is a well-established experimental 
fact. The most exact comparison with the theory would 
4 R. A. Ferrell, Phys. Rev. 101, 554 (1956). 


15 Simpson, McCraw, and Marton, Phys. Rev. 104, 64 (1956). 
16 R. H. Ritchie (private communication). 
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be somewhere between the extremes represented by 
the differential and integral cross section. We feel that 
the experimental facts support our choice of the integral 
cross section for comparison. The shaded area is a 
measurement of the internal consistency of our data 
and is not intended to imply an accuracy. Known 
sources of possible error in thickness and measured 
intensity could give uncertainties of 50% in the region 
below 200 A. 

Since neither the predicted value of low-lying loss 
nor its dependence on grain size is confirmed, it must be 
concluded that the 6.3-ev loss of aluminum is not a 
“lowered” plasma loss. 
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Elastic and Piezoelectric Constants of Alpha-Quartz 
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The elastic and piezoelectric constants of alpha-quartz have been determined by the resonance (previously 
known as dynamic) method employing the extensional mode of bars and the contour-extensional mode I 
(Lamé mode) of square plates. It is believed that this approach results in very accurate values. 


HE elastic and piezoelectric constants of alpha- 

quartz have been determined by several methods, 

e.g., the static method,! the resonance (previously 

known as dynamic) method,?~* the ultrasonic method,® 
and by means of light diffraction.’ 

By employing the resonance method, the elastic 
and piezoelectric constants are derived from measured 
values of the series resonance frequency, the motional 
capacitance, and the dimensions of appropriately cut 
and excited specimens. The constants to be determined 
and the quantities measured are related by the 
mathematical solution for the frequency and the 
displacement of the mode of motion for the specimens 
considered. Extensional modes of narrow bars and 
contour modes of square plates are determined by 
the elastic compliances s,, and the piezoelectric strain 


1W. Voigt, Lehrbuch der Kristallphysik (B. G. Teubner, 
Leipzig, 1928). 

2]. V. Atanasoff and P. J. Hart, Phys. Rev. 59, 85 (1941). 

3 A. W. Lawson, Phys. Rev. 59, 838 (1941). 

4W. P. Mason, Piezoelectric Crystals and Their A pplication to 
Ultrasonics (D. Van Nostrand Company, Inc., Princeton, 
New Jersey, 1950). 

5 R. Bechmann, Proc. Phys. Soc. (London) B64, 323 (1951). 

6S. Bhagavantam, Proc. Indian Sci. Congr., 33rd Congr. Part 
II, (1946). 

70. Nomoto, Proc. Phys.-Math. Soc. Japan 25, 240 (1943). 


constants dj». The thickness modes of thin plates lead 
to the elastic stiffnesses cp, and the piezoelectric stress 
constants ej». If one set of constants, for example sp, 
and d;,, is known, the corresponding cpg and ej, can 
be calculated. 

The resonance method is considered as a simple 
and very reliable means for determination of the 
elastic and piezoelectric constants as the measure- 
ments can be performed with a high degree of accuracy 
provided sufficiently large crystals are available. 
Furthermore, the conversion of these measurements into 
the material constants is accomplished by means of a 
rigorous mathematical solution when the extensional 
mode of bars and contour-extensional mode I (Lamé 
mode) of square plates are used. For other modes, 
close approximations are known. The resonance 
method is described in detail by Bechmann and Ayers® 
and has been adopted as an Institute of Radio Engineers 
standard.° 

The results should be independent of the modes of 
motion used. Measurements have shown that the values 


8 R. Bechmann and S. Ayers, Piezoelectricity (Her Majesty’s 
Stationery Office, London, 1957), Rept. No. 4, Selected Engineer- 
ing Reports, Post Office Research Station. 

® Inst. Radio Engrs., Proc. Inst. Radio Engrs. 46, 764 (1958). 














CONSTANTS OF 


for the elastic constants obtained from thickness 
modes and those from contour modes differ slightly. 
Because of the rigorous mathematical solutions for 
the frequency equation for both modes of bars and 
plates mentioned, it is assumed that the values for 
the coefficients sp, and d;, are the more accurate ones. 
The complete set of elastic constants for quartz 
can be determined by the use of at least four differently 
oriented bars (xy/)y, giving the elastic compliances 


Ssat 2513, 


and by use of at least three differently oriented square 
plates (yxll)@ 45°, giving the elastic compliances 


Sity 533, Sia, 


S44, $66 2(S11— 532), S14. 


Both piezoelectric strain constants dy, dy can be 
obtained independently from these bars and plates. 


TABLE I. Elastic compliances of alpha-quartz 
in 10” meter? newton". 


Om 


Spe Spqh Spq? —Spq* Spq™* —Spq 
Si 12.77 —0.134 —0.028 
S33 9.60 0 ~0.008 
Sis —1.22 0 —0.016 
Su 20.04 —0).0132 0 

S66 29.12 0.536 0 

Sia 4.50 —().042 0 

TABLE IT. Elastic stiffnesses of alpha-quartz 
in 10° newton meter. 

Cpe Cog he Cra? —Cpe® Cog™ —Cog™ 
fan 86.74 0.746 0.288 
C33 107.2 0 0.193 
Cit 6.99 —0.746 0.288 
far 11.91 0 0.236 
Cee 39.88 0.746 0 

Cu —17.91 —0.177 0 


Measurements have been made on bars and plates 
during the last few years and a high degree of repro- 
ducibility has been achieved. Since this method has 
been described previously,*:’ no details are given here. 
Cuts with orientations giving a reduced frequency- 
temperature variation are particularly suitable. The 
specimens have been carefully prepared and plated with 
very thin layers. The influence of both resonator 
thickness and plating thickness was taken into con- 
sideration -by progressively reducing the thickness of 
each, thus permitting extrapolation to zero. The plate 
dimensions were measured precisely and the specimens 
mounted with two pins at the nodal point in the 
center of the plate. 

The elastic compliances s,,¢ and the piezoelectric 
strain coefficients d;, at 20°C are listed in Tables I 
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TABLE III. Piezoelectric strain and stress constants 
of alpha-quartz. 











Strain Stress 
d\,;=2.31X10-" coulomb €::=0.171 coulomb meter 
newton”! 
d\4=0.727 X10-" coulomb €14= —0.0406 coulomb meter? 
newton? 


hy; =4.36X 10° newton 
coulomb 

hyg= —1.04X 10° newton 
coulomb 


g1:= 0.0578 meter? coulomb 


£14= 0.0182 meter? coulomb 





TABLE IV. Dielectric permittivities and impermeabilities 
ot alpha-quartz. 


Impermeability 


Permittivity 
(10° meter farad™) 


(10~!? farad meter) 


€ij ij? €j5—e;7 Bi; B:;* Bi S—B;;7 
€11 39.97 —0.76 Bu 25.02 0.485 
€53 41.03 0 B33 24.37 0 

and III. These values are averages obtained from 


measurements on a large number of differently oriented 
specimens. The elastic stiffnesses c,, and the piezoelec- 
tric stress constants ¢;,, calculated from sg and dj», 
are given in Tables II and III. The superscripts E 
and D in Tables I and II refer to constant field and 
constant displacement (short circuit and open circuit 
conditions). The superscript ¢ indicates that the values 
are measured under adiabatic conditions when the 
entropy ¢ is constant. In these tables the differences 
between the adiabatic (a) and isothermal (@) values are 
added. In addition, the superscript * refers to constant 
E or D. 

The piezoelectric strain constants g;, and the 
piezoelectric stress constants Aj», both related to 
constant displacement conditions, calculated from d;,, 
€jp and the dielectric constants, are also shown in 
Table III. Table IV contains the values for the dielectric 
constants ¢;; and the dielectric impermeabilities §;; 
at constant stress (7) and the difference between these 
values at constant strain (S) and constant stress (T)." 

All values in Tables I to IV are expressed in rational- 
ized mks units. The signs of the elastic and piezoelectric 
constants refer to left-handed quartz and are chosen 
in accordance with the IRE 1949 Standards." 

For both right and left quartz, s,4 is positive and 
Cu is negative. For right quartz, di, dys, and ey; are 
negative; ¢:4 is positive. For left quartz, di, dis, and 
€11 are positive; éy4 is negative. 

By using the resonance method, the elastic and 
piezoelectric constants of various kinds of synthetic 
quartz have been determined. The results will be 
published at a later date. 

1 W. G. Cady, Piesoelectricity (McGraw-Hill Book Company, 
Inc., New York, 1946). 

1 Inst. Radio Engrs., Proc. Inst. Radio Engrs. 37, 1378 (1949). 
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Electron Momentum Distributions in Single-Crystal Cdt 


L. G. LANG AND N. C. Hien 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received February 3, 1958) 


The momentum distribution (distribution in /,) of electrons in single-crystal Cd has been observed 
through measurement of the angular correlation of annihilation radiation. An anisotropy of approximately 
1% was detected, the distribution along the c axis being broader than that perpendicular to the c axis. 


HERE is at the present time a considerable 
amount of interest in determining the Fermi 
surfaces of various metals. The measurement of electron 
momentum through observation of the angular correla- 
tion of annihilation radiation is potentially valuable in 
such determinations. In a preliminary investigation in 
this direction we have made measurements on single- 
crystal specimens of Cd. 

Cadmium has a c/a ratio which is larger than the ideal 
close packed ratio by about 15%. This extension of the 
material along the ¢ axis results in a compression of the 
Brillouin zone. One would expect the Fermi surface to 
have, at least qualitatively, the same anisotropy. The 
gamma angular distribution! from polycrystalline Cd 
indicates the presence of a large broad component, 
presumably due to annihilations with d electrons of the 
atomic cores. In spite of the masking effect of the broad 
component, the chance of observing anisotropy in the 
conduction electrons was considered good, and the 
following experiment was performed. 

Single crystals of Cd were grown from the melt, and 
their orientations were determined by the pin test and 
by Laue back reflection. Two slab-shaped specimens 
with 1-mm by 10-mm cross sections were cut out with 
an acid saw: the ¢ axis lay in the plane of the slab in one 
case and perpendicular to it in the other case. Measure- 
ments were then made with the angular correlation 
apparatus” with counter openings of 2X10~* radian. 
Coincidence counting rates were measured at counter 
positions ranging in steps of one millirsdian up to 8 
milliradians, and in steps of two milliradians from 8 to 
20 milliradians on either side of a straight angle. 

In a preliminary graphical comparison of the distribu- 
tions, no differences could be detected. A numerical 
analysis of the data was therefore performed. The 


7 This work was supported by the National Science Foundation. 

a DeBenedetti, and Smoluchowski, Phys. Rev. 99, 596 
(1955). 

2G. Lang and S. DeBenedetti, Phys. Rev. 108, 914 (1957). 


particular nature of the following analysis was dictated 
primarily by the need to minimize systematic errors. 

A quantity W, which may be called a weighted first 
moment, was determined for each sample. The counting 
rates at angles 18 and 20 milliradians were averaged and 
treated as background; call this average m». The 
weighted moment was then determined by 


W= Lala} (ta—M»)/La(ta—Ms) ; 


a=0, +1, +2, +3, +4, +5, +6,+7,+8, 
+10, +12, +14, +16, 


where |a| is the absolute value of the counter displace- 
ment in milliradians, and » is the counting rate. The 
results for the two single-crystal specimens and for a 
polycrystalline specimen are as follows: 


W,=3.19+0.02, W,=3.2040.02. 


W .=3.23+0.02, 


Here W.. refers to the case where electron momentum 
along the c axis is being measured, W, refers to electron 
momentum perpendicular to the ¢ direction, and W , is 
the result for a polycrystalline sample. The weighting 
accentuates the effect of the central portion of the 
distribution, which is where the anisotropy should exist. 
The tabulated errors are somewhat larger than the 
standard deviations, and take into account various 
practical experimental factors. 

The observed anisotropy is very small, almost within 
statistics. It is encouraging to note that it is in agree- 
ment, both as to sense and order of magnitude, with the 
results obtained by Stewart* in measurements on Zn and 
Sn. If one takes the view that compression of a system 
in a given direction expands its momentum distribution 
in that direction, the observed anisotropy is in the wrong 
sense. It is possible, however, that it could be accounted 
for in a detailed band calculation. 


3A. T. Stewart (private communication). 
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Dichroism of the F and M Bands in KCl} 


Hrrosui Kanzaki* 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received February 12, 1958) 


The dichroism of the F and M absorption bands that can be produced by optical .bleaching of the F 
band with polarized light at 87°K is critically dependent on the concentrations of F and M centers. The 
changes in half-widths and peak positions of the F and M bands that accompany the development of 
dichroism suggest that the F-band dichroism is due to a spatial association of F and M centers. It is probable 
that an excited F center can transfer energy to a neighboring M center. Dichroism of the F and M bands 








can be produced at room temperature by optical bleaching of either band with polarized radiation. 


INTRODUCTION 


ICHROISM of the M band in KC! after partial 

bleaching with polarized light has been observed 
by Ueta.! This behavior of the M band is convincing 
evidence that the M center possesses lower than cubic 
symmetry. Seitz? has suggested the model of the M 
center that is illustrated in Fig. 1. 

The dichroic F band reported by van Doorn and 
Haven’ is surprising since there is good evidence that 
the F center possesses cubic symmetry. Van Doorn and 
Haven used additively colored crystals containing both 
F and M centers. After partial bleaching of the F band 
with polarized light at liquid-nitrogen temperature, the 
F and M bands were dichroic to polarized light. This 
behavior was observed only if M centers were present 
in the crystal. It has been suggested that the observed 
dichroism of the F band is apparent and due to another 
absorption band that coincides in peak wavelength and 
half width with the F band. There has also been 
speculation that this absorption band is due to an 
optical transition of the M center from the ground 
state to an excited state of higher energy than that 
responsible for the M band. 

Lambe and Compton‘ have made a study of the 
luminescence excited by the absorption of polarized 
radiation by F, M, Ri, and Rp» centers. A striking 
observation is that absorption of polarized radiation 
by the F band produces polarized luminescence from 
M centers if both F and M centers are present in the 
crystal. These authors have suggested that an excited 
F center can transfer its energy to a neighboring M 
center. 

The purpose of the present work was to investigate 
the development of dichroism in the F and M bands of 
KC! during bleaching of the F band. 


t Partially supported by the Office of Scientific Research, U. S. 
Air Force. 

* Now at the Institute of Science and Technology, University 
of Tokyo, Tokyo, Japan. 

1M. Ueta, J. Phys. Soc. Japan 7, 107 (1952). 

2 F. Seitz, Revs. Modern Phys. 26, 7 (1954). 

°C. F. van Doorn and Y. Haven, Phys. Rev. 100, 753 (1955). 

‘J. Lambe and W. D. Compton, Phys. Rev. 106, 684 (1957). 


EXPERIMENTAL PROCEDURE 


Crystals of KCl were obtained from the Harshaw 
Chemical Company. They were colored additively in 
potassium vapor. Samples with dimensions of approxi- 
mately 6 mmX 12 mmX 1 mm were cleaved and heated 
to 430°C in air for several minutes. The samples were 
cooled rapidly to room temperature and mounted in a 
cryostat similar to that described by Dutton and 
Maurer.® These operations were performed in the dark. 

The crystal samples were then exposed at room 
temperature to unpolarized radiation which partially 
bleached the F band and developed the M band. The 
546-my line of a General Electric Company Type A4 
mercury arc and a Wratten 77A filter was used for this 
purpose. 

The optical absorption was measured as a function 
of wavelength with a Beckman Type B spectrophotom- 
eter after cooling with liquid nitrogen. A crystal 
temperature of 87°K was obtained with liquid nitrogen 
in the cryostat. This temperature was constant through- 
out the experiments. Smakula’s equation with an 
oscillator strength of unity was used to calculate the 
initial concentrations of F and M centers.*® 

The crystals were next irradiated at liquid-nitrogen 
temperature with 546-my radiation that had been 
linearly polarized with a Polaroid Corporation HN32 
polarizer. The radiation was incident normally upon a 
face of the crystal that was parallel to a (100) plane. 
It was polarized in the [011] direction. The intensity 
of the polarized radiation was constant throughout the 
experiments. 

After exposure to the polarized radiation, the optical 


-+- + 





Fic. 1. The Seitz model of 
the M center. An electron is + - + —_ 
trapped at a vacancy aggregate 

















consisting of two negative ion © 
vacancies and a positive ion ™ + e + 
vacancy. 


5D. Dutton and R. J. Maurer, Phys. Rev. 90, 126 (1953). 

6A. Smakula, Z. Physik 59, 603 (1930); [see F. Seitz, Modern 
Theory of Solids (McGraw-Hill Book Company, Inc., New York, 
1940), first edition, p. 662]. 
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TABLE I. Concentrations of F and M centers in KCI crystals. 

















Nr Nu 
Crystal (cm) (cm*) 
1 1.04X 10!" 0.73X 10" 
2 0.99 10!" 0.31 10% 
3 0.98 X 1027 0.54X 10'* 
4 0.89X 1017 0.74X 10'* 
5 0.92 10!” 0.96 X 106 
6 0.70X 10" 0.43 X 1016 
7 0.76X 10% 0.43 X 10!5 








absorption of the crystals was remeasured using radi- 
ation polarized in [011] and [011] directions. 


RESULTS 


During the exposure of the crystals at room temper- 
ature to the unpolarized radiation of wavelength 546 
mu, the magnitude of the F band decreased continu- 
ously. The R; and R: bands showed a continuous 
growth. The M band grew during the early stages of 
exposure but later decreased in magnitude. The ratio 
of the peak heights of the M and F bands showed a 
similar behavior as a function of the exposure time. 
Table I contains the concentrations of F and M centers 
present in the crystals after the bleaching of the F 
band with unpolarized radiation at room temperature. 
An attempt was made to keep the F-center concen- 
tration constant and to produce a range of M-center 
concentrations. 

The positions of the maxima and the shapes of the F 
and M bands change during bleaching of the F band 
at room temperature.’ Table II shows the position of 
the maxima and half-maxima of the F and M absorption 
bands at 87°K. en” and ¢m™” are the photon energies 
at which the maxima of the F and M bands occur. 
¢, and ¢ are the photon energies at which the absorption 
has decreased to half-maximum on the high- and low- 
energy sides of a band, respectively. During the early 
stage of bleaching of the F band, as the M band 
increases, there is a relative increase in absorption on 
the low-energy side of the F band and a shift of the 
F-band maximum to lower energy. At a later stage in 
the bleaching of the F band, as the M band is decreasing, 
there is a relative increase in absorption on the high- 


TABLE IT. Location of the F- and M-band maxima and half- 
maxima at 87°K. é» is the photon energy of the band maximum; 
e, and ¢; are the photon energies of the band half-maxima. 











én? a? a? em nM eM 
Crystal (ev) (ev) (ev) (ev) (ev) (ev) 
1 2.283 2.420 2.177 1.530 1.565 1.495 
2 2.266 2.415 2.153 1.530 1.569 1.491 
3 2.266-- 2.413 2.157 1.528 1.570 1.485 
4 2.280 2.413 2.165 1.528 1.570 1.483 
5 2.280 2.413 2.155 
6 2.290 2.440 2.150 








7 J. D. Konitzer and J. J. Markham, Phys. Rev. 107, 685 (1957). 
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energy side of the F band and the maximum of the 
F-band absorption shifts to a photon energy higher 
than that of the original F-band maximum. As the M 
band develops, its maximum shifts to lower energies, 
and there is a relative increase in absorption on the 
low-energy side of the band. 

Figure 2 shows the effect of bleaching the F band of 
crystal 4 with polarized radiation at liquid nitrogen 
temperature. The room temperature exposure of this 
crystal to unpolarized 546-my radiation was insufficient 
to create the maximum number of M centers. Curve A 
shows the optical absorption at 87°K after the room 
temperature bleach of the F band. Curves B and C 
are the optical absorption for radiation polarized along 
the [011] and [011 ] directions, respectively, after the 
exposure of the crystal at 87°K to radiation of 546-my 
wavelength polarized in the [011] direction. The upper 
curve D, which will be called the dichroic spectrum, is 
the difference between curves B and C. 

The exposure of the F band to polarized radiation 
decreased the total number of F centers and produced a 
dichroic absorption in the spectral region of the F-band 
absorption. As curve D shows, the maximum of this 
dichroic spectrum does not coincide with the maximum 
of the F-band absorption but lies at a slightly longer 
wavelength. This “F peak” of the dichroic spectrum 
moved to shorter wavelength as it developed. Appreci- 
able dichroism is observed in the region of the K band 
on the short-wavelength side of the F band. The 
dichroism of the M band in the spectral region of the 
M band is of opposite sign to that of the F-band region. 
The maximum of the dichroic spectrum in the M-band 
region coincides with that of the original M-band 
absorption after 3 hours of exposure to polarized light, 
but, in the earlier stages of bleaching of the F band, 
the maximum of the dichroic spectrum occurs at a 
smaller energy than that of the original M band. It is 
not possible to decide from the data of Fig. 2 if the 
total number of M centers has altered during the 
low-temperature irradiation of the F band. Auxiliary 
experiments were performed in which crystals containing 
F and M centers were irradiated with unpolarized 
546-my radiation at liquid-nitrogen temperature. The 
magnitude of the M band was not altered by this 
procedure. In view of these and Ueta’s data, there is 


TABLE III. Growth of dichroism in crystal 2 at 87°K. AF .s 
the peak height of the F dichroic spectrum; AM is the peak 
height of the M dichroic spectrum; €m’, €,’, and «;’ are the locations 
of the maximum and the half-maxima of the F dichroic spectrum; 
ém’’, ex’, and e are the locations of the maximum and the 
half-maxima of the M dichroic spectrum. 














Exposure 4F 4M 
time (optical én’ e’ er’ en’” a” a” 
(hours) density ) (ev) (ev) (ev) (ev) (ev) (ev) 
0.5 0.035 0.045 2.16; 2.235 2.109 1.51, 1.54, 1.46; 
1.5 0.067 0.110 2.219 2.28 2.115; 1.529 1.56, 1.475 
3.0 0.090 0.159 2.219 2.29) 2.125 1.524 1.56, 1.485 
13.5 0.140 0.300 2.255 2.34) 2.135 1.523 1.56, 1.482 











DICHROISM OF THE 
little doubt that the irradiation of the F band with 
polarized light has produced a nonuniform distribution 
of the original M centers among the possible directions 
of their orientation in the crystal. 

The general increase in absorption for photon energies 
less than 2.0 ev indicates that some F’ centers have 
been generated. It was observed that, the smaller the 
number of M centers present, the larger was the number 
of F’ centers produced by the low-temperature irradi- 
ation of the F centers. 

Table III shows the development of dichroism as a 
function of time of exposure of the F band to polarized 
radiation. The data were taken with crystal 2 at 87°K. 
AF and AM are the peak magnitudes of the dichroic 
spectrum in the region of the F and M bands, respec- 
tively. ¢,, is the photon energy at which a maximum 
occurs in the dichroic spectrum. ¢, and ¢; are the photon 
energies at which the dichroic bands fall to half-maxi- 
mum magnitude. During the growth of dichroism the 
dichroic bands, in the F- and M-band spectral regions, 
shift from lower energies toward the F and M absorption 
bands. The dichroic band in the M-band spectral 
region coincides in peak position with M band after 
prolonged exposure, but the peak position of the 
dichroic band in the F-band spectral region remains at 
a lower energy than that of the peak of the F band. 

Figure 3 shows data obtained from crystal 2. Curve 
A is the optical absorption at 87°K after the room 
temperature bleach of the F band with polarized light. 
Curves B and C are the optical absorption as measured 
at 87°K with radiation polarized in the [011] and [011 ] 
directions, respectively, after optical bleaching at 87°K 
with 546-my radiation polarized in the [011] direction. 
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Fic. 2. Dichroism in KCI (crystal 4) after exposure of the F 
band to polarized radiation for five hours at 87°K. (A) Absorption 
before irradiation. (B) Absorption after exposure as measured 
with radiation polarized in the [011] direction. (C) Absorption 
after exposure with radiation polarized in the [011] direction. 
(D) Difference between (B) and (C) or dichroic spectrum. 
Crystal thickness 0.53 mm, 








F AND M. BANDS IN KCI 1065 
3.0 25 20 L5 
if | T 
oO 
LS ——> Q 5 
0 
G.. 
‘ 41.0 


OPTICAL 


Os- | os 











on" 25 25 1) ° 
PHOTON ENERGY (ev) 


Fic. 3. Dichroism in KCI (crystal 2) after exposure of the F 
band to polarized radiation at 87°K. (A) Absorption before 
irradiation. (B) After irradiation as measured with radiation 
polarized in the [011] direction. (C) After irradiation as measured 
with radiation polarized in the [011] direction. (D) Difference 
between (B) and (C), the dichroic spectrum. The dichroic spec- 
trum is also illustrated at three intermediate stages of its develop- 
ment. Crystal thickness 0.53 cm. 


A notable development of the F’ band has occurred. 
Curve D, the dichroic spectrum, is the difference 
between curves B and C. In addition to curve D, the 
dichroic spectrum is illustrated at three intermediate 
stages of its development in order to show the pro- 
gressive shift of the F- and M-band maxima to higher 
photon energies during the bleaching of the F band 
with polarized radiation. 

Figure 4 shows the behavior of the quantity AM/Mo 
as a function of time of exposure to polarized radiation 
at liquid-nitrogen temperature. AM is the peak height 
of the dichroic spectrum in the M-band spectral region. 
M, is the peak height of the original M band. The 
dichroism of the M band develops very rapidly during 
the initial irradiation of the F band with polarized 
light at low temperature but saturation occurs eventu- 
ally. The value of AM/Mp for a given exposure time is 
critically dependent on the concentration of M centers. 
It increases with increasing concentration of M centers 
if the F-center concentration is constant as shown by 
the data of Fig. 4. The properties of the crystals used 
to obtain the data of Fig. 4 are summarized in Table I. 

If the maximum development of the M band by 
exposure of the F band to radiation at room temperature 
is exceeded, the dichroism is reduced as shown by the 
relative position of the curve for Crystal 6 of Fig. 4. 

Crystal 1 was cooled from 430°C to liquid-nitrogen 
temperature without exposure to 546 my radiation at 
room temperature. Despite the omission of the room 
temperature bleach of the F band, there was a small 
but detectable concentration of M centers. The original 
concentrations of F and M centers were 1.0X 10! cm~* 
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Fic. 4. Growth of dichroism in the M band. 


and 0.7X10"* cm~, respectively. As Fig. 4 shows, the 
dichroism developed in this crystal was smaller than 
that occurring in the other crystals. There was a 
considerable destruction of F centers and generation 
of F’ centers during the exposure to polarized radiation 
at low temperature. 
» Crystal 7 contained about 10'* F centers/cm*. The 
exposure of the crystal at room temperature was chosen 
so as to develop the maximum concentration of M 
centers. The maximum concentration of M centers 
that could be obtained in such a crystal was only one 
twentieth of the maximum concentration obtainable 
in a crystal containing 10'’ F centers/cm*. 

The ratio of the dichroism of the F band to that of 
the M band (expressed as the ratio AF/AM, where AF 
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Fic. 5. The ratio AF/AM versus time of exposure. 
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is defined in a manner similar to AM) is shown in Fig. 
5 as a function of time of exposure at liquid nitrogen 
temperature to polarized 546-my radiation. AF/AM 
decreases from a value near unity to an asymptotic 
value of 0.5 as the time of exposure increases. The 
behavior of crystal 1 was exceptional. AF/AM for this 
crystal, which contained the smallest concentration of 
M centers, remained near unity during the entire time 
of exposure. 

The thermal stability of the dichroism was studied 
by warming the crystals to temperatures above 87°K 
and remeasuring the optical absorption after recooling 
to 87°K. Approximately a tenth of the dichroic spec- 
trum in both the F- and M-band spectral regions 
disappeared on warming to 130°K, if the original 
irradiation of the F band with polarized light did not 
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Fic. 6. The change in dichroism resulting from a nine-hour 
exposure at 87°K to unpolarized 546-my radiation. A and B, 
before exposure. C and D, after exposure. A and D were measnred 
with radiation polarized in the [011] direction. B and C were 
measured with radiation polarized in the [011] direction. Original 
dichroism produced by [011] radiation. 


exceed a few hours. If the irradiation of the F band with 
polarized light exceeded 10 hours, this partial disap- 
pearance of the dichroism did not occur. A substantial 
part of the dichroism persisted in all cases to 400°K 
where the M band itself began to disappear. 

The optical stability of the dichroism was tested by 
irradiating the crystals with unpolarized 546-my light 
at 87°K. Two stages in the disappearance of the 
dichroism could be distinguished. The difference be- 
tween the absorption maxima for the two perpendicular 
directions of polarization became smaller but the two 
absorption bands were displaced with respect to each 
other. A much longer exposure to unpolarized radiation 
brought the absorption bands, as measured with the 
two directions of polarization, into coincidence. Figure 
6 shows the change in the M absorption bands produced 








DICHROISM OF THE 
by a 9-hour exposure of the F band to 546-my unpolar- 
ized radiation. The M absorption band for radiation 
polarized in the [011] direction is displaced in the 
direction of smaller photon energy relative to the M 
absorption band as measured with radiation polarized 
in the [011 ] direction. In the F-band region the relative 
position of the absorption bands, as measured with 
these two directions of polarization, was the reverse of 
that shown for the M band. 

Dichroism of the F and M bands was obtained on 
irradiation at room temperature of crystals containing 
F and M centers with polarized 546-my radiation. 
Dichroism of the F and M bands was observed also on 
irradiation with polarized light in the M band at room 
temperature. The dichroism observed in these two 
types of experiments was similar and possessed impor- 
tant features that differed from the dichroism produced 
at liquid nitrogen temperature. Figures 7 and 8 illustrate 
the dichroism produced at room temperature. 
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Fic. 7. Dichroism produced at room temperature by exposure 
to 546-my radiation polarized in the [011] direction. Absorption 
measured at 87°K. (A) Measured with radiation polarized in the 
“ory direction. (B) Measured with radiation polarized in the 
tort direction. (C) Difference between (A) and (B). Crystal 
thickness 0.056 cm. 


The magnitude of the dichroism produced at room 
temperature was always small relative to that produced 
at low temperature. The dichroic spectrum in the 
spectral region of the F band was broader than at low 
temperature and there was a remarkable relative 
increase of dichroism on the high-energy side of the F 
band. As a result, the room temperature “F-band” 
dichroism had its peak magnitude at a shorter wave- 
length than the peak of the F band. Dichroism of the 
same sign as that of the M band was observed in the 
R, and R» bands. 

An unsuccessful search was made for the development 
of ultraviolet absorption bands during the room temper- 
ature development of the M band and bleaching of the 
F band with unpolarized radiation in an effort to 
discover a high-energy optical transition of the M center. 
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Fic. 8. Dichroism produced at room temperature by exposure 
to 830-my radiation polarized in the [011] direction. Absorption 
measured at 87°K. (A) Measured with radiation polarized in the 

011] direction. (B) Measured with radiation polarized in the 
or direction. (C) Difference between (A) and (B). Crystal 
thickness 0.042 cm. 


DISCUSSION - 


Inui, Uemura, and Toyozawa,* who assumed Seitz’s 
model of the M center, have concluded that the M 
band is the result of a dipole transition. The six possible 
orientations of the dipole axis along the face diagonals 
of the crystal lattice are illustrated in Fig. 9. The 
optical transition probability of the M center for 
polarized radiation is proportional to cos*#, where @ is 
the angle between the dipole axis and the direction of 
polarization. If the M centers are oriented with equal 
concentration, mo, in each of the six possible directions, 
the absorption coefficient for unpolarized radiation is 


Ko=2ano, (1) 


where a is a constant. After irradiation of the crystal 
with radiation polarized in the [011] direction (direc- 
tion 1 of Fig. 9), the absorption coefficient for radiation 
polarized in this direction is 


K,,=a(my+nsz), (2) 


where m is the concentration of M centers with axes in 
direction 1 and n; is the concentration of M centers 
with axes in each of the directions 3, 4,5, and 6. The 
absorption coefficient for radiation polarized in the 
[011] direction (direction 2 of Fig. 9) is 





K,=a(no+ns), (3) 
(001) 
(100) cS) Fic. 9. Possible orienta- 
(oyN “ ° tions of the M-center axis 
7 » = “eye 
o oO in KCl. 











8 Inui, Uemura, and Toyozawa, Progr. Theoret. Phys. (Japan) 
8, 355 (1952). 
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and 
(4) 


Since it was found experimentally that the total 
number of M centers was not changed during the 
low-ternperature irradiation of the F band, one has 


No— N3 K,,+K,—2Ky 


No Ko 


K,,—K,=a(n,— nz). 





(S) 


It was also found experimentally that [K,,+K,. 
— 2K ] was always positive so that m; is less than mo. 
The concentration of M centers oriented in the direc- 
tions 3, 4, 5, and 6 of Fig. 9 decreased therefore during 
the exposure of the F band to radiation polarized in 
direction 1. 

If we assume that during exposure of the F band to 
polarized radiation, the concentrations of M centers 
that are oriented in a given direction change in the 
following simple manner: 








dn, dn, dnz dno dn3 
dt dt dt dt dt 
we obtain 
Kii—K, _ 
es lel“ B+ p00), (7) 
0 


where (K,,—K,)/Ko is the quantity AM/Mo that is 
shown in Fig. 4. 

If the dichroism in the region of the F band is due to 
an optical transition of the M center, the ratio AF/AM 
should remain constant during the exposure of the F 
band to polarized radiation. This conclusion follows 
from Eq. (4) since, according to this assumption, both 
AF and AM are proportional to (m;—m2). Since Fig. 5 
shows that AF/AM decreases during exposure, another 
explanation of the dichroism in the F-band region 
must be found. 

The assumption that the reorientation of the M- 
center axes is described by Eqs. (6) is inconsistent, 
also, with the assumption that the polarized radiation 
of wavelength 546 my is directly absorbed by the M 
center. The quantity AM/Mo depends, in this case, 
only upon the constants 62 and 3; in the manner 
described by Eq. (7). AM/Mpo should be independent 
of the concentration of M centers and should saturate 
at the value 3 for all crystals. As Fig. 4 shows, this 
behavior is not observed. AM/Mpo increases with 
increasing M-center concentration and decreases with 
increasing F- or R-center concentration. 

The suggestion of Lambe and Compton that an 
exchange of energy is possible between F and M 
centers is in better agreement with the data. M centers 
lying near F centers may distort the F centers and 
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permit them to exhibit dichroic absorption. A slight 
shift of the absorption band of these special F centers 
with respect to the absorption band of normal F 
centers is plausible. 

A relative increase in absorption is observed on the 
low-energy side of the F and M bands during optical 
bleaching of the F band with unpolarized light at 
room temperature. The development of dichroism on 
the low-energy side of both bands is a prominent 
feature of the early stages of the growth of dichroism. 
These observations suggest that M centers that are in 
the immediate neighborhood of F centers are reoriented 
during the early stages of bleaching while M centers 
that are located at a greater distance from F centers 
participate in the later stages of the process. 

The fact that AM/M, saturates at a value less than 
3, as predicted by Eq. (7), can be accounted for by 
assuming that a concentration m, of M centers with 
axes in a given direction interacts with F centers. 
The fraction of these M centers is m,/no and the satu- 
ration value of AM/Mo is 3n,/mo. It is necessary, 
however, to assume that m, is not proportional to mo in 
order to explain the dependence of AM/Mpo on the 
original concentration of M centers. It appears that 
there must be more than one M center situated in the 
immediate vicinity of an F center if an energy transfer 
from F to M centers is to occur. The fact that the ratio 
AF/AM is less than unity also leads to the conclusion 
that the number of F centers affected by the reorien- 
tation of M-center axes is less than the number of 
reoriented M centers. In this connection it is interesting 
that the exceptional crystal, for which AF/AM was 
unity throughout the exposure, had a small concen- 
tration of M centers that were not producéd by the 
bleaching of F centers at room temperature. The 
spatial relationship of M to F centers in this crystal 
may have been quite different from that existing in the 
other crystals. 

Why the crystal containing the smallest concentration 
of F centers (10'* cm*) should have exhibited the largest 
saturation value of AM/M, is not clear. 

The dichroism that was observed on the high-energy 
side of the F band in the spectral region of the K band 
raises difficulty for the interpretation of the K band as 
due to an optical transition of the F center. The peak 
height of the dichroic spectrum in the region of the K 
band was about one-fourth the peak height of the 
dichroic spectrum in the region of the F band. This 
ratio is much larger than the ratio of the peak height 
of the K band to that of the F band, which was found 
to be about 0.05 by measurements with unpolarized 
light. 
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PHYSICAL REVIEW 


Elastic Constants of Strontium Titanate (SrTiO;)t 


Epwarp PornpEXTER* AND A. A. GrArprnit 
Department of Mineralogy, University of Michigan, Ann Arbor, Michigan 
(Received February 4, 1958) 


The elastic constants of strontium titanate (SrTiO;) were measured by the compound resonator method. 
Oriented quartz cylinders were used as drivers to excite the sample cylinders. The measured values for the 
compliance constants are $11::=3.3X107% cm? dyne™, sii22=—0.74X10~% cm? dyne™, and 451212=8.4 
X 10-8 cm? dyne™. The elastic behavior of SrTiO; is found not to be entirely analogous to that of BaTiOs. 





E have measured the elastic constants of single- 

crystal strontium titanate (SrTiO;) by the reso- 
nance method of Quimby,’ Balamuth,’ Rose,’ Mason,‘ 
and others. The SrTiO; specimens® were prepared as 
cylinders, about 3 mm in diameter and 12 mm in length. 
The drivers were X- and Y-cut quartz cylinders of 
similar size. The drivers also served as pickup trans- 
ducers; separate electrodes were used for driving and 
receiving. Driving voltages were furnished by a Hewlett- 
Packard 200CD oscillator and voltage amplifier, and 
the resultant output voltages from the pickup elec- 
trodes were observed on a small EICO oscilloscope. 

As Mason has noted, the simplest method of ob- 
taining data from compound resonators requires adjust- 
ment of the lengths of specimen and driver until their 
natural resonances are the same. This is advisable for 
two reasons. First, the cement used to join the crystals 
is usually much more compliant than either crystal. 
If one attempts to deduce the specimen resonance from 
the principal resonance of the double system, the result 
will be too low. Second, if the crystals are resonant at 
the same (or nearly the same) frequency, no involved 
computation is necessary to extract the specimen 
resonance from the system resonance. If the second 
“harmonic” of the system is within a few percent of 
the driver fundamental, we may use without serious 
error the relation 

Se=fife/ fit fe). 
In this expression, /, is the second resonance of the 


TABLE I. Observed resonances for SrTiO; cylinders. 


Reduced 





Length frequency 

Elongation Mode (cm) (ke/sec) 
100 longitudinal 1.133 340 
101 longitudinal 1.446 264 
100 torsional 1.133 213 





t Contribution No. 209. This work has been supported finan- 
cially by the Office of Naval Research and the U. S. Army Signal 
Corps. 

* Present address: California Research Corporation, La Habra, 
California. 

{Present address: Chemical Physics Branch, Signal Corps 
Engineering Laboratories, Fort Monmouth, New Jersey. 

1S. L. Quimby, Phys. Rev. 25, 558 (1925). 

?L. Balamuth, Phys. Rev. 45, 715 (1934). 

3 F.C. Rose, Phys. Rev. 49, 50 (1936). 

‘W. P. Mason, Piezoelectric Crystals and their Application to 
Ultrasonics (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1950). 


5 Courtesy of National Lead Company. 


system, and f; and fe are the fundamentals of the 
driver and specimen. 

It was found that a simple joint with the available 
cements was too shear compliant to transmit torsional 
vibrations to the specimen. Accordingly, the driver and 
specimen were keyed together by a fine steel needle 
embedded in slots in the adjacent ends of the crystal 
cylinders. Otherwise, the torsional procedure was the 
same as the longitudinal. 

Mason has given the appropriate formulas relating 
resonant frequencies to elastic and compliance con- 
stants. For longitudinal waves in a long cylinder, we 
have the relation 

f= (1/20) (1/psiiu’)4, 
where f is frequency, / is length in cm, p is density, 
and 5111:’ is the compliance constant appropriate to the 
orientation, in full subscript notation. For torsional 
vibration, the relation is 

f= (1 21) ( 1 /Apsyo12")'. 

For the cubic (m3m) SrTiO; specimens, the orienta- 
tions used for longitudinal vibrations were elongations 
along [100] and [101] axes, and for torsional, along 
[100]. Only three independent compliance constants 
exist in this crystal class, and the resonances specified 
serve to define completely the compliance tensor. 

The observed results are summarized in Table I, and 
the deduced compliance constants in Table II. Values 
for BaTiO;° (at constant electric displacement) are 
shown for comparison. BaTiO; is not strictly com- 
parable because of its lower symmetry. It is, however, 
seen to have nearly the same shear compliance, but 
substantially greater compressive compliance. Such 
behavior would indicate a markedly different disposition 
of bonding forces in the two crystals. Some difference 
would be expected because of the dissimilar electrical 
properties; differences of this magnitude, however, 
seem to be much larger than would be justified, even 
qualitatively. 

TABLE II. Compliance constants of SrTiO; and BaTiOs.* 














SrTiO; 





Constant BaTiOs 
Sit wae 10.8 
Sin’ 3.4 
$1122 —0.74 —2.1 

4S jo12 8.4 7.9 


* Units for all quantities 107 cm? dyne™, 
> For compression along [101 }. 


~ 6 Bond, Mason, and McSkimin, Phys. Rev. 82, 442 (1951). 
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Color Centers in KCI Containing Li* or Nat 
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A new absorption band has been discovered in KC! crystals containing Lit or Na* ions. The conditions 
for formation of this band and its behavior during thermal or optical bleaching indicate that it is due to a 
center similar to the B center of crystals containing Ag*. The model of the B center proposed by Etzel and 
Schulman is assumed and a mechanism for its formation is proposed. 





TZEL and Shulman! have proposed a model of the 

induced silver B center. It is suggested that it 
consists of an electron trapped at a negative-ion 
vacancy which is adjacent to an impurity silver ion. 
Such a center may be formed by the capture of an 
electron by an impurity ion whose electron affinity is 
larger than that of the cation of the host crystal, and 
the subsequent attraction of a negative-ion vacancy, 
which possesses an effective positive charge, to this 
site. The ionization potentials of Ag and K are 7.58 
ev and 4.34 ev so that an electron released in a KCI: 
AgCl crystal may be trapped by the Ag* ion. 

Since Li* and Na* have electron affinities about 1 ev 
larger than K*, we have introduced these ions into KC] 
crystals in the expectation of obtaining a center similar 
to the B center. 

When a KCI: LiC! crystal, that has been grown from 
a melt containing 0.1 mole % LiCl, is colored by elec- 
trolysis, a new band, which overlaps the F band and 
has its peak at 630 my, appears [ Fig. 1(a) ]. Since this 
band is characteristic of specimens containing the Lit 
ion it may be associated with Li* in some way. If the 
crystal is heated to 100°C in the dark, the new band 
disappears and the F band is enhanced [Fig. 1(b) ]. 
The enhanced F band is quite stable in the dark at 
room temperature after the thermal bleach of the new 
band. When the enhanced F band is exposed to F light, 
it is easily converted into the new band which re- 
develops to almost its original intensity [Fig. 1(c) ]. 
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Fic. 1. Absorption spectra of KCI: LiCl. All measurements are 
made at room temperature. (a) Electrolytically colored KCI: LiCl. 
(If in the cooling process, it passes through 100°C in the dark, 
only the F band appears, indicating that the new band can be 
formed by optical conversion from the F band.) (b) After heat- 
ing to 100°C and cooling to room temperature in the dark. (c) 
After optical bleach of F band at room temperature. (a’) KCI: 
LiCl colored by x-ray irradiation at room temperature. (b’) After 
optical bleach of F band at room temperature. 


1H. W. Etzel and J. H. Schulman, J. Chem. Phys. 22, 1549 
(1954). 


The new band can also be converted to the F band by 
optical bleaching. ! 

A specimen colored with x-rays in the dark at room 
temperature shows the F band but not the new band. 
The new band can be formed by optical bleaching of 
this F band as in the case of the B center [ Figs. 
1(a’), (b’)]. 

It is significant that the F band cannot be converted 
into the new band by irradiation with F light at or 
below dry ice temperature. The fact that a higher 
temperature is necessary for the formation of the 
new band during optical bleaching of the F band sug- 
gests that vacancy migration is involved in the forma- 
tion of the new center as in the case of the B center.’ 
It is plausible, therefore, that the origin of the new 
band is an electron trapped at an associated Li* ion 
and negative-ion vacancy. 

Figure 2(a) shows the absorption curve at room 
temperature of KCI containing Na*. This F band has 
an anomalous half-width and peak position as reported 
by Gnaedinger.* The absorption curve of the same 
specimen at liquid nitrogen temperature shows two 
resolved peaks, demonsirating the existence of the new 
band. The conversion of the new band and the F band 
into each other in KCI crystals containing Na* can be 
performed in quite the same fashion as in crystals con- 
taining Lit. 

Further investigations of the new band and of B 
centers are in progress.* 
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2 Mem. Inst. Sci. Ind. Research, Osaka Univ. 15, 1 (1958). 

3R. J. Gnaedinger, J. Chem. Phys. 21, 323 (1953). 

* Note added in proof.—There arises the question that nondevel- 
opment of the new band at the low temperature where F—+F’ con- 
version must be taken into account might be attributed to the 
process of electron capture by the impurity ion, not to the process 
of vacancy migration. 

That we attributed it to the migration process of the anion 
vacancy, however, was based upon the analogy with the following 
fact: in the KCl: AgCl system at low temperature, F—-+E conver- 
sion takes the place of F-+B conversion. The £ center is considered 
to be an electron trapping center associated with Ag*. 
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Structure of Thallium and Gadolinium at Low Temperatures 
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(Received February 13, 1958) 


X-ray diffraction at temperatures from 300°K to 5°K has been employed to search for a low-temperature 
transformation in thallium that might account for the anomaly in the pressure coefficient of the supercon- 
ducting transition temperature of this element. No evidence of instability of the normal close-packed 
hexagonal structure was obtained either after cooling or after cold work at various low temperatures. 
Similarly, the close-packed hexagonal structure of gadolinium was found to be stable to 5°K. 





I. INTRODUCTION 


N interest in determining the structure of thallium 

at low temperatures stems from the divergent 
results obtained in different laboratories in the measure- 
ment of the change in the superconducting transition 
temperature with hydrostatic pressure.’ With results 
from various laboratories differing both in magnitude 
and sign, yet with mild plastic deformation apparently 
making no change in the behavior of a sample,' the 
question of a possible phase change during some of the 
tests immediately arose. Recent measurements by 
Hatton? again suggest a possible phase change in that 
they show the novel feature of a change in sign of the 
pressure coefficient of the superconducting transition 
temperature near 1200 kg/cm’. 

On the other hand, no evidence of a transformation 
is seen in Swenson’s* measurements of total hydrostatic 
compression under 10000 atmospheres over the tem- 
perature range from 4.2 to 300°K, and of thermal 
expansion at 0 and 10000 atmospheres pressure over 
the same temperature range. 

It was felt desirable to look also for a transformation 
in gadolinium, since it was thought possible that the 
hexagonal close packing might be competitive with, 
say, cubic close packing in some temperature ranges, 
as it is in cold-worked lithium,‘ even though prior 
workers have reported only the hexagonal form.*.° 


II. EXPERIMENT 


Each sample investigated, which was in the form of 
a polycrystalline lump, was inserted in the specimen 
holder of the cryostat on a low-temperature x-ray 
spectrometer described elsewhere, which recorded 
the diffraction pattern with filtered CuX, radiation. 
Radiation shields at 5°K and 78°K, respectively, 
surrounded the specimen, and a stainless-steel rod with 
a chisel-shaped end could be brought into position to 
cold-work the specimen. 

To increase the probability of obtaining a trans- 
formation, especially if it were of the usual type found 





1M. D. Fiske, Phys. Rev. 94, 495 (1954). 

2 J. Hatton, Phys. Rev. 103, 1167 (1956). 

3C. A. Swenson (private communication). 

4C. S. Barrett, Acta Cryst. 9, 671 (1956). 

5S. Sekito, Z. Krist. 74, 189 (1930). 

®H. Lipson and A. R. Stokes, Nature 148, 437 (1941). 


at low temperatures, i.e., martensitic, the samples were 
annealed -before cooling and were also cold-worked at 
various low temperatures. 


A. Thallium 


The thallium sample was obtained from the American 
Smelting and Refining Company and was accompanied 
by the following ‘typical analysis” in weight percent : 
Pb 8X10; Cu 7X10-*; Cd 4X 10-*; Fe 10~*; Bi less 
than 10~*. It was a portion of a piece studied by 
Swenson,’ who found that the ratio of the resistivity 
of the piece at 300° to that at 4.2°K was 875. Specific 
tests were as follows, all conducted in a vacuum of 
5X 10-* mm Hg or better. 

Run No. 1: Cold-worked at 25°C and annealed at 
this temperature 3 days; x-rayed; cooled to 78°K and 
x-rayed; cooled to 5°K and x-rayed; cold-worked at 
room temperature and x-rayed. 

Run No. 2: Annealed at 100°C for 15 min and 
x-rayed at room temperature; cooled to 78°K and 
x-rayed; cooled to 5°K and x-rayed; cold-worked at 
5°K and x-rayed; warmed to 96°K and x-rayed; 
warmed to 120°K and x-rayed; warmed to 24°C and 
x-rayed; cold-worked at 24°C and x-rayed; annealed 
at 24°C for 4 days and x-rayed. 

Run No. 3: Cold-worked at 24°C and _ x-rayed;. 
annealed at room temperature 2 days and x-rayed; 
cooled to 78°K and x-rayed; cold worked at 78°K and 
x-rayed; cold-worked at 5°K and x-rayed; warmed to 
24°C, annealed for 3 days and x-rayed. 

Run No. 4: A sample was filed at room temperature 
and its diffraction pattern was recorded on a com- 
mercial spectrometer within the first few hours after 
filing and again after 40 hours at room temperature. 

The diffraction patterns recorded by a Geiger counter 
and recorder during these runs were studied carefully 
for evidence of a transformation induced by cold work 
or by cooling. It was found that the close-packed 
hexagonal structure remained untransformed by these 
various low-temperature treatments. 

On some runs with an annealed sample, a few extra 
reflections were recorded which were reduced or re- 
moved by cold work at any of the temperatures listed 
above and which were absent in the pattern of the 
filings. Various tests proved that these did not arise 
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from a low-temperature phase of thallium, and there- 
fore they do not influence the conclusions we have 
drawn regarding the low-temperature stability of 
thallium. 

Lattice constants are listed below as determined by 
graphical plotting and extrapolation, using the Nelson- 
Riley function with successive approximations of the 
c/a value. All runs were made on the polycrystalline 
sample in the low-temperature equipment except the 
last one listed, which was made on a commercial unit 
(XRD-3) using filings and extending to 20=163° 
instead of 108° as in the other records. The accuracy 
of the individual values was limited by the inaccessi- 
bility of the high-angle peaks; it is estimated to be 
+0.03 to 0.05%. The figures are in angstroms, based on 
the CuK, wavelength 1.54178 A. 


Tl at 5°K after cold-work at 78° and 5°K: 


a=3,438, c=5.478, c/a=1.593. 
Tl at 78°K after cooling from anneal at 100°C: 

a=3.437, c=5.478, c/a=1.594. 
Tl at 80°K after cold-work at 80°K: 

a=3,437, c=5.A478, c/a=1.594. 
Tl at 96°K after cold-work at 5°K: 

a=3.439, c=5.481, c/a=1.594. 
Tl at 23°C after cold-work at 23°C: 

a=3.455, c=5.519, c/a=1.597. 
TI filings at 28°C: 

a=3.456, c=5.525, c/a=1.598. 


For comparison we .nete that Lipson and Stokes*® 
obtained a=3.4496+0.0002, c=5.5137+0.0004 A, 
c/a=1.5984+0.0001 at 18°C. 


B. Gadolinium 


A sample of gadolinium of 99.6% purity was used in 
polycrystalline form. The chief impurities were Mo, Fe, 
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Sm, Os, Ne, Eu, and Ta; there were also traces of F, 
Mn, B, Si, Pb, and Mg. 

The sample was forged to appropriate shape at room 
temperature, annealed 15 minutes at 800°C and etched. 
X-ray diffraction patterns were run after cooling to 
liquid nitrogen temperature, then at 5°K after cold- 
working the sample at this temperature, and after a 
second cold-working at this temperature. 

Nine diffraction peaks were obtained ; all of the peaks 
at each temperature could be accounted for as due to 
the normal close-packed hexagonal structure’; they 
were the 002, 101, 102, 110, 103, 112, 004, 105, and 302. 
The intensity of the peaks indicated that the cold-work 
had produced some degree of preferred orientation, 
with the basal plane tending to be parallel to the 
specimen surface. Since high-angle reflections were not 
obtained, a precision value for the lattice constants 
could not be‘computed, but no important deviation 
from prior values’ was evident. 


Ill. CONCLUSIONS 


Although thallium has an anomaly in the pressure 
coefficient of the superconducting transition tempera- 
ture at pressures near 1200 kg/cm’, no evidence of 
instability of the hexagonal close-packed phase at zero 
pressure was disclosed in these diffraction patterns made 
after cooling to temperatures in the liquid nitrogen and 
liquid helium range, or after cold-working at these 
temperatures. Gadolinium also retained its hexagonal 
structure in similar experiments. It is therefore con- 
cluded that the hexagonal structure of these elements 
is stable down to 0°K, and that any anomalies observed 
cannot be ascribed to transformations of a sort to be 
detected by the usual diffraction methods. 
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Approximate 'S electronic wave functions for the ground state of the helium atom have been obtained 
by the method of superposition of configurations. Parameters determining the radial factors of orbitals, 
with spherical harmonic angular factors up to /=3, were varied to minimize the calculated energy. For each 
choice of the ten parameters varied in this way, a complete calculation was carried out, involving the con- 
struction and diagonalization of the twenty-by-twenty configuration interaction matrix obtained from all 
independent 4S functions determined by the ten independent orbital radial factors. The best energy ob- 
tained was — 2.90276 atomic units, differing from the experimental value by 0.001 atomic unit. 


I, INTRODUCTION 


HE helium atom is perhaps the simplest example 

of a quantum mechanical many-body problem 
which cannot be reduced by separation of variables to 
a set of one-body problems. After carrying out a center 
of mass transformation, there still remains a non- 
separable Schrédinger equation for two interacting 
electrons moving in a common central field. The most 
successful approach to integrating this equation has 
been the method of Hylleraas.' This consists of a varia- 
tional calculation with a trial wave function depending 
explicitly on the separation between the two electrons, 
rio. Recent calculations by this method have obtained 
a value of the total electronic energy within the current 
experimental error (an error of less than 0.00001 
atomic unit), 

Unfortunately, the method of Hylleraas cannot 
easily be applied to systems with more thai a very 
small number (three or four) of interacting particles. 
This is true primarily because the number of relative 
coordinates rj; increases quadratically with the number 
of particles, while the number of independent co- 
ordinates r; increases only linearly. For this reason, 
either there will have to be significant developments in 
methods for dealing with Hylleraas wave functions or 
it will be necessary to use different methods for systems 
with a larger number of particles. 

The most promising method generally applicable to 
systems with a finite number of fermions is the method 
of superposition of configurations. This is a variational 
calculation with a trial wave function which is a linear 
combination of Slater determinants (orthonormal anti- 
symmetrized product wave functions). The Slater 

* The research reported in this document was supported in 
part by the Office of Naval Research, and in part by the U. S. 
Army, Navy, and Air Force under contract with Massachusetts 
Institute of Technology. 

t Currently an I.B.M. Fellow at Massachusetts Institute of 
Technology, Cambridge, Massachusetts. 

1E. Hylleraas, Z. Physik 65, 209 (1930); E. Hylleraas and 
J. Midtdal, Phys. Rev. 103, 829 (1956). 

2S, Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
(1955); T. Kinoshita, Phys. Rev. 105, 1490 (1957); P. K. Kabir 
and E. E. Salpeter, Phys. Rev. 108, 1256 (1957). 


determinants are constructed from an orthonormal set 
of one-particle wave functions (orbitals). For a given 
set of Slater determinants, the coefficients in a linear 
combination of these chosen to have stationary energy 
are just the components of an eigenvector of a matrix 
eigenvalue equation. For a finite set of Slater deter- 
minants, this eigenvalue equation can be solved by 
standard methods. 

A more significant problem is that of determining the 
set of orthonormal orbitals from which the particular 
set of Slater determinants under consideration are to 
be constructed. The number of Slater determinants, 
which must be considered for a given degree of accuracy 
in a perturbation calculation, can be significantly de- 
creased by choosing these orthonormal orbitals to 
include those which are occupied in a Slater deter- 
minant of stationary energy.’ Such orbitals satisfy the 
Hartree-Fock equations appropriate to a wave function 
expressed as a single Slater determinant. 

Because this method can be applied without practical 
difficulty to systems with a considerably greater 
number of particles, it was felt to be desirable to carry 
out similar calculations on the helium atom in order to 
compare results with the Hylleraas method and to 
obtain information on the rate of convergence of the 
general method. 

The present paper reports the results of such calcula- 
tions, carried out to a greater degree of accuracy than 
that of earlier work on helium by the same method,‘ but 
with no intention of exhausting the resources of this 
method.® The reported calculations were carried out on 


*R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 

*G. R. Taylor and R. G. Parr, Proc. Natl. Acad. Sci. (U.S.) 
38, 154 (1952); Green, Mulder, Lewis, and Woll, Phys. Rev. 93, 
757 (1954); H. Shull and P.-O. Léwdin, J. Chem. Phys. 23, 1362, 
1565 (1955); P.-O. Léwdin and H. Shull, Phys. Rev. 101, 1730 
(1955); E. Holgien, Phys. Rev. 104, 1301 (1956). 

5 After this paper had been submitted for publication, Tycko, 
Thomas, and King [Phys. Rev. 109, 369 (1958) ] reported work 
on He resulting in a much better 4S energy (—2.903443 a.u.). For 
the case of a helium-like ion, their method leads to results of the 
same form as ours. Their better energy resulted from using more 
l values. For atomic systems with more than two electrons, their 
method is more difficult than and not identical with the method of 
superposition of configurations as described here. 
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TABLE I. The radial basis orbitals (R;) in terms of 
their parameters /, A;, and a. 











Case (a) Case (b) 
l Ai ai 1 Ai ai 
Ri 0 0 +2.675 0 0 +2.0 
R2 0 0 + 1.437 0 1 +2.0 
R; 0 1 +5.390 0 2 +2.0 
Ry 0 1 +3.125 0 3 +2.0 
Rs 1 0 +4.006 1 0 +3.0 
Rs 1 0 +2.314 1 1 +3.0 
R; 1 1 +4.125 1 2 +3.0 
Rs 2 0 +5.844 2 0 +4.0 
Ry 2 0 +3.620 2 1 +4.0 
Rio 3 0 +4.860 3 0 +5.0 





the Whirlwind Computer at MIT with digital com- 
puter programs which were already in existence, and 
were carried to the point where it would have been 
necessary to design new programs, specialized to the 
helium calculation, to proceed efficiently to a higher 
degree of approximation. 


II. PROCEDURE AND RESULTS 


The basis orbitals were chosen to be functions of 


the form 
ni(l,m,m,) = Ri(r) V"(8,b)0(m,), 


where Y;" is a normalized spherical harmonic and 
v(m,) is one of the two possible elementary spin func- 
tions. The radial functions were of the form 


Ry=r4*'e mt 
where A, is an integer. Ten different sets of parameters 


(A;, a;, and 1) were used, with four independent radial 


TABLE II. The orthonormalized y’s in terms of the 7,’s. 








Case (a) 
v(si:) =+ 1.94757n; + 2.81013y2 — 0.06280n; — 0.29053, 
¥(s2) =— 15.38638m, + 10.15471n2 + 41.31016n; —36.05458n, 
¥(ss) =— 2.05146: + 7.07248n2 +149.53752n; —69.60687n, 
W (ss) =— 71.67213m1 + 4.47994n2 +440.18944n; +33.98275n, 
¥(pi1)=— 11.07721n; + 20.08616n¢ — 63.32703n; 
¥(p2)=— 5.297405 + 20.81242n¢ —161.35987n; 
¥ (ps) = —108.43400n; — 18.13522n¢ +270.76519n; 
¥(d;) = —107.39902n3 + 52.74214n9 
¥ (dz) = —338.53038n3 + 40.40129n» 
¥(f) = = 138.59193n10 

Case (b) 
¥(s1)=+ 4.73436 0.12685n2 + 0.88428; + 0.07755, 
(se a 3.03463; 6.31806n2 oat 11.64329n; + 6.60030, 


18.075392 — 34.24766n; +10.89368n, 
79.30618y2 — 64.43750n; +14.20752n, 
22.48513n¢ + 27.81103n; 

¥(p2)=+ 10.26822n, — 75.21197n6 + 47.38958n; 

¥(ps)=+ 81.52165n; —155.44751n¢ + 63.09454n; 

¥(d:)=— 35.01400n; + 91.17156n5 

(dz) = — 148.57894ns +135.34486n¢ 

¥(fi)= 157.48520m0 


v(ss)=— 24.54078n: 


a 
+ 
¥(ss)=+ 2.47709, + 
a 
vV(py=+ 7.264870; _ 
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functions for /=0, three for /=1, two for /=2, and one 
for 1=3 (see Table 1). This distribution was found to 
give about equal weight in a variational calculation to 
the effects of the last radial function in each set of 
given J. The choice of A; was based on preliminary 
calculations. 

From this set of orbitals, twenty orthonormal two- 
electron 1S wave functions could be constructed. In 
general, these are linear combinations of Slater deter- 
minants (see Table III). The matrix of the two-electron 
Hamiltonian (the configuration interaction matrix) 
was diagonalized in stages, first 1X1, then 10X10 to 
include all s orbitals, then 16X16 to include all s and 


TABLE III. The twenty 'S wave functions 
constructed from the w’s. 


W, =¥(s1; 0), (si; 0) 
We = (274) [¥ (51; 0), ¥(s2; 0) + (52; 0), ¥(s1; 0)) 
WV; =y(s2; 0), ¥(s2; 0) 
We = (274) (Y(51; 0), ¥(s3; 0) + (ss; 0), (51; 0)] 
Ws = (2-4) [y(52; 0), w (ss; 0) +¥(ss; 0), ¥ (52; 0)] 
Ve =v (ss; 0), W(s3; 0) 
Wz = (2-4) [0 (51; 0), (sa; 0) + (sa; 0), (51; 0)] 
Ws = (274) [¥(s2; 0), ¥ (54; 0) +¥(s4; 0), ¥(s2; 0)] 
Wy = (2-4) [W (53; 0), ¥(s4; 0) +0 (54; 0), (53; 0) ] 
Wio=v (54; 0), W (54; 0) 
¥u=(3-)[¥(p1; ), ¥(p1; —1)—¥ (pr; 0), ¥ (pi; 0) 
+¥(pi; —1),¥(pi; 1] 
Wi2e= (6) [V(pi; 1), 0 (p2; —1)—¥(pr; 0), W(p2; 0) 
+W (pi; —1), 0 (po; 1) 4+ (po; 1), ¥ (pi; —1) 
—W(p2; 0), ¥(p1; O)+0(p2 5 —1), ¥ (pr; 1)] 
Wis= (3-4) [W (po; 1), (po; —1)— (po; 0), W (po; 0) 
+¥(p2; —1), (po; 1)] 
Wius= (64) [(V(p1; 1), ¥ (ps; —1)—¥ (pi; 0), ¥ (ps; 0) 
+¥(p1; —1), 0 (p35 1) +(ps; 1), ¥ (pr; —1) 
—W (ps; 9), ¥(p1; 0) +¥(p3; —1), ¥(pi; 1)) 
Wis= (64) [¥ (p2; 1), W (ps; —1) —¥(p2; 0), W (ps; 0) 
(p23; —1), 0 (ps; I+ (pa; 1), W(p2; —1) 
—¥ (ps; 0), ¥(p2; 0) +¥ (ps; —1), ¥(p2; 1)] 
WVic= (3-4) [y(ps; 1), vps; —1)—wW (ps; 0), ¥ (ps; 0) 
+¥(p3; —1)¥(ps; 1)] 
Wir= (5-4) (V(di; 2), W(di; —2)-—W(di; 1), ¥(di; —1) 
+y¥(d1; 0), ¥(di; 0)-—yv (di; —1), ¥(d,; 1) 
+y (di; —2), ¥(d;; 2)] 
Wis= (10) [YW (di; 2), W(de; —2)-—yW(d,; 1), ¥(d2; —1) 
+y¥ (di; 0), ¥(d2;0)—W (di; —1), ¥(d2; 1) 
+ (d2; 2), ¥(di; —2)—W (de; 1), ¥(d1; —1) 
+ (d2; 0), (di; 0) —Y (de; —1), W(di; 1) 
+¥(di; —2), (de; 2)+W(d2; —2), ¥(di; 2)] 
Vio= (54) [¥ (ds; 2), (de; —2) —W (de; 1), ¥ (de; —1) 
+ (d2; 0), ¥(d2; 0) —W (de; —1), (de; 1) 
+¥(d2; —2), ¥ (de; 2)] 
Voo= (7) (fi; 3),¥ (hh; —3)—W(f; 2), (1; —2) 
t¥(fi; D,¥(h; —1)—¥(f1; 0), ¥(fi; 0) 
+¥0(fi; —1), 0h; D—W(h; —2), ¥(fi; 2) 
t+¥ (fi; —3),¥(f; 3) 
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p orbitals, then 19X19 to include all s, p, and d orbitals, 
and finally the full 20X20 matrix (see Table IV). The 
improvement in energy obtained at each stage gave in- 
formation on the contribution from each symmetry 
type of orbital. 

A preliminary transformation was carried out which 
obtained the best linear combination of the s orbitals 
in an approximate Hartree-Fock calculation. In all 
cases the Hartree-Fock energy was obtained to five 
significant decimals. This number is quoted as the 1X1 
stage in diagonalizing the 20X20 configuration inter- 
action matrix. The other orbitals were orthonormalized 
and all necessary one- and two-electron integrals calcu- 
lated before the configuration interaction matrix was 
constructed. The particular methods used for this 
numerical work have been described elsewhere in con- 
nection with the digital computer programs used.° 

Although it would have been desirable to carry out 
a complete calculation to obtain values of the ten a; 
parameters by the method of steepest descents, this 
was not practicable because of the large number of 
variables. Preliminary calculations and previously re- 
ported work* provided good initial values of these 
parameters, so they were varied in small sets or one 
at a time. 

Parameters and results of two calculations are re- 
ported here. The second [case (b)], with all a; the 
same for given /, is remarkable in that variations away 
from this extremely simple choice of parameters did 
not give an improvement in calculated energy at all 
significant in comparison with the difference between 
the experimental energy and that of our best calcula- 
tion, As an empirical rule, the best choices of parameters 
appear to describe tria! orbitals which have maximum 
radial densities near the same value of the radius. They 
differ markedly from parameters needed to describe the 
spectroscopic He orbitals, which spread away from the 
nucleus as either the angular momentum or the number 
of radial nodes increases. This agrees with the results of 
other atomic wave function calculations where the 
orbital basis was chosen by a variational criterion,’ 

It is estimated that further variation of parameters, 
with the same number of basis orbitals, would not 
improve the best energy given here by more than 
0.00005 atomic unit. 

Table I lists the parameters of the R,’s for the two 
cases reported. Table II gives the one-electron functions 
(y’s) which result from orthonormalization and the 
approximate Hartree-Fock calculation involving the 
orbitals with /=0, The ~’s have been indexed according 


6 Various articles in Quarterly Progress Reports, Solid-State 
and Molecular Theory Group, Massachusetts Institute of Tech- 
nology (unpublished) : R. K. Nesbet, April 15, 1955, pp. 38 and 41; 
October 15, 1955, p. 4. F. J. Corbat6, Digital Computer Labora- 
tory, Massachusetts Institute of Technology Report DCL-58, 
March 15, 1955 (unpublished). 

7P.-O. Léwdin and H. Shull, Phys. Rev. 101, 1730 (1955); 
S. F. Boys, Proc. Roy. Soc. (London) A201, 125 (1950); A217, 
136, 235 (1953). 


TABLE IV. Configuration interaction energies. 


Contribution 


Matrix di Energy Value of 1 to energy 
agonalized (a.u.) contributing (a.u.) 
Case (a) 

1X1 — 2.86168 
0 —0.01719 

10X10 — 2.87887 
1 —0.02142 

16X16 — 2.90029 
2 —().00209 

19X19 — 2.90238 
3 —0.00038 

20X 20 — 2.90276 

Case (b) 

1x1 — 2.86158 
0 —0.01702 

10X10 — 2.87860 
1 —0.02132 

16X16 — 2.89992 
2 —0.00211 

19X19 — 2.90203 
3 — 0.00039 


20X 20 — 2.90242 


to / value (s for 1=0, p for /=1, etc.), with a subscript 
to cover the cases of more than one y for a particular / 
value. A subscript has been used rather than the 
common notation to emphasize that only the s, orbital 
resembles a “‘normal’’ He one-electron wave function. 
¥(s,) is the approximate Hartree-Fock 1s He wave 
function resulting from the preliminary calculations 
while, for example, the ¥(p:), which might have been 
labeled 2p instead, has a radically different radial dis- 
tribution than the function normally referred to by 
the description “a 2p He orbital.” The y’s also have 
the quantum numbers m, and m,, which have been 
omitted in Table IT but have been included in TableIII 
which lists the twenty 'S wave functions (¥) which 
were constructed from the y’s. The m, assignments are 
included with / assignments inside the brackets while 
the following convention is used for spin assignment. 
If a y precedes the comma in a particular term, it has 
+4 spin; and if it follows the comma, it has —} spin. 
For example, ¥(p1; 1), ¥(p2; —1) means the product of 
a p; orbital with m;=1 and m,=+}3 with a pz» orbital 


TABLE V. C,’s resulting from 20X 20 diagonalizations. 


Case (a) Case (b) i Case (a) Case (b) 


1 +0.99596 +0.99596 11 +0.05010 +0.04420 
2 —0.00026 +0.00179 12. —0.03086 —0.03478 
3. —0.05671 —0.03329 13. +0.02259 +0.02655 
4 +0.00175 +0.00153 14 —0,00165 - +0.00362 
5 +0.02220 +0.03943 15 +0.00521 : —0.00847 
6  —0.01229 —0,.03198 16 +0.00362 +0.00581 
7  —0.00011 —0.00107 17. —0.01211  —0.01173 
8 —0,.,00019 —0.00602 18 +0.00291 +0.00407 
9 +0.00113 +0.01095 19  —0.00325 —0.00464 
10 


—0,00075 —0.00607 20 +0.00411 +0.00399 
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with m,=—1 and m,=—}. Table IV gives the energies 
resulting from diagonalizing the configuration inter- 
action matrices. The final 1S wave functions are a 


linear combination of the W’s of the form 
CN, 
and Table V gives the C,’s resulting from the 20X 20 


AND 


R. E. WATSON 
diagonalizations. All energies are quoted in Hartree 
atomic units (a.u.), where 1 a.u.27.205 ev. 
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The mass of B® has been determined by measuring the threshold energy of the reaction Li®(He?,n) B®. 
Observations were made on both the neutrons from the reaction and the positrons from the decay of B®. 
The threshold energy is 2.9661+0.0017 Mev, giving a mass of 8.027157+0.000008 amu for B®. The half- 
life of B® was measured to be 0.78+-0.01 sec. Evidence was found for possible excited states in B® at 0.6.0.1 
and 0.80+0.05 Mev with respective widths of 0.2+0.1 and 0.07+0.04 Mev. Assuming that the decay pro- 
ceeds exclusively to the 2.9-Mev state of Be’, the log ft value is 5.7. 


I. INTRODUCTION 


HE first experimental evidence for the nuclide B* 

was reported by Alvarez,' who found it to be a 

delayed alpha-emitter decaying by means of a 13.7- 

Mev positron (0.65-sec half-life) to the same excited 

state of Be® as does Li*. He produced B* in the reactions 
B(p,H*)BS, Be*(p,21)B®, and C(p,na) B®. 

Sheline? observed B® in the following reactions: 
B(y,2n)B8, B"(y,3n) B®, and C?(7,p3n)B*, and meas- 
ured the half-life for the positron activity to be 0.61 
+0.11 sec. 

We have used the reaction Li®(He*,n) B® to determine 
the ground-state mass of B®, to search for excited 
states in B*, and to measure the half-life of the positron 
activity associated with the decay of B*. 


Il. EXPERIMENTAL PROCEDURE 


The neutrons emitted in the reaction Li®(He*,)B® 
just above the ground-state threshold have energies in 
the neighborhood of 110 kev due to the motion of the 
center of mass. Neutrons that are emitted at bombard- 





APERTURE INSULATOR 


fee : Ponnnllh 





i 

















BEAM-> 5 OFs TUBES 
‘eS alg ~ PARAFFM 
COLOTRAP f _— 
Liriris 
Oresese VALVE siow 
IWC HES COUNTER 


Fic. 1. Schematic representation of target and 
counter arrangement. 


1L. Alvarez, Phys. Rev. 80, 519 (1950). 
2 R. K. Sheline, Phys. Rev. 87, 557 (1952). 


ing energies just above possible excited-state thresholds 
(energetically available to us) do not exceed 225 kev. 
Neutrons in the energy range 110 to 225 kev will be 
referred to as ‘‘slow” neutrons to distinguish them from 
“fast” neutrons of energies greater than 225 kev, such 
as those emitted from the beam-defining diaphragms 
and from the target at bombarding energies well above 
the ground-state threshold. 

The neutron detectors and their relation to the target 
are shown in Fig. 1. The detectors and the techniques 
for observing ‘‘slow’’ neutrons associated with the 
states of B* have been described in a previous paper.’ 
The target (near room temperature) was supported just 
inside the end of a metal tube which is attached to a 
reservoir containing liquid nitrogen. We have evidence 
from other experiments‘ to show that this arrangement 
is extremely effective in preventing the buildup of 
contaminants on the target. The vacuum jacket to the 
right of the cold trap may be slid to the right on an 
“Q”-ring seal, the valve closed, and the target changed 
without losing vacuum inside the cold trap. 

The beam emerges from the output slit of the mag- 
netic analyzer, 25 ft from the target, with an energy 
spread of 0.1%, passes through an 18-in. concrete shield- 
ing wall, through a strong-focusing lens, and (as it 
nears the target) through a 0.1-in. aperture before 
entering the cold tube. The magnetic analyzer was care- 
fully calibrated using the reactions Al*’(p,y)Si’* and 
Li’(p,n)Be? with monatomic, diatomic, and triatomic 
beams. The mean energy of the beam was determined to 


’ Butler, Dunning, and Bondelid, Phys. Rev. 106, 1224 (1957). 
‘J. W. Butler and C. R. Gossett, Phys. Rev. 108, 863 (1957). 
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within 0.1%. The target consisted ot Li®F evaporated 
onto a silver disk to a thickness of about 14-kev to 
3-Mev He’ particles. 

An alternative arrangement was used to make a 
precise absolute determination of the ground-state 
threshold energy. The beam was directed through an- 
other port of the magnetic analyzer and into a precisely 
constructed electrostatic analyzer of two-meter radius.° 
The cold trap, target, and counters were mounted at the 
output of the electrostatic analyzer. This instrument 
has an energy resolution of 10~* and determines the 
mean value of the beam energy to within one part in 
two thousand. 

The positrons from the decay of B* were detected 
with a Pilot-B plastic phosphor, 0.012 in. thick and 14 
in. in diameter, mounted on a Dumont 6292 multiplier 
phototube. An integral bias discriminator was used. 

The half-life of B* was determined by bombarding a 
thick metallic target of Li® for several! half-lives at an 
energy somewhat above that for the ground-state 
threshold, shutting off the ion source, and photograph- 
ing simultaneously the positron scaler and a scaler 
counting the cycles from a commercial 60-cycle power 


TABLE I. Thresholds observed in the reaction Li*®(He*,»)B*. 
The values of the dimensionless reduced widths, @, were calculated 
assuming p-wave protons. The evidence concerning excited states 
is inconclusive. 














Bombarding B* Excitation Estimated 
energy energy width 
(Mev) (Mev) (Mev) gr 
2.9661 +0.0017 0 
3.9 +0.1 0.6 +0.1 0.2 +0.1 1 
416 +0.05 0.80+0.05 0.07 +0.04 0.1 





line. A movie camera set at 60 frames per sec was used. 
The power-line frequency is known to have short-time 
variations of about 1%. 


III. RESULTS 


Figure 2 is a plot of the “fast” neutron counts, the 
“slow” neutron counts, and the slow-to-fast ratio as 
the energy of the incident He’ particles was varied 
through the range 2.9 to 6.0 Mev. These data were 
taken using the experimental arrangement of Fig. 1. 
Each point shown represents an average value of 
several datum points to facilitate reproduction. Smooth 
curves were drawn through the “fast” and “slow” data, 
and the ratios were computed from these curves. 

The sharp rise in the ratio curve just below 3-Mev 
bombarding energy is clearly associated with the 
ground state of B®. The ratio curve begins to rise again 
at 3.62 Mev, and levels off at 4.0 Mev. This behavior 
is consistent with a broad state in B* at a mean excita- 
tion energy of 0.6+0.1 Mev. The ratio begins to rise 
again at about 4.06 Mev, and reaches a maximum at 


5 R. O. Bondelid and C. A. Kennedy (to be published). 
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Fic. 2. Excitation curve for the reaction Li®(He’,n) B® showing 
the yield of “slow” neutrons (open circles), “fast” neutrons 
(solid circles), and the ratio of “slow” to “fast”? counts (smooth 
curve). Note the displaced zeros on the ordinate scales. 


4.2 Mev. This rise is consistent with a state in B® at 
0.80+0.05 Mev. Rough estimates of the widths of 
such states can be made. For very wide states, the ratio 
curve will tend to follow the “resonance shape”’ of the 
residual state. But for narrow states, the ratio curve will 
tend to integrate the “resonance shape” of the final 
state. We have rather arbitrarily chosen the bombard- 
ing energy interval corresponding to half of the total 
rise of the ratio curve as the “width” of the residual 
excited state, and a position three-fourths up the slope 
as the threshold energy. The widths were thus esti- 
mated to be 0.2+0.1 and 0.07+0.04 Mev for the 0.6- 
and 0.80-Mev states, respectively. Table I gives a 
summary of these results. A thin natural LiF target 
was bombarded in the energy range 2.9 to 5.0 Mev to 
aid in deciding which features of the data can be 
ascribed to Li®. The small anomalies in the “fast” 
neutron curve at 4.5 to 4.6 Mev are believed to be 
insignificant. 

It should be emphasized that the evidence for these 
possible excited states in B* is quite weak, since the 
interpretation of these “rises” in the ratio curve is 
open to considerable question. Further work using dif- 
ferent techniques should obviate most of this uncer- 
tainty. In the meantime, the most that can bestated with 
certainty is that the present evidence is consistent with 
the existence of such states. The situation with respect 
to the ground state is quite different, however, since 
the interpretation there is unique. 

Figure 3 is a plot of the ratio data for the threshold 
determination with the two-meter electrostatic analyzer. 
The threshold energy was found to be 2,.9661+0,0017 








1078 DUNNING, 














i i | | J 





SLOW-NEUTRON COUNTING RATE 


L312 1.314 1.316 1.318 1.322 


POTENTIOMETER SETTING 


1.320 


l 1 1 l l ] i 
2.956 2.960 2.964 2.968 2.972 2.976 2.980 
He> ENERGY (MEV) 


Fic. 3. “Slow-neutron” counting rate in arbitrary units as a 
function of electrostatic analyzer potentiometer setting for the 
reaction Li®(He*,z)B® near threshold. The zero on the ordinate 
scale is displaced. 





Mev. The uncertainty includes the theoretical uncer- 
tainty of the analyzer and an estimate of the probable 
error made in plotting the data. Figure 4 shows the yield 
of positrons in the vicinity of threshold with a thick 
metallic target. These data were taken with the magnetic 
analyzer only and indicate a threshold energy of 
2.969+0.003 Mev. This is to be compared with a value 
of 2.966+0.003 Mev obtained from the data plotted in 
Fig. 2, and with the value of 2.9661+0.0017 Mev ob- 
tained with the electrostatic analyzer. 

A summary of miscellaneous results is given in 
Table II. Wapstra’s mass tables® were used as a source 
of mass values. 


IV. DISCUSSION 


The threshold for three-body breakup (neutron, 
proton, and Be’) is at a bombarding energy of 3.170 
Mev. Because of the Coulomb barrier for separation 
of the proton and Be’ nucleus, one would not expect 
an appreciable effect from this mode of decay until at 
least several hundred kev above the threshold. Thus, 
there exists the possibility that the long rise in the 
ratio curve beginning at about 3.62 Mev is due to the 
three-body breakup. However, the neutrons involved 
in such a breakup would have on the average at least 
several hundred kev in the laboratory system, and this 
average energy would increase with increasing bom- 
barding energy. Therefore, it is doubtful that the 
aforementioned rise in the ratio curve could be a result 
of three-body breakup. 

Schiffer ef al.7 report a resonance in the competing 
reaction, Li®(He*,p)Be®, at a bombarding energy of 3.0 
Mev and with a width of 1.5 Mev, and they attribute 
it to a level in the compound nucleus, B®, at 18.6 Mev. 


6 A. H. Wapstra, Physica 21, 367 (1955). 
7 Schiffer, Bonner, Davis, and Prosser, Phys. Rev. 104, 1064 


(1956). 


BUTLER 


» AND BONDELID 
The ground-state proton curves (0° and 150°) gave 
essentially no indication for such a resonance, but the 
0° curve for the protons leaving Be* in the 2.9-Mev 
state exhibited a peak at 2.97 Mev (from an examina- 
tion of the published curve). We propose another 
possible interpretation of this peak in the following 
discussion. 

The decrease of the curve at bombarding energies 
higher than 2.97 Mev could be accounted for by com- 
petition from the Li®(He’,z)B* reaction, since the 
threshold for this reaction is 2.966 Mev. Previous to the 
present experiment, this threshold was believed to be 
about 2.4 Mev.® Therefore, Schiffer e/ al. had less reason 
to suspect the onset of such competition at 2.97 Mev. 
If such competition is responsible for the observed 
decrease in yield of 0° excited-state protons, this is 
some indication that the compound nucleus process is 
favored in the reaction. If one assumes the Born 
approximation description of direct interaction proc- 
esses, competition between different reactions pro- 
ceeding through a direct process will not be observed, 
whereas competiton between different modes of decay 
of the same compound nucleus will usually be observed. 
Furthermore, one would expect such competition to be 
most pronounced for protons leaving the residual 
nucleus in an excited state, because the compound- 
nucleus contribution would tend to favor the excited- 
state yield, whereas the direct process does not. 

In the previous paragraph, an explanation was ad- 
vanced for the drop in the yield of the reaction 
Li®(He’,p)Be® by assuming compound-nucleus forma- 
tion and assuming no resonance in B®. To examine the 
possibility of the existence of a resonance on the basis 
of a direct interaction assumption, D. Kleitman made 
a Peaslee-type® calculation (which assumes a direct 
interaction process for deuterons) of the total proton 
yield expected as a function of the He* energy. He com- 
pared this with the estimated total experimental yield 
(obtained by using the angular distributions at certain 
energies and the 0° and 150° yields as functions of 
energy) of protons and obtained a smooth fit between 
experimental and theoretical yields at all energies ex- 
cept in the neighborhood of 1.6 Mev where a resonance 


probably exists. 


Taste II. Summary of miscellaneous results from the 
Li®(He*,n) B® reaction. 





Mass of B® 8.027157+0.000008 amu 


Mass excess of B® 25.288 +0.008 Mev 
Binding energy of last proton in B* 136 +9 kev 
Half-life of B® 0.78 +0.01 sec 
Positron end point (calculated assum- 

ing decay to the 2.92-Mev state of 

Be®) 14.04 +0.05 Mev 
Log ft (assuming 100% decay to the 

2.92-Mev state of Be*) a7 





* D. C. Peaslee, Phys. Rev. 74, 1001 (1948). 








MASS, HALF-LIFE, AND 

The dimensionless reduced proton widths of the 
possible states in B* at 0.6 and 0.80 Mev have been 
calculated, using the curves of Christy and Latter,’ to 
be 0.2 and 0.02, respectively, assuming s-wave out- 
going protons, and 1 and 0.1, respectively, assuming 
p-wave protons. The assumption of d-wave protons 
results in reduced proton widths of more than the 
Wigner limit, and will therefore not be considered 
further. 

Since it is very likely that low-lying states of B* have 
even parity, and since the last proton of B® is probably 
in the p shell, it is reasonable to assume p-wave out- 
going protons. The dimensionless reduced widths, 6, 
based on this assumption, are given in Table I. 

In an effort to identify the analog states of the iso- 
baric triad Li’, Be’, and B°, the ground state of B® was 
adjusted for Coulomb energy and neutron-proton mass 
difference by the B*-Be* mass difference. It lies very 
close to (about 0.2 Mev above) the 16.72-Mev state in 
Be®, which is consistent with the suggestion” that the 
16.72-Mev state is the lowest 7=1 state in Be*, and 
that these states in Li’, Be*, and B* are members of an 
isobaric-spin triad. 

The correspondence between possible excited states 
in B® (when shifted in the same manner as the ground 
state) does not fit nicely into the picture of an isobaric- 
spin triad. These states are well below the next higher 
Be® states which have been suggested’® as T=1 states, 
and are also below the 0.97-Mev state in Li*. (The 
situation with respect to the 7=1 states in Be’ is far 

*R. F. Christy and R. Latter, Revs. Modern Phys. 20, 185 
(1948). 

0 For information concerning the isobaric-spin assignments of 
levels in Be®, see the following: T. Lauritsen, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Stanford, 1952), Vol. 1, 
p. 67; D. R. Inglis, Revs. Modern Phys. 25, 390 (1953); T. J. 
Wilkins and F. K. Goward, Proc. Phys. Soc. (London) 66, 661 
(1953); T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954) 
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Fic. 4. Positron yield near threshold for the 
reaction Li®(He®,) B*(8*) Be’. 


from clear since some of the arguments” used in the 
assignments have been rather tenuous.) Furthermore, 
the fact that there is evidence for only one state below 
1 Mev in Li* rather than two contributes to doubt as 
to the existence of two low-lying states in B*. It is 
possible, since B* is unstable to proton emission at 
excitation energies greater than 136 kev, that a more 
adequate treatment of Coulomb effects would yield 
level shifts for the questionable excited states in B*, 
making them more harmonious with the concept of 
isobaric-spin multiplets as is the case for C¥-N™®." 

If one assumes that the positron decay of B* goes 
exclusively to the 2.9-Mev state of Be®, the log ff value 
for the decay can be calculated to be 5.7. Even if other 
states are populated, this value is a lower bound for 
decay to the 2.9-Mev state. 


1 J. B. Ehrman, Phys. Rev. 81, 412 (1951). 
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Rotational-Optical Model for Scattering of Neutrons* 
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The scattering of neutrons by a deformed, rotating, even-even 
nucleus has been investigated with a diffuse-surfaced complex 
potential employed. Two essential approximations, for which 
justification is presented, are made: (1) Nuclear excitations cor- 
responding to J >6 are ignored. (2) In the expansion of the nuclear 
potential, V(r,6’)= = 2(r)P (cos6’), terms with A> 4 are omitted. 
Comparison with earlier calculations by other authors, employing 
a distorted-wave Born approximation and 6-function interaction, 
indicates that the earlier work seriously overestimated direct 
excitation. At low energies (<1 Mev), the excitation cross section 


given by the direct process is small compared with excitation 
through the compound nucleus, but the direct process may con- 
tribute significantly to the angular distribution due to its! arge 
anistropy. The relevance of this work to the measurements of the 
differential cross section for excitation of the /=2 first excited 
level of U8 is discussed in some detail. The general features of 
the experimental variation of the strength function .,°/D and 
potential-scattering length R’ with mass number at low energy 
have been reproduced by a calculation with suitably varying 
deformation. 





I. INTRODUCTION 


ANY important properties of nuclei in the regions 
90<N<112 and 88< Z,)" and in a certain region 
of light elements (Z~13),’ are correlated by the strong- 
coupling unified model, which supposes that these 
nuclei and their associated average potential fields 
possess large equilibrium deformations.‘ These large 
deformations can have significant consequences for the 
scattering of nuclear particles. For example, the scatter- 
ing and absorption of low-energy neutrons, as described 
by a complex-potential or optical model,® depend sensi- 
tively on deformation. Differential elastic scattering 
cross sections, transmission coefficients, and all other 
scattering and reaction characteristics commonly con- 
sidered must be expected to depend on deformation to 
some extent. 

The effects of deformation just mentioned do not 
refer explicitly to the collective motion which is associ- 
ated with the nuclear shape. Strongly deformed nuclei 
exhibit rotational spectra; these spectra, according to 
the strong-coupling model, correspond to a rotation of 
the nuclear shape and represent a particularly simple 
type of excitation. This motion must be rather strongly 
coupled by the large deformation to the motion of par- 
ticles scattered by such nuclei. A mechanism is thus 
present for direct excitation of rotational levels by in- 
elastic scattering without formation of a compound 


* Work performed, in part, under the auspices of the U. S. 
Atomic Energy Commission. 

t Now at TRG, Inc., 17 Union Square West, New York, New 
York. 

On leave of absence to the Institute for Advanced Study, 
Princeton, New Jersey. 

§ Present address: London Computer Center, Ferranti Ltd., 
London, England. 

1B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955). 

2 G. Scharff-Goldhaber, Phys. Rev. 103, 837 (1956). 

3 Gove, Litherland, and Paul, Physica 22, 1141 (1956); G. 
Rakavy, Nuclear Phys. 4, 375 (1957). 

4A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

5 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


nucleus. Excitation of these levels by formation and 
decay of a compound nucleus also contributes, of course. 

It is of interest, then, to calculate neutron scattering 
cross sections on the basis of a model which employs a 
complex potential well as in the optical model but with 
appropriately nonspherical shape, and which incor- 
porates also a rotational motion. In the present work, 
all couplings apart from that to the collective rotational 
motion are assumed to be adequately simulated through 
the imaginary part of the potential. Similarly, it should 
be borne in mind that the direct coupling discussed here 
has been simulated in previous optical-model calcula- 
tions by optimal choices of values for the available 
parameters. Tne previous choices of parameters will not 
generally be the best values here. 

In Sec. II the model is formulated explicitly. In Sec. 
III results of calculations of cross sections for direct 
rotational excitation are presented and compared with 
cross sections for excitation via the compound nucleus. 
The former contribution is found to attain a sizable 
fraction of the latter for incident energies E> 1.5 Mev. 
Angular distributions for the direct excitation are highly 
anisotropic and generally asymmetric with respect to 
90°. Calculations in Sec. III for the most part are per- 
formed for a target nucleus having parameters charac- 
teristic of U**. In Sec. IV the model is applied more 
extensively and specifically to U™*. Particular attention 
is given to the angular distribution for inelastic scatter- 
ing to the first excited level; the result computed for 
compound-nucleus formation followed by statistical de- 
cay to that level® does not agree well with the experi- 
mental cross section at the incident energy E=0.55 
Mev, but the calculated direct contribution does not 
considerably improve agreement at this low energy. In 
Sec. V is considered low-energy scattering, which is 
describable in terms of (1) the strength function or ratio 
of average neutron width to average level spacing in the 


®L. Wolfenstein, Phys. Rev. 82, 690 (1951); W. Hauser and 
H. Feshbach, Phys. Rev. 87, 366 (1952). 
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compound nucleus and (2) the potential-scattering 
length. The general features of the experimentally de- 
termined variation of these quantities with mass num- 
ber are successfully reproduced. The results for the 
strength function constitute the principal instance of 
improvement in agreement between calculation and 
experiment reported in this paper. 


Il. FORMULATION OF THE MODEL 


A. Specification of the Problem; Expressions 
for Cross Sections 


The Hamiltonian for the interacting system of 
rotating target nucleus and incident neutron is taken 
to be 

H= — (h?/2m)V?+ Trot V (1,0), (1) 


in which Tyo. is the rotational energy operator for the 
target, assumed to be of fixed axially symmetric shape ; 
(r,6’,¢’) are the coordinates of the neutron relative to 
the nuclear principal axes; and V (r,6’) is the (complex) 
potential representing the interaction of the neutron 
with the deformed target. Spin of the neutron, and 
hence spin-orbit coupling, are omitted. 

The Schrédinger equation for the target may be 
written 


Trot) x! (0;) = (1(1+1)—K? |Daurx' (6), (2) 


h 
2: 


g 
I=0, 2, 4, --+ (ground-state band, 
even-even target, K=0), 


I=K, K+1, K+2, «+ 
(odd-A or odd-odd target, K #4). 


Here Dyx! is the usual (unnormalized) symmetric-top 
wave function corresponding to a state of angular 
momentum J with projections M and A, respectively, 
along a space-fixed z axis (chosen in the direction of the 
incident neutron beam) and the nuclear symmetry 
axis’; 6; are the Euler angles of a set of principal 
nuclear axes relative to the space-fixed set*; and g is 
the moment of inertia for the rotation. The neutron- 
induced rotational transitions in question connect 
states of different 7 within a band of fixed intrinsic 
character and projection K. In the present work, we 
shall restrict ourselves to the case K=O with initial 
target spin J=0 (ie., to even-even targets), which 
limits significantly the number of possible entrance 
channels and the complication of the expressions to be 
calculated. 

To put the Schrédinger equation for the coupled 
system in a form convenient for solution, one may 


7 Strictly, one must include the wave function for individual 
particles of the target and symmetrize with respect to the sign of 
K; the results here, however, are unchanged. 

8 In the notation of H. Goldstein [Classical Mechanics (Addison- 
Wesley Press, Cambridge, 1950) ], for example, (01,02,03)= (0,¢,¥). 
6:, in particular, is the angle between the symmetry axis and the 
direction of the incident beam. 
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expand the potential V (r,6’) as 
V (r,0’) = Ya Vy» (r) Py (cos6’), (3) 


in which, for a plane-reflectionally invariant shape 
[V (r,0’)= V(r, r—6’) ], the sum runs over only even 
values of A. A deformation coordinate 8 may be defined 
by assuming the potential to be of the form 
Vir,0')=Vr—RO)), (4) 
where 
R(#’) = Rol 1 +BY 20(6’) J, (5) 
in which the constant Ro may be defined by V (0,6’)Ro 
= fi”V (r,0’)dr so as to be something like an average 
effective radius when the well is both deformed and 
diffuse. The expansion coefficient »(r) in (3), when 
expanded as a power series in the deformation parameter 
8, contains no terms of lower degree in 8 than 6”. 
We now write the wave function corresponding to 
an incoming partial wave of orbital angular momentum 
/ with z projection m=0 in the channel J=0: 


Y= 2D rl uvr' (rn) Yr(8,¢,01,02), (6) 
vi’ 


where Y,7 contains the entire angular dependence 
for both the neutron and the nucleus, and constitutes 
an eigenfunction of total angular momentum /, with 
projection 0, composed of anguiar momentum J’ and /’; 
explicitly, 

Yor ?=> ,(l'l'm, — Im 10) Virm(8,¢) Vr, (01,02). (7) 
(We have emploved here for the nuclear wave functions 
the suitably normalized 

Vim (6;,02) = [ (22+ 1) ‘Aer }4( sad MD yo! (0;).) 
Substitution of (1), (2), (3), and (6) into the 
Schrédinger equation Hy'=Ey' yields the following 
coupled set of differential equations for the uy7-'(r) : 


h? dad I'(l'+1) 
cee 
2m dr r° 


he 
+= 1'U'+1)+0(0)~E fuer") 
29 
+02(r) ¥ (UT; 1) P2(cos6’) |l'T" ; Duper (vr) =0, (8) 
wr 
where the terms \ > 4 in (2) have been neglected, as will 
be discussed presently, and the matrix element (| |) 
is given by ® 
(ll; l| P2(cosd’) |U'T’ ; y= W IU TY ; 12) (21 +1)3 
x (21/"+1)4(27'00| 7’0) (2200 | 10). (9) 
For r greater than the maximum extent of the potential 
V (r,0’), the radial wave functions “,7/'(r) have the form 
rar! (7) = nok (Ror) +h (Ror), 
4 yy! (r) = (Ro Rr) ger hy ® (Rr), (I'¥0), (10) 


*G. Racah, Phys. Rev. 62, 438 (1942), Eqs. (38), (45), (50), 
and (51). 
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where the h,”, h,‘ are the usual outgoing and incoming 
spherical Hankel functions, respectively” ; 


kr=[(2m/h?) E— (m/9)I(I+1) } 


is a channel wave number; and 7,7’! for open channels 
I’ is identical with the coefficient S;-y.;' of the collision 
matrix as commonly defined." Equations (10) serve 
also to specify the normalization of y’. 

Differential cross sections for shape elastic scattering 
(I’=0) and direct inelastic scattering with excitation 
of the J’ rotational level (J’=2, 4, ---) are given in 
terms of the n’s by 








doy 1 = oO oa oa 
—(6)= be ee ee ee CO tee 
dQ 4k? m’=—I' L=0 U'=0 1 =0 
X Avr? (UV’00| LO) 
x (U'l''m', —m'| LO) P1(cos6), (11) 
V+r’ 
Aypw'’= DY si" (21+1)1(2I’+1)! 
l=|v—1'| 
X (U'T'm', —m’\10) (6re6ri—nvr'). 
The corresponding integrated cross sections are 
T © @ 
p=— PS > (2141) brbri—qvr'|?. (12) 
ko? i=0 Vv =0 
Finally, the cross section for compound-nucleus 


formation® is 


g=— > (21+ 1)( I-22 mr'|*), (13) 


ky? l=0 


in which the sums over J’, /’ run over all possible values. 
The sum of the direct rotational excitation cross 
sections, ¢2°°+0,4, will be denoted by o°, and 
similarly for the differential cross sections. The total 
reaction cross section, oo = (4/ko?) } (2/+1) 
X (1— | m20'|?), will be denoted by o‘*°. 


B. Discussion of Approximations 


The following approximations are made: 

(i) Target states with />6 are neglected [Eqs. (6), 
(8) ]. Without this restriction, the calculations would 
become quite unwieldy.’* An indication that this neglect 
introduces no great error is provided by the calculations 
of Margolis and Troubetzkoy” on zero-energy scattering 


||. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949). 

J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 

12 States of higher spin could be included more easily in the 
adiabatic approximation [see D. M. Chase, Phys. Rev. 104, 838 
(1956); 106, 516 (1957)], though their excitation energies would 
be neglected. 

13B. Margolis and E. S. Troubetzkoy, Phys. Rev. 106, 105 
(1957). 


CHASE, WILETS, 


AND EDMONDS 


by a spheroidal potential. These workers found that the 
ratio of average neutron width to level spacing, [',/D, 
is but little changed by omission of terms with /’2>6 
(implying the same for /’ since, in the limit of zero 
energy, /=0 only). 

(ii) Contributions to the potential expansion (3) from 
\24 are neglected. Even for a deformed square well, 
these can be shown to be quite small, as is illustrated in 
Fig. 1 (solid curves). The functions »(r) oscillate for 
\24, with the average values of the functions being 
zero. 

For a diffuse potential, the region of falloff of vo is 
increased ; v2 spreads out, with the volume remaining 
approximately constant; the »,(A24) not only spread 
out but also decrease in magnitude. These are illustrated 
in Fig. 1 (dashed curves) for a nuclear potential which 
is a linear function of r—R(6’) (see below) with a 1 to 0 
falloff distance A’ equal to 0.958Ro." 

Another reason for ignoring the \24 is that nuclei 
undoubtedly possess intrinsic deformations of order 
higher than quadrupole and these, being unknown, 
contribute to the 2(A24) in an unknown manner. 
Therefore, it is only consistent with our present state 
of knowledge to ignore the higher orders. 

(iii) For convenience, the nuclear potential form (4) 
is assumed with V(r—R)=V (x) a linear function in 
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Fic. 1. Real part of radial potential functions 2 (r). The solid 
curves are for a deformed square well. The dashed curves are for 
a linearly diffuse potential of the type given in Eq. (14), with 
A’=0.95BRo. 





4 To terms of first order in 8, v2(r) has the form of an inverted 
rectangle of width A’ and area (5/4m)*Vo(1+-7£)Ro8 independent 
of A’ [see Eq. (21) below]. 
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the surface region : 


i, x S oq 5d’, 
V (x)= — Vo(1+1t) X49 —a/A’+4, —4A’<2< 4d’, (14) 
0, 4A'Sx. 


The 90-10% falloff distance, 0.84’, will be denoted by 
A. 

Early spherical optical-model calculations employed 
square-well potentials, while more recent investigations 
have employed various diffuse potentials, especially 
the so-called Saxon potential, which varies as 
[i+e'~*0/2}-1_ Present experimental data (and the 
model) are not sufficiently accurate to distinguish fine 
details of nuclear surface. The linear surface potential 
differs from the Saxon well in the appearance of corners, 
which can give rise to reflections resulting in small 
differences in angular distributions (see Sec. V). A 
linear surface potential plus deformation does not 
exhibit corners [see Fig. 1 (broken curves) ]. 

For some of the earlier calculations reported here, 
vo(r) was further approximated by straight line seg- 
ments and v2(r) by a parabola; results so obtained are 
specified accordingly. 


C. Incorporation of the Statistical Theory 


As mentioned in Sec. I, excitation of rotational levels 
can occur via compound-nucleus formation as well as 
by direct excitation [for which the cross sections are 
given by (11) and (12) above}. Contributions of the 
former type will be computed by the statistical theory 
of Wolfenstein, and Hauser and Feshbach.® The sta- 
tistical prescription originally given® requires generali- 
zation for the present sort of model, and this has 
already been given by Yoshida.'® One may define an 
appropriate set of transmission coefficients, which in 
our case depend upon total angular momentum J, 
target spin /, and relative orbital angular momentum / 
(as well as the channel wave number &;): 77," (k;). 
These are given explicitly as 


Tn? =1-D DY Srv;n’ |. 
: 


lv’ 


(15) 


In computing the compound-nucleus contribution, one 
should take proper account of the intrinsic spin of the 
neutron, and therefore, though no spin-dependent inter- 
action is included in the present work, it is convenient 
to employ transmission coefficients 7;,,7 with a channel 
spin label s; 77,1” is then given by Eq. (15) for both 
possible values, 7+}, of s (s=4 only, if 7=0). In terms 
of the 7;,,”, the differential cross section for excitation 
of the J’ level through compound-nucleus formation 
(from the /=0 ground state) is given by'® 


18S, Yoshida, Proc. Phys. Soc. (London) A69, 668 (1956). 
16 For J'=0, expressions (16) and (18) represent compound 
elastic scattering. 
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doy 1 
——(6)=— } ByP(cos6), (16) 
dQ Ry? » 
BPAISE TE Tor? (Ro) Trev? (Rr) 
= —— = 
COLES Dope Treg (Rr) 
K (—)" AZ (WIT; SX)Z(U IVI; sr), (17) 


where Z is as defined, for example, by Biedenharn, 
Blatt, and Rose.'’ The summation index A in (16) 
assumes only even values, thus giving an angular 
distribution symmetric about 90°, a well-known conse- 
quence of the neglect of interference terms in the 
statistical model. In the sums over /’, /’’, and J’, proper 
account must be taken of conservation of parity. The 
corresponding integrated cross section is 


7 (2I +1) Tor? (Ro) Trav? (Rr) 
r= ILOCOS —— 
Pe a’ g l’ 


0 J 


Dorey Ty grvel (Rr) 


(18) 


[At energies above the threshold for excitation of states 
not belonging to the ground-state rotational band, such 
states should be included in the denominators of (17) 
and (18); this question lies outside the scope of the 
calculations to be described in this paper. ] The entire 
excitation cross sections are to be obtained by simple 
addition of direct and compound-nucleus contributions, 
(11) and (16), (12) and (18).}8 

To calculate the required 7;,’, one needs elements of 
the collision matrix other than Spy.o;'=nyy'. These 
can be obtained similarly to the n’s by modifying 
suitably Eqs. (6), (8), and (10) to correspond to an 
incoming wave in channel J, /, 7. Thus, 


yay, 


ayy (r) > upp" (r), 
WT" UN PU. Da UT"; J | Pel’: J), 


and Eqs. (10) become 


r Mg! (nr) =Sryr7hy™ (Ror) +h, (Riv), 
PO p(n) = (Rp/Re Spy. hy (ker), 
IIA). (19) 
In the work to be reported in this paper, however, 
calculations have been made only with the entrance 
channel J=0 [as in (10) ]; accordingly compound 
nucleus contributions have been computed by approxi- 
mating the 77,’ in (16) and (18) (even those with J=0, 
apart from one hybrid calculation reported in Sec. V) 
by the 7; computed for a spherically shaped potential. 


17 Biedenharn, Blatt, and Rose, Revs. Modern Phys. 24, 249 
(1952). 

18 The result satisfies the reciprocity theorem in consequence of 
the symmetry of the collision matrix S;/;;.’. The latter retains 
its symmetry in spite of the complex potential and resultant 
non-Hermitian Hamiltonian because the Hamiltonian is sym- 
metric. We are indebted to Dr. C. Longmire for elucidation of 
this point. 
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Fic. 2. Ratio of cross section o2° for direct rotational ex- 
citation of the /=2 level to the square of the deformation param- 
eter 8, vs cube root of mass number A, for various values of 8. 
The average radius Ry of the deformed well is taken to be roA! 
with r9>=1.35X10-"% cm; other values assumed are diffuseness 
A=0 (square well), well depth Vo=42.2 Mev, ratio of imaginary 
to real potential ¢=0.08, energy of J=2 level 34*/g = 50 kev, and 
incident neutron energy E=1 Mev. If a distorted-wave Born 
approximation based on a 6-function (linear-in-8) approximation 
to the extraspherical interaction were valid, curves would coincide 
independently of 8; the lowering with increasing 8 shows that such 
an approximation grossly overestimates a2‘. 


D. Invalidity of the Distorted-Wave Born 
Approximation with 5-Function Interaction 


Let us consider the distorted-wave Born approxi- 
mation defined by employing a zero-order wave function 
obtained by omitting from the Hamiltonian the non- 
spherical terms 


dX »(r)Px(cos6’) 


A>2 


(20) 


of V(r,6’) and then treating these in first order as a 
perturbation. [For the present discussion, (20) need 
not be cut off at \=2.] This approximation gives cross 
sections correctly only to terms of no higher degree in 
8 than 6*, and accordingly is appropriate only for small 
deformation 8. To the same order in 8, all contributions 
from A>2 in (20) vanish. The term A=2 evidently 
connects the state J=0 only with /’=2 even if terms in 
ve(r) of arbitrarily high degree are retained. The part 
of the cross section ¢2‘°" of lowest degree in is pro- 
portional to * and corresponds to retaining only the 
term in v2(r) of first degree in 8. In the case of a square 
(nondiffuse) well, this term assumes the form given by 


v2(r) > —(5/4e)!Vo(1+it)RoBi(r—Ro). (21) 


To summarize, in the limit of small deformation 
(8— 0): (i) the above defined distorted-wave Born 
approximation for do," /dQ and 2° becomes correct 
to terms of the order of 6°; and (ii) if V(r,6’) is taken 
to be a square well, then, to terms of that same order 
in the cross sections, v2(r) may be replaced by the 6- 
function surface interaction of (21). The first published 
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results on this subject were obtained by use of these 
approximations.” It is of interest to compare such 
results with those of the present more elaborate 
calculation. 

One would expect approximation (ii) [Eq. (21) ] to 
be adequate only if the maximum of | R(6’)—Ro|, as 
given by (5), is much less than a quarter wavelength of 
the neutron in the neighborhood of r= Ro. Taking }Vo 
for the local kinetic energy and inserting max| R(6’) 
— Ro| =0.648Ro, one may express this condition as 
(Vo/2D>)*(0.648)<«a/2, where Dy=h?/2mR°, or 
B<0.26 for a heavy nucleus; this condition is not 
satisfied for the 6’s of interest, which are ~0.3. 

A distorted-wave Born approximation with a square 
well yields cross sections o2“°, in the vicinity of a 
single-particle resonance, which for small enough 
absorption (¢) and reasonable 8 may greatly exceed 
the maximum possible for conservation of particles. 
This result can be due only to use of the Born approxi- 
mation [not to the interaction form (21) ] and indicates 
that this approximation is unreliable for this problem.*! 

In Fig. 2 is shown a2 /#? as a function of the cube 
root of the mass number A for various values of 
deformation 8. Values of the other parameters are 
given in the caption. (This calculation is not directly 
applicable to actual nuclei because not all nuclei in the 
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F Fic. 3. Ratio of differential cross section doo‘ /dQ for excitation 
of the J=2 level to the square of the deformation 8 for two 
values of 8 at different A (see Fig. 2). The curve for 8=0.316 
has been multiplied by a factor 10 relative to that for B=0 to 
render the shapes easily comparable. Results for 8=0 represent 
those of a distorted-wave Born approximation with 6-function 
surface interaction. Values of parameters are as given in the 
caption of Fig. 2. [The curves with 80 and those of Fig. 2 were 
calculated with the special approximations to the potential 
functions vo(r) and v2(r) mentioned at the end of Sec. IIB. ] 


1D. M. Brink, Proc. Phys. Soc. (London) A68, 994 (1955); 
S. Hayakawa and S. Yoshida, Proc. Phys. Soc. (London) A68, 656 
(1955); M. Moshinsky, Rev. Mex. Fis. 5, 1 (1956). 

” Results of the present machine calculation for 2‘ as a 
function of A in the limit of small 8 with the parametric values 
used by Brink (see Fig. 2) do not quite agree with Brink’s results, 
which were obtained in the distorted-wave approximation. Our 
curve is displaced toward lower A, to an extent somewhat de- 
pendent on A and having higher peaks at the resonances relative 
to his. Accordingly, an independent distorted-wave Born approxi- 
mation was made by machine; the results agreed substantially 
with our full-scale calculation. An earlier hand calculation also 
verified these results. 

21 See also Moshinsky (reference 19) and Yoshida (reference 15). 
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range exhibit a rotational spectrum and, moreover, 
h®/24 and 8 are not independent of A.) If the Born 
and 6-function approximation were valid, the curves 
for all 8 would coincide with that labeled 8=0. The 
absolute magnitude of o2‘°"/g* at the single-particle 
resonances is seen from Fig. 3 to decrease by a factor 
~6 from B=0 to B=0.316. Also, the resonance struc- 
ture moves toward higher A ; that is, the effective radius 
decreases with increasing 8 for Ry fixed and defined as 
it is here. 

A similar calculation but with diffuseness A~3.0 
X10-" cm gave a substantially larger 02/8 with a 
resonance structure displaced toward lower A. 

In Fig. 3 are shown the corresponding differential 
cross sections (dao‘”/dQ)/s? for B=0 and 0.316 at 
A=170 and 238. For A=238, the shapes (though, as 
just seen, not the magnitudes) for the two 6’s are very 
similar, the anisotropy being som -what larger, however, 
for the large 8 than in the Born limit. For A=170, the 
shapes are considerably less similar, the anisotropy 
being somewhat less and the asymmetry relative to 90° 
greater for the large 8. Since the single-particle reso- 
nance structure is shifted by changing 8, one might 
expect most similar angular distributions for different 
8’s at different A ; this did not prove to be true near the 
resonance peak at A=170 for B=0, and A=191 for 
B=0.316 (the result for the latter is not shown). The 
curves of Figs. 2 and 3 were calculated with the further 
approximation for vo(r) and v2(r) mentioned in Sec. 
IIB above. 

0.7 . , . + 
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Fic. 4. Ratio of cross section for direct rotational excitation 
ot) to total reaction cross section a) (=¢')4+¢©) for U8 
as a function of incident energy for two values of ¢. Parameter 
values assumed are Ro= 1.35(238)!X10™" cm, A=2.210-%cm, 
V = 44 Mev. The ratio attains a large fraction of its average value 
at an energy E~1 Mev. The corresponding curve for ¢=0 is a 
horizontal line at o{°/o‘te™) =1 for E>50 kev. [These curves 
were computed with approximate expressions used for % and 
(see text). ] 
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Ill. EXCITATION OF ROTATIONAL LEVELS 
WITH APPLICATION TO URANIUM-238 

The uranium nucleus is strongly deformed and the 
naturally occurring element consists almost entirely of 
a single even-even isotope. Results of experimental 
measurements of its nonelastic, differential elastic, and 
total cross sections for neutrons are available,” and, in 
particular, measurements have recently been made by 
Cranberg and Levin® of the differential cross section at 
several angles for excitation of the /=2 rotational level. 
This nucleus, therefore, constitutes an auspicious case 
for investigation and application of the present model. 

The present work must provide an answer to the 
essential question of how important is direct rotational 
interaction compared with compound-nucleus formation 
in determining cross sections. An indication of this is 
given in the discussion below. 

Various calculations made with respect to U** show 
the general behavior of rotational excitation cross sec- 
tions, including the effect of varying several parameters, 
and may be considered to apply qualitatively to other 
deformed nuclei. These results will be discussed here. 


Direct 1s Compound-Nucleus Excitation; Dependence 
on Imaginary Potential 


In Fig. 4 is plotted the calculated ratio of the direct 
rotational cross section o? to the total reaction cross 
section o*°) (including compound elastic scattering) 
as a function of incident energy F for several values of 
the absorption parameter ¢. Other parameters are those 
of the standard set.* The ratio depends rather sensi- 
tively on ¢, being reduced by a factor ~5 for an increase 
of ¢ from 0.012 to 0.05. The curves of Fig. 4 were 
calculated with the further approximation for v» and 2 
mentioned above, but the more exact calculation gives 
nearly the same result, especially for ¢=0.05. 

The predominance of the compound-nucleus con- 
tribution at low energy for inelastic scattering to the 
I =2 level alone may be seen in Fig. 5. The compound- 
nucleus part calculated in the WHF statistical theory, 
a2, for ¢=0.05, and the direct part o2"", for ¢=0 and 
0.05, are given up to E=0.55 Mev (the energy of the 
Cranberg-Levin experiment’). (02°? was calculated 
from transmission coefficients of the spherical optical 
model with parameters approximating those given by 
Beyster and Walt” for U™*.) Evidently, at such energies, 
the direct rotational contribution is insignificant for the 
integrated cross section, but it will be seen below that 
it is not insignificant for the angular distribution 
because of its high anisotropy. 


2M. Walt and J. R. Beyster, Los Alamos Scientific Laboratory 
Report LA-2061, 1956 (unpublished); Beyster, Walt, and Salmi, 
Phys. Rev. 104, 1319 (1956). 

*%L. Cranberg and J. S. Levin, Phys. Rev. 109, 2063 (1958). 

* The set of parameters ro= 1.35X 10-8 cm, A=2.2X 10" cm, 
Vo=44 Mev, ¢=0.012, 8=0.33, and 3h*?/9 = 50 kev will be referred 
to conventionally as the standard set. ro is defined by the expres- 
sion assumed for the average radius: Ro=roA}. (The value 
3h?/$=45 kev would be more nearly correct for the first excited 
state of U8.) 
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Fic. 5. Calculated partial excitation functions at low energy for 
the 7=2 level of U*. The curve labeled o2 represents the con- 
tribution from compound-nucleus formation according to the 
WHF statistical theory, and those labeled a2‘ the contribution 
from direct rotational excitation. The former was calculated with 
Ro=1.30(238)'X 10-8 cm, A=2.0X10"8 cm, Vo=44 Mev, 
¢=0.05, 8=0, a set simulating the parameters determined in a 
spherical-well calculation for U%* by Walt and Beyster®; the 
latter were calculated with Ro=1.35(238)!X10™" cm, A=2.2 
X10-3 cm, Vo=44 Mev, 8=0.33. A consistent calculation of 
o2 and o2°) would require use of Eq. (16) with transmission 
coefficients computed for the supposed 8 of 0.33. In the low-energy 
range shown here, the slow-rising 2‘) constitutes only a small 
fraction of the total o2. [The curves for o2‘°) were computed with 
approximate expressions used for 7 and v2 (see Sec. ITB). ] 


When the energy becomes so high that many channels 
are open, the statistical contribution a2‘ is expected to 
become very small compared with the calculated a2". 
Thus, at sufficiently high energies (210 Mev), direct 
rotational excitation may predominate for the low- 
lying rotational levels exactly as direct particle ex- 
citation may for low-lying individual-particle levels.”® 

Also relevant to the present discussion is Fig. 6, 
where the direct excitation functions a2 and o4‘°" 
are plotted up to E=6 Mev. With ¢=0, these increase 
so steeply with energy above 0.5 Mev that both exceed 
the geometric cross section at E~3 Mev. The tre- 
mendous peak in o4‘? at that energy is due largely to 


TaBLE I. Calculated cross sections a2 and a4‘ for direct 
excitation of /=2 and /=4 levels, and ratio a /¢e*) of their 
sum to total reaction cross section, for U* and a typical even-even 
nucleus of the first rare-earth region at an incident energy E=0.55 
Mev. The quantity 3%?/9 is equal to the energy assumed for the 
first excited (J =2) state. The diffuseness was inadvertently taken 
slightly different in the two cases, being 2.0X 10~* cm for A = 180 
and 2.2 10-" cm for A =238. In these runs ¢ was taken to have 
the small value of 0.012. These calculations were made with 
approximate expressions used for vp and v2 (see Sec. ITB) and 
hence are meustes to some uncertainty (see Fig. 6). 








3h2/ 9 oytot) a4 (rot) (reac) 
A (kev) 8 (b) (b) (b) a rot) /g (reac) 
180 90 0.30 0.66 0.016 2.15 0.314 
238 50 »=60.33—(0.18 


0.024 











25 See S. T. Butler, Phys. Rev. 106, 272 (1957). The necessary 
experimental measurements could presumably be made only with 
charged particles. 
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a resonance of the ingoing /=4 and outgoing /’/=4 
waves; the bump in oo‘ at E~1 Mev results chiefly 
from /=2, l'/=0 and /=2, l/=2 waves. As well as 
decreasing with increasing ¢, the cross sections display 
a softer resonance structure, as would be expected. 
These calculations were made with use of the special 
approximation for v9 and v2, except that the result of an 
exact calculation is also shown for ¢=0.05 only. The 
difference due to this change in v and 12 is seen to be 
very substantial for the quantities in question here.”* 
In order to determine at all closely the fractional 
contributions from direct rotational excitation, it is 
clearly necessary to establish the value of the parameter 
¢; or, conversely, the amount of direct excitation re- 
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Fic. 6. Calculated excitation functions a2‘ and o,4‘"® for 
direct rotational excitation of the /=2 and / =4 levels of U™* for 
various ratios of imaginary to real potential ¢. Other parameters: 
Ro=1.35(238)!X10"" cm, A=2.2X10°8 cm, Vo=44 Mev, 
8=0.33. Except for the curves labeled “corrected” (with ¢=0.05), 
all curves were calculated by use of the approximate expressions 
for vp and v. 


26 The differential cross section do2‘/d2 at E=0.55 Mev 
shown further on (Fig. 8) also is considerably different from that 
calculated from the_approximation for v, v2. The low-energy 
scattering quantities .,./D and R’ (see Sec. VI), on the other hand, 
were not much affected. Sensitivity to the form of potentials may 
be slightly disturbing in view of the extent of the indeterminancy 
of the proper choice of spatial shape and radial variation and in 
view of the choice made here; however, the changes induced by 
altering % and v2 may only correspond to moderate but unde- 
termined changes in the values of certain of the parameters, e.g., 
To. 
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quired for agreement with experimental inelastic T oy 
angular distributions may determine ¢ rather precisely. 
Comparative Results for First Rare-Earth Region 
A comparison will be interjected of the magnitude of 1.6 }- 4 
direct rotational cross sections in the first rare-earth _ 
region with the magnitude for U**, which was discussed sal. ’ i B 
above. This is summarized in Table L. Standard / \ . 
parameters™ were used except for those listed, which ee ad / ‘ 2 
. . Se @e t2re f - 4 
are representative for the categories of nuclei in s / a oS Le 
=} i / ‘ i i % 
-_— fj / ‘was 
| T T T P 1.0}- / / ‘ ~ 
’ / / iin 2% 
, o ‘ // i Y 
b— / / / es Fad 
238 fo rt ae a ee is i 
U ’ MY / “ee 
MP a ae 
/ a | Cc 
1.6/- 7 os =f / / / a 
if _ 
{Nn i / / fe Ns nt: 
ad 0 f . % + ost if / Yi "% 4 
e i 
ins p SIS B+0.26---- 
ad Coo % / / 
E 12h =~ o2+ "4 B*0.33— + 
: Vi, p-040-— 
2 1.0}- J | | i | i 
: 7 ° 1 2 3 4 5 ® 
& E (MEV) 
N 
6 0.8 }- 4 (c) 
CA 
% Fic. 7. Calculated excitation functions o2' and @4'°8 of U®S 
0.6 ~- % _! under variations of several parameters. The parametér varied in 
(a) is the average potential radius Ro=ro(238)!X10~"% cm, in 
(b), the diffuseness A (90-10°% falloff distance), in (c), the 
04 _ deformation 8. Parameters not utherwise specified are those of 
Fig. 6 with ¢=0.012. 
/ 1.1.33 ---- 
on Macnee question; the energy F is 0.55 Mev. The direct con- 
@°|.37—— tribution a2, it appears, may be considerably more 
° : " . r " 7 important for even-even nuclei with A~170 than with 
A~238 (see Fig. 2 
€ (MeV) { (see Fig. 2). 
(a) re , : ‘ , , 
Validity of the Adiabatic Approximation 
] T  S | T 
A calculation was made also with vanishing rotational 
level spacing (infinite moment of inertia J) to test the 
validity of an adiabatic approximation.” The pa- 
ad i 7 rameters assumed were those of Table I for A=180. 
% (The particle energy of the adiabatic approximation 
2 4 was considered to be the average of the channel energies 
2 for initial and final states.) The error introduced in 
8 the direct rotational cross sections was less than 10% 
pA for energies a few hundred kev or more above threshold. 
= Angular distributions displayed a greater difference 
~ but still were quite similar. These results indicate that 
° this approximation would probably have sufficed for 
the present work. (If the states / > 6 were included, the 
deviation would likely increase slightly, to an extent 
dependent on the effect of these states on the calculated 
quantities. ) 
Effect of Variation of Other Parameters 
The variation of the direct rotational cross sections 
with several of the parameters is discussed below. 





Except where specified, the parameters are those of the 
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Fic. 8. Calculated differential cross section do.‘ /dQ for direct 
rotational excitation of the /=2 level of U* at an incident energy 
E=0.55 Mev. Parameters for curve (1) are those of Fig. 6 with 
¢=0.05; for (2), the same except {=0.012 and Vo=45 Mev. 


standard set.* Approximate expressions were used for 
Vo and 2». 

Variation with ro.—In Fig. 7(a) are shown a2“ and 
o4), again up to an incident energy E=6 Mev, for 
three different values of the mean radius Ro corre- 
sponding to ro= 1.33, 1.35, and 1.37, all X10~" cm. As 
would be expected, the single-particle resonance 
structure is shifted to lower energy by increasing 19; 
the quantity (Vo+£)r,?, proportional to the square of 
the interior wave number, remains unchanged if ro is 
increased from 1.33 to 1.37 and E decreased by ~2.8 
Mev; the falloff toward threshold tends to reduce the 
shift of the maxima. 

Variation with A.—The effect of changing the 
diffuseness is indicated by Fig. 7(b), which gives 2‘ 
and 4°) for A=0 and 2.0X10-" cm. These cross sec- 
tions increase with diffuseness, as does o° ; presumably 
this may be attributed to reduction of immediate elastic 
reflection. 

Variation with 8B.—The decrease of oo with in- 
creasing 8 (for E<3 Mev) constitutes an interesting 
feature in Fig. 7(c). 


Angular Distributions 


A turn is made now to the differential cross sections 
do,‘ /dQ and do,“ /dQ. In Fig. 8 is shown the former 
of these at E=0.55 Mev with (2) the standard set of 
parameters, (1) the standard set except that ¢=0.05. 
The salient characteristic is a strong anisotropy. For 
case (2) the distribution is strongly peaked rearward; 
for case (1) it is much reduced in the rearward hemi- 
sphere but still declines greatly in the forward direction. 
These curves will be discussed further in Sec. IV. 

In Fig. 9 are given doy /dQ. and dog /dQ at E= 2.5 
Mev with (1) the standard set of parameters and (2) 
the standard set except that ¢=0.05. At this energy, 
the cross sections tend to peak between 0° and 90° and 
again between 90° and 180°; they are somewhat larger 
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in the forward hemisphere. At a still higher energy, 
4.1 Mev, the forward peaking is rather pronounced. 
Though the angular distributions are oscillatory, they 
bear yet little correspondence with the result of a 
plane-wave Born approximation using the 6-function 
approximation (21); the Born distribution is given by 
the factor [jo(QRo) P, in which Q is the momentum 
transfer (k72+k,?—2krkr cos6)!. 


IV. SPECIFIC APPLICATION TO URANIUM-238 


To effect a thorough study of a deformed nucleus 
with the present model requires determining suitable 
values for the parameters ro, A, Vo, ¢, and 8 (the energy 
of the first excited rotational state is presumed to be 
known). Except for 8, all these parameters also enter 
the usual spherical optical model. As in the latter model, 
relevant experimental data include the differential 
elastic-scattering cross section, the nonelastic cross 
section, and (though not independent of these) the 
total cross section at various energies. In this optical- 
rotational model the differential and integrated partial 
cross sections for excitation of the J=2 and /=4 
rotational levels are also of particular relevance. r 

Independent experimental and theoretical guidance 
may be looked to in choosing ro, A, Vo, and ¢. Indications 
concerning A derive from high-energy electron scat- 
tering experiments. Fairly close estimates of 6 have 
been made on the basis of measured (/2) transition 
probabilities between levels of a rotational band,”’ and 
by comparison of calculations of independent-particle 
states in a deformed well with observed properties of 
low-lying levels in strongly deformed nuclei.”* 
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Fic. 9. Calculated differential cross sections do.‘ /dQ and 
do, /dQ for U8 at E=2.5 Mev. These are labeled J=2 and 
I=4, respectively. Parameters for curves (1) are those of Fig. 6 
with ¢=0.012; for (2), the same except ¢=0.05. 


27 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956); N. P. Heydenburg and G. M. Temmer, 
Annual Review of Nuclear Science (Annual Reviews, Inc., Stan- 
ford, 1956), Vol. 6, p. 77. 

28 B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955); S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 
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In the present work on U™*, a partial study has been 
carried out in the low-energy region (E<5 Mev). 

Spherical limit; choice of B.—It is appropriate to 
consider first how well the present calculation agrees, 
in the limit @—+0, with previous spherical optical- 
model calculations, particularly in view of the employ- 
ment here of a linear diffuseness. Figure 10 shows the 
total cross section o‘*° and cross section for compound- 
nucleus formation o® for E<10 Mev, calculated for 
U™8 by Beyster and Walt using a Saxon-type well, and 
the simulation thereto calculated in the present work 
with the same ro, Vo, ¢, and a diffuseness A= 2.0 10~" 
cm, chosen to give approximately the best possible 
agreement for a‘? (a A of 2.2X10~" cm would give 
the same 90-10% falloff distance as that of Beyster 
and Walt). The agreement is rather good, the dis- 
crepancy being largest for 2 Mev<E<4 Mev, rather 
than at higher energy as one might expect from the 
consideration that the neutron would be better able 
to feel out the shape of the potential there. A com- 
parison of the corresponding differential elastic cross 
sections at E=2.5 Mev is shown in Fig. 11. The agree- 
ment is good except in the valleys, where the potential 
with linear diffuseness yields deeper minima. 

A choice for the value of nuclear deformation, 8, must 
now be considered. A value of the intrinsic electric 
quadrupole moment of U™* is available from Coulomb 
excitation.”’ This is a measure of the deformation of the 
nuclear charge distribution. It is an unsettled question 
whether the charge deformation is equal to the potential 
deformation—they are the same for an anisotropic 
harmonic oscillator at equilibrium (i.e., the energy is a 
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Fic. 10. Total and reaction cross sections for neutrons on U**, 
Curves (1) represent the results of the spherical-well calculation 
of reference 22 (Saxon-type well, ro=1.30X10™% cm, 90-10% 
potential falloff distance = 2.2 10~" cm, Vo decreasing from 44 
Mev at low energies to 42.5 Mev at E= 10 Mev, ¢ increasing from 
0.05 to 0.1). Curves (2) represent approximately the best simu- 
lation to the spherical-well computation which is obtainable with 
the linear falloff of Eq. (14) [90-10% falloff distance A= 2.0X 10-8 
cm, ro, Vo, and ¢ taken as in (1) ]. 
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Fic. 11. Differential elastic-scattering cross sections for neutrons 
on U™ at an incident energy E=2.5 Mev. The curves represent 
calculations of shape-elastic scattering: curves (1) and (2) are for 
the same parameters as (1) and (2) in Fig. 10. 


minimum with respect to deformation for a given 
configuration). We have selected a value of 8=0.33 
for U** which represents an approximate mean between 
values reported from Coulomb excitation.”’ Our results 
are not sensitive to small variations in £8. 

Total, reaction, and differential elastic cross sections.— 
The total cross section was found to be approximately 
proportional to R,? and independent of Vo for variations 
in Vo and Ro which leave (Vo+£)R’, i.e., the product 
of interior wave number and average radius, unchanged, 
a result which has been pointed out analytically in the 
spherical, square-well optical model. 

A deep minimum in the total cross section. around 
E=1.5 Mev represents a salient feature of the experi- 
mental data (in other heavy elements as well as U™*) 
and could be reproduced even very approximately only 
for quite limited ranges of several of the parameters. 
Favorable values of Vo and ro lay in the neighborhood 
of 45 Mev and 1.35X10~" cm, but these values are 
somewhat uncertain since an adequate parameter 
study, using the correct expressions for the potential 
functions v9 and v2, was not carried out. To approach 
the desired minimum in o“® appeared to require a 
very low absorption parameter (¢~0.01) at this 
energy.” (With 8=0, on the other hand, a fair fit was 
achieved with ¢=0.075.) Numerous considerations 
demonstrated, however, that such a low ¢ is inap- 
propriate for purposes of predicting and accounting 
for inelastic and reaction cross sections from the model. 
Specifically: (1) with ¢=0.012 (and ro=1.35X10~-" 
cm, A=2.2K10~" cm, V°=45 Mev), at E=0.55 Mev 
(where the appropriate ¢ would be expected to be at 
least as small as at 1.5 Mev) o‘®° is computed to be 
1.22 barns; the measurements of Cranberg and Levin® 
at this energy, however, yielded a larger value, 1.43 

*” A lower a“ might be achieved by reducing ro, according to 
the remark above, but the reduction required would be unrea- 


sonably large and presumably would not satisfy requirements at 
other energies, 
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Fic. 12. Differential cross section for excitation of the /=2 
level of U** at E=0.55 Mev. The experimental points are those 
of Cranberg and Levin.* The solid curve (1) is the cross section 
calculated on the basis of the WHF statistical theory, from trans- 
mission coefficients computed for a spherical well with parameters 
given in Fig. 5; the dashed curve (2) is a hybrid one calculated 
from the same outgoing transmission coefficients, but ingoing 
coefficients for a deformed well with the parameters of Fig. 6 and 
¢=0.05 (by use of the approximate forms of » and 72). 


barns, for inelastic scattering to the /=2 level alone. 
(With ¢=0.05 at 0.55 Mev one finds o*° =2.58 
barns.) (2) A very small ¢ gives an angular distribution 
for scattering to the 7=2 level which is contrary to 
experiment, as discussed below. (3) A very small ¢ 
yields a ratio of average neutron width to level spacing 
at low energy, [°,.°/D, of 0.41X10~ for ¢=0.012 and 
Vo=45, a value much smaller than the measured one 
(see Sec. V).*° (4) A value ~0.05 for ¢ accords with 
previous rough determinations of ¢ for other (unde- 
formed) nuclei from the spherical optical model.*! 

In connection with differential elastic cross sections, 
some difficulty was experienced in fitting the experi- 
mental maxima at 6~80° for E=2.5 Mev and, espe- 
cially, 4.1 Mev. Since a thorough parameter study was 
not made, however, relevant curves are omitted. The 
spherical optical model, it may be mentioned, produced 
fairly satisfactory differential cross sections.” 

Differential inelastic cross section for the I=2 level.— 
The experimental differential cross section for excitation 
of the J=2 first excited (45-kev) level of U** at an 
incident energy E=0.55 Mev, as measured by Cranberg 
and Levin,” is shown in Fig. 12. Shown also is the cross 
section do2‘?/dQ calculated on the basis of the WHF 
statistical theory from (1) transmission coefficients 
computed, as in Fig. 5, for a spherical well, with ¢, in 
particular, equal to 0.05, and (2) outgoing transmission 
coefficients computed for this same spherical well, but 
ingoing transmission coefficients [7':'(ko) in Eq. (17) ] 
computed for the deformed well with standard pa- 
rameters” except (=0.05 (hybrid). (The calculation of 

% J. A. Harvey et al., Phys. Rev. 99, 10 (1955). 


31 J. R. Beyster and M. Walt, Los Alamos Scientific Laboratory 
Report LA-2099, 1957 (unpublished). 
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the To:'(ko) was based on the approximate forms for 
Vo, V2.) 

The experimental results are substantially more 
anisotropic than those of the statistical calculations, 
and the difference is outside the estimated range of 
experimental uncertainty: the measured anisotropy 
defined by o(90°)-0(157°) has a most probable value 
~55 mb/sterad and a lower limit ~41 mb/sterad. 
The spherical-well statistical result is 25 mb/sterad. 
A consistent statistical calculation using transmission 
coefficients for the deformed well, on the other hand, 
might yield a somewhat different result. The hybrid 
calculation presumably provides some measure of this 
effect”; to the extent that it does, it seems unlikely 
that even a complete deformed-well computation would 
supply enough anisotropy for entirely satisfactory 
agreement between the compound-nucleus contribution 
and experiment. 

The contribution from direct rotational excitation, 
das‘ /dQ, was given for two sets of parameters in Fig. 
10. The result for ¢=0.012 is definitely excluded by 
experiment. The result for ¢=0.05 is only slightly larger 
at 6=90° than at 6~157° and hence does not sub- 
stantially help to account for the measured anisotropy. 
Increasing the well depth Vo by 1 Mev or the diffuseness 
A by 0.3X10-" cm changed the angular distribution 
relatively little. (Parenthetically, a change leaving 
Voré unaltered produced virtually no effect.) Even if a 
distribution of the most favorable shape could be 
achieved by suitable changes in parameters, as may 
well be possible, the maximum effect is limited by the 
fact that at this energy the integrated cross section is 
relatively small if ¢ is acceptably large (~0.05); 
specifically, it appears that 7(90°)-o(180°) cannot be 
larger than ~10 mb/sterad for the direct contribution. 

With regard to asymmetry relative to 90°, Cranberg 
and Levin measure o(35°)/o(145°)=1.07+0.1. From 
the lower limit, one finds ¢(145°)-0(35°)<2.6 mb/ 
sterad. The WHF statistical theory, of course, yields 
no asymmetry. The direct contribution given by the 
curve of Fig. 8 for ¢=0.05 is barely excluded by the 
lower limit (and that for ¢=0.012 definitely so), but 
this circumstance could presumably be repaired by 
reasonable parameter juggling. 

In summary, the observed anisotropy in excitation 
of the 7=2 level is substantially larger than one would 
predict on the basis of the statistical theory with a 
spherical well and probably, though not certainly, also 
with the appropriate deformed well. Direct rotational 
excitation can supply at most about } of the measured 
anisotropy [0(90°)-0(157°) ]. 

Measurement of the angular correlation between the 
inelastically scattered neutron and the corresponding 
subsequent y ray might provide a means for dis- 





% Indicative, perhaps, of a potentially larger effect is the 
detailed result that transmission coefficients for /=0, 1, and 2 
ingoing waves were changed from 0.25, 0.51, and 0.05, respectively, 
for the spherical well, to 0.48, 0.27, and 0.14 for the deformed well. 
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tinguishing more certainly the direct from the com- 
pound-nucleus_ contributions,* and constitute a 
sensitive indicator of satisfactory parameters. 

With regard to neutrons of incident energy 2 Mev, 
the minimum ~90 mb/sterad at 660°, obtained by 
Cranberg and Levin in the differential cross section for 
scattering to all levels below 0.5 Mev, imposes some 
restriction upon the allowable calculated do,‘ /dQ 
and do,‘ /dQ as well as upon the elastic contribution 
at this angle, and seems also to indicate that most of 
the compound-nucleus decay proceeds to higher levels. 
A computation at E=2 Mev with the standard pa- 
rameters except that ¢=0.05, for example, gives 
day /dQ=31 mb/sterad, dog‘? /dQ=20, dao /dQ 
(shape elastic) =91 (which, however, is sensitive to the 
parameter values), all at 6=60°, and o'°/4r=238 
mb/sterad. 


V. ZERO-ENERGY SCATTERING 


The average low-energy reaction (or compound- 
nucleus formation) cross section can be related to the 
independently observed ratio of average neutron width, 
I, to average level spacing, D, in the compound 
nucleus* : 

7 2 Tf, 

(I= noo” a ’ 
k* k? D 


(22) 


oe Da 
go (9 =g (reac) = 


according to Eq. (13). The potential elastic scattering 
cross section a") approaches a constant value at zero 
energy, which can be used to define a quantity R’ as 
the radius of a hard sphere yielding the same elastic 
cross section. Then in the neighborhood of zero energy 


T 
2 ‘ ty 
go (Pe) = a(t) a 1 sat noo? 2~N 4 R 2 4 
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(23) 


according to Eq. (12). The equalities on the right-hand 
sides of (22) and (23) obtain in the limit of zero incident 
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Fic. 13. Theoretical values of ',°/D (normalized to 1 ev) 
according to various nuclear models: (1) Spherical square well 
with ro>=1.45X 10" cm, Vo=42 Mev, ¢=0.03. (2) Spheroidal 
square well with same parameters as curve (1) and 8=0.150, 
3h?/g=90 kev. These are the same parameters employed by 
Margolis and Troubetzkoy"™ except that their 3h?/s =0; this curve 
is in agreement with theirs. (3) Diffuse spheroida! well with same 
parameters as (2) except A=2.5X10™" cm. 


% G. R. Satchler, Proc. Phys. Soc. (London) A68, 1037 (1955). 
4 See, for example, reference 6. 
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Fic. 14. Neutron strength function [°,°/D as a function of mass 
number. [.°/pD is the ratio of average s-wave neutron width to 
level spacing at low energy normalized to 1 ev. Experimental 
values are those of Zimmerman, Schwartz, and Hughes**; triangles 
indicate points from measurements on individual resonances, 
circles points from measurements of average cross sections in the 
kev region. The curves represent theoretical calculations based on 
a diffuse deformed complex-potential well. For the solid curve the 
variable deformation 8 assumed is given at intervals in A by the 
staggered numbers directly below the corresponding abscissas. 
Other parameters were assigned the fixed values ro=1.35X 10-4 
cm, A=2.2K10~™" cm, Vo=44 Mev, ¢=0.05. The energy of the 
first excited level was varied appropriately with A. The dashed 
curve (where shown) was computed like the solid one but with a 
deformation larger by 33% at each point. At several values of A, 
the effect of varying a parameter is shown by a labeled point joined 
vertically with the appropriate curve. The sets of values of 
deformation were chosen primarily by reference to experimentally 
inferred intrinsic quadrupole moments.?? 


neutron energy and, in the case of (22), well-spaced 
resonances.® 

A spherical optical-model calculation for® f,,°/D 
characteristically leads to a single maximum in the 
region 100<A<240. With a deformed potential, the 
resonance splits, leading to two or more separated peaks. 
The splitting may be understood as arising from /’=0, 
2, etc., resonances [see Eq. (8) ].°5 The effect of de- 
formation and diffuseness is illustrated in Fig. 13 for 
various parameters. 

The curve for a deformed square well in Fig. 13 was 
calculated using the same parameters as Margolis and 
Troubetzkoy" and reproduces their results very well. 
This tends to confirm the validity of the adiabatic 
approximation (which they used) for s-wave scattering : 
the transit time of a neutron inside the nucleus is short 
compared with the period of nuclear rotation. The 
addition of diffuseness, however, increases the ampli- 
tude of the resonances. 

Calculations of f,°/D were made also with the 
deformation varied with A so as to agree with measured 


% The quantity [', (and hence [',/D) is proportional to the 
incident wave number &. I’, represénts [°,, arbitrarily normalized 
to an incident energy E=1 ev. 
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TABLE II. Calculated strength function for U™*, The radius 
parameter ro was taken as 1.35X10~ cm and the deformation 8 
as 0.33 for each case. 











A Vo Ps 
(10-3 cm) (Mev) ft 10T,°/D 
2.2 44 0.05 1.60 
2.2 45 0.012 0.42 
2.2 45 0.05 1.33 
2.5 44 0.05 1.50 








intrinsic electric quadrupole moments.”’ The energies 
assumed for the first excited states similarly were varied 
roughly according to their observed average dependence 
on A. Other parameters were given fixed values con- 
sidered generally appropriate on the basis of optical- 
model analyses of higher-energy scattering data; 
specifically, the values assumed were A=2.2X10-" 
cm, 79>=1.35X10-" cm, and Vo=44 Mev and ¢=0.05, 
except as otherwise noted. The calculated results and 
experimental measurements® are shown in Fig. 14. In 
certain intervals of A the calculation was done for two 
sets of values of deformation, the larger values exceeding 
the smaller by 33%, corresponding roughly to the extent 
of experimental uncertainty” and indicating the degree 
of sensitivity to the values assumed. Similarly, at a 
few values of A the effect of reasonable variations in 
the well depth Vo and diffuseness A are displayed. 

The general features of the experimental data are 
well reproduced by the calculation. Improvement over 
results of the spherical model due to splitting of the 
single-particle resonance at A~160 is obtained as 
expected. The calculated [,°/D for the (strongly 
deformed) nuclei with A> 230 is as large as (indeed, 
for the parameters chosen, larger than) measured 
experimentally, a point of some previous question 
though a spherical potential with diffuseness may also 
achieve this result®’; with large deformations a maxi- 
mum even appears at A~230 (Fig. 14). 

Figure 14 shows that for many nuclei the calculated 
r,.°/D is a rather sensitive function of some parameters 
of the model and, moreover, experimental values vary 
widely between neighboring elements. Accordingly, a 
more detailed program of fitting for specific nuclei, 
taking account also of other relevant scattering data, 
might profitably be undertaken. For U™* the effect of 
variation of several parameters is displayed in Table II. 

It has been assumed valid to compare results of the 
rotational-optical model, which, as formulated for the 
present calculations, properly applies only to even-even 
(spin-zero) targets, with measurements for nuclei of all 
types. By way of justification, it is pointed out that in 


36 Zimmerman, Schwartz, and Hughes, Bull. Am. Phys. Soc. 
Ser. II, 2, 218 (1957); R. M. Zimmerman, Proceedings of the 
Gatlinberg Conference on Neutron Physics by Time of Flight, 
1956 [Oak Ridge National Laboratory Report ORNL-2309 
(unpublished), p. 10]. 

37 A small third-harmonic deformation of the nucleus also would 
affect [',°/D in this neighborhood [K. W. McVoy, Bull, Am, Phys. 
Soc. Ser, IT, 3, 224 (1958) ]. 
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the adiabatic approximation the scattering of s-waves 
by deformed nuclei is entirely independent of the spin 
of the target. 

The potential-scattering length R’ corresponding to 
the calculation with variable 8 is given in Fig. 15.*8 
Shown also are (i) results of experimental measure- 
ments,** (ii) the strong-interaction model prediction, 
R’=R, and (iii) a prediction of the spherical optical 
model with diffuse surface. The gross dependence on 
A, in so far as the experimental data determine it, is 
produced satisfactorily by both the deformed and the 
spherical optical-model curves. At a few points which 
pertain to substantially deformed nuclei, however, 
inclusion of an appropriate deformation appears to 
have improved the agreement appreciably. For tanta- 
lum the improvement is distinct, for samarium more 
marginal; for thorium improvement is attained only 
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Fic. 15. Potential-scattering length R’ as a function of mass 
number. Experimental values are those of Seth, Hughes, and 
Zimmerman.** Solid and dashed curves (3) were computed from 
a deformed well as detailed for the corresponding curves in Fig. 14. 
(In intervals where both curves appear in Fig. 14 but only one 
here, the two curves differ little, and the one is shown which was 
determined more accurately. The apparent discontinuity at 
A™ 188 is due to this procedure.) Curve (2), from reference 39, 
corresponds to a diffuse spherical well with ro=1.35X10-" cm, 
Vo=42 Mev, ¢=0.08. Curve (1) corresponds to the strong- 
interaction model, being given by R’=R=1.35A!X10-" cm. 
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if the larger of the two assumed values of deformation 
is used. R’ is generally much less sensitive to variations 
in parameters than I,°/D. 
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L;, Lu, Lii1, and M Internal Conversion Lines of the 411.8-kev Transition in Hg’** 
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The Ly: Li: Lin: M internal conversion ratios for the 411.8-kev y-ray transition in Hg'* were measured 
and compared with the theoretical £2 values. The results indicate that the finite nuclear size effect, if 


present, is small. 


LTHOUGH the 2.69-day activity of Au! is one 

of the best known @ transitions, the LZ; and Ly 
internal conversion lines of the subsequent 411.8-kev 
vy ray have not yet been totally resolved.!:? The £2 
character of this transition has been confirmed by 
different methods.’ In the present investigation the 
Ly:Lu:Lin:M ratios have been determined and com- 
pared with the theoretical £2 values, in an attempt to 
decide whether the finite nuclear size has any effect on 
the internal conversion of £2 transitions. 

For improved resolving power of a 8 spectrograph 
more sensitive detection methods and sources with 
shigher specific activities are required. The following 
method has therefore been used : 

A 5-mg sample of spectroscopically pure Au’ was 
irradiated for two weeks in the Harwell pile at maximum 
available flux, and a specific activity of about 10 mC/mg 
was obtained. The sample was then dissolved in hot 
aqua regia, evaporated to dryness, taken up in water, 
and finally deposited by electrolysis on a tungsten wire 
25 w thick. A 20-4 thick source was obtained and was 
confined to the front side of the wire by a thin layer of 
SiO which had been evaporated on to the other side. 


Freshly poured Ilford G5 emulsion, 100 u thick, was 
used as detector, and the individual electron tracks 
counted on a Cooke, Troughton, and Simms M4000 
microscope at a magnification of about 2000. As shown 
by Antonova,® this method eliminates the correction 
for the energy sensitivity of the detector, and also 
permits the use of sources much weaker (and hence 
thinner) than is required with other methods. A con- 
ventional 180° permanent-magnet 8 spectrograph as 
described by Slitis* was used. In this instrument the 
emulsion makes an angle of about 20° with the plane 
of incidence of the electrons, sufficient to make detection 
of the tracks relatively easy. Up to 50 tracks per field 
of view (50 1X50 4) could be counted reliably. 

Figure 1 shows the results obtained with a 20-hour 
exposure to the Au'** source. Each point represents the 
sum of 15 adjacent scans along the length of the emul- 
sion plate. Statistical errors are indicated. Investigation 
of the 8 spectrum and the Fermi-Kurie plot showed 
that the transmission correction over this small spectral 
region was much smaller than the statistical errors and 
could therefore be neglected. The following values for 
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Fic. 1. Ly, Li, Lirr, and M internal conversion lines in Hg.1% 


1 Birkhoff , Smith, Hubbell, and Cheka, Rev. Sci. Instr. 26, 959 (1955). 


2 Connors, Miller, and Waldman, Phys. Rev. 102, 1584 (1956). 


3F. R. Metzger, Phys. Rev. 97, 1258 (1955). 
4A. W. Sunyar, Phys. Rev. 98, 653 (1955). 


5T. A. Antonova, J. Exptl. Theoret. Phys. S.S.S.R. 30, 571 (1956) [translation : Soviet Phys. JETP 3, 461 (1956) ]. 


6H. Slatis, Arkiv Fysik 6, 415 (1953). 
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the relative conversion coefficients were obtained: 
Ly:Ly:Lyu= (2.51+0.24): (3.12+-0.28) : (1.00+0.11). 


Our values for (Z1+L11)/Lin and L/M, respectively, 
are 5.63+0.35 and 3.67+0.25, and agree very well with 
the ratios found by Birkhoff e¢ al.,' viz., 5.9 and 3.61. 
However, the theoretical values obtained by inter- 
polation from the tables of Rose’ are 


Ly:lu:Lin = 2.23: 2.45: 1.00. 


The seemingly large values for Ly and Ly relative to 
Ly may in part be attributed to the statistical uncer- 
tainty in the measurement of the latter. At present it 


7M. E. Rose (privately distributed tables). 
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is expected that the effect of finite nuclear size would be 
small for an £2 transition, and should decrease the 
L1/Lin and Ly/Liy ratios.*.* Our results may therefore 
be an indication that this effect, if present, is small. 
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Lifetime of the 6.14-Mev 3- State of O'° by a Recoil Method*+ 
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The lifetime of the 6.14-Mev 3> state of O'* has been measured by means of a recoil technique. The 
spatial distribution of decays of recoiling O'* nuclei, produced by the reaction F'(p,a,)O"™*, was studied with 
a highly collimated y-ray detector. Comparison with the corresponding distribution obtained when the O'* 
nuclei were stopped at the target surface by an evaporated metallic layer provided a means of determining 
the lifetime. A value for this half-life of (8.62-4.0) X 10~ second [mean life, r= (1.2+0.6) X10" sec] has 
been found, consistent with previously established limits. The measured value is compared with values 





predicted from various nuclear models. 


I. INTRODUCTION 


REVIOUS investigations'? had established an 
upper limit to the lifetime of the 6.14-Mev 3- 
state of O'* by use of the recoil technique.’ As used 
here, the expression recoil technique refers to a method 
of measuring the lifetime of an excited state by em- 
ploying the motion of the recoiling nuclei to convert 
times of decay to corresponding positions of decay, the 
latter being studied by an appropriately collimated 
detector. In addition a lower limit to the lifetime had 
been established by the Doppler-shift technique.’ These 
two limits together give for the half-life, 4, the range: 
5X 10-” sec € ty £ 10K 10-” sec. 
Previous attempts in this laboratory to measure the 
O'** lifetime demonstrated the necessity of having the 





. many in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t A brief report of this experiment together with a preliminary 
value of the lifetime was given at the Monterey Meeting of the 
American Physical Society, December 27-29, 1956 [Bull. Am. 
Phys. Soc. Ser. IT, 1, 390 (1956) ]. 

1 Devons, Manning, and Bunbury, Proc. Phys. Soc. (London) 
A68, 18 (1955). 

2C. A. Barnes and J. Thirion, 1955 (private communication). 

3 J. Thirion and V. Telegdi, Phys. Rev. 92, 1253 (1953). This 
article contains references to earlier lifetime work by the recoil 
method. 


target on a thick backing, since thin foils, necessary for 
looking at the forward recoils, fluttered sufficiently 
under bombardment to mask the effect of a short 
lifetime. Similarly, evaporated metallic layers to stop 
the recoils were found necessary, as no dependable 
method of cementing foils onto the target without 
subsequent blistering under bombardment was found. 
The present experiment was therefore designed‘ to use 
a target evaporated onto a rigid metal backing, the 
decay of the recoils in the backward hemisphere then 
being studied for evidence of an effect due to a small 
but nonzero lifetime. The evaporated metallic layer 
which stopped the recoils was used to provide an 
effective calibration of the apparatus. With these 
improvements in the target arrangement and with 
further improvements in collimation, it was felt that 
the technique could be used to measure lifetimes down 
to the order of a few times 10~ second. 


II. EXPERIMENTAL APPARATUS AND PROCEDURE 


The apparatus, shown in Fig. 1, consisted in part of a 
thick brass target block mounted on the end of a 
differentially threaded shaft, by means of which the 


‘ These modifications were suggested by C. A. Barnes. 
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target could be moved parallel to the beam direction 
in small steps across a highly collimated y-ray detector. 
The collimation arrangement consisted of a }-inch thick 
plate of tungsten 2 inches wide by 7} inches long 
mounted on a rigid brass block normal to the beam 
direction and facing the incoming beam. The surface of 
the tungsten was an accurately ground flat face and 
one edge was placed within about 0.050 inch of the 
target block. The remainder of the collimator consisted 
of two lead blocks 2 in.X4 in.X6 in. mounted at the 
end of the tungsten face. One of the blocks formed a 
continuation of the tungsten face, with its 4 in. X6 in. 
face carefully adjusted to be in the same plane; the 
other lead block then faced the first block with a 
separation of 0.006 inch at the end adjacent to the 
tungsten, and of 0.010 inch at the far end. The total 
length from the target to the end of the lead collimator 
was approximately 14 inches. The effective solid angle 
which this collimator provided was approximately 
1.510 steradian. The target block itself was a 
thick, carefully polished brass disk, 3 inches in diameter. 
This target backing was a few mils smaller in diameter 
than the inside of the aluminum cylinder which formed 
part of the vacuum chamber. That section of the wall 
of the vacuum chamber which separated the target 
from the tungsten edge was about 20 mils thick and 
approximately 20 mils separated the aluminum from 
the tungsten edge. This then made it possible for the 
total separation of the target spot from the near edge 
of the tungsten face to be kept at about 5 inch, it 
being essential to keep this separation small in order to 
make the collimation system as effective as possible. 

The differential screw which moved the target relative 
to the collimator included a hardened steel shaft, with 
a threaded section of 48 threads to the inch, which was 
fitted into a mild steel plate. This plate formed the 
back of the vacuum chamber and was bolted rigidly to 
the collimation system. The plate was threaded with 
44 threads to the inch concentrically with the steel 
shaft and its threaded section. A bronze nut appro- 
priately threaded was then fitted onto both the central 
shaft and the back plate. The shaft was prevented from 
rotating by an external clamp placed on its outer end. 
Rotation of the nut then provided a finely controlled 
motion to the shaft, with an effective 528 threads to 
the inch. Furthermore atmospheric pressure on the 
shaft provided a uniform load of about 26 lb working 
against the differential screw. This reduced in part the 
tendency of the shaft to move erratically because of 
the friction of the shaft against the cylinder wall and 
the O-ring in the wall. 

The other end of the vacuum chamber was capped 
by a brass plate into which two electrically heated 
evaporating furnaces were mounted which permitted 
laying down either a target layer or an overlying 
metallic layer without mechanically disturbing the 
system. In addition this plate contained a Sylphon 
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Fic. 1. Schematic diagram of apparatus for the O!* 6.14-Mev 
state lifetime experiment. Note the expanded scale for the sepa- 
ration of the lead collimator blocks. 


bellows which served both as the vacuum outlet and 
the beam entrance channel to the target. 

The y-ray detector consisted of a cylindrical 4 in. 
X4 in. NalI(TI) crystal mounted on a DuMont 6364 
photomultiplier, and placed directly behind the lead 
collimator with its axis toward the target. Conventional 
pulse amplifiers, discriminators, and associated elec- 
tronic circuits were used with this detector. 

The F"*(p,a,)O'™ reaction at the 873-kev resonance 
provided the O'* recoils. This resonance was chosen 
because of its favorable production of the 6.14-Mev 
state relative to the other two y-ray emitting states ai 
6.9 Mev and 7.1 Mev, and also because of its large 
absolute cross section for the production of that state. 
It was also found that any higher bombarding energy 
would have seriously increased the general background 
from the accelerator. The targets used were evaporated 
layers of CaF2, in which the energy loss for 873-kev 
protons varied from 8 to 30 kev. Optimum results were 
obtained for a target thickness of about 15 kev. Proton 
beam currents of 1 to 2 microamperes were ordinarily 
employed. The proton beam was produced by the 
Kellogg Laboratory 3-Mv electrostatic generator and a 
double-focusing magnetic analyzer was employed for 
energy regulation. It was possible in typical operation 
to place the beam current within an area of about 
3y in.X¢ in. approximately 3); inch in from the edge 
of the target block. 

The y-ray pulses from the 4-in.X4-in. crystal were 
amplified and fed to a differential pulse-height analyzer 
which accepted pulse heights corresponding to energies 
in the range of about 4.5 Mev to 7.5 Mev. The y-ray 
yield was also monitored by an independent NaI(TI) 
detector. 

The experimental runs consisted first in adjusting 
the screw to place the target somewhat ahead of the 
edge of the tungsten collimator, thus giving the maxi- 
mum counting rate corresponding to the full trans- 
mission of the collimation system. The screw was then 
backed out in steps of 18° in rotation in the regions 
where the counting rate was slowly varying, i.e., either 
well in front of the edge or well behind it. In going 
across the edge, steps of 9° were taken, corresponding 
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to withdrawing the target in steps of approximately 
0.047 mil. For the case with only the target layer 
evaporated onto the target backing, 3 to 5 such runs 
were made in this manner across the tungsten edge, 
where for each setting of the target position about 50 
microcoulombs of charge were collected. Then a copper 
layer about 150 kev thick to 1-Mev protons was 
evaporated onto the target surface and the procedure 
was repeated for 3 to 5 runs with as much as 100 ucoul 
of charge being collected for each point. These will be 
referred to as the “recoil” and ‘“‘no-recoil” runs respec- 
tively. It was found that the individual runs within the 
“recoil” and “‘no-recoil” groups were in general quite 
reproducible as to shape, but sometimes were displaced 
relative to each other by small amounts. Figure 2 
shows the raw data for a group of recoil runs. In 
addition the recoil and no-recoil groups of curves, 
between which the evaporation of the stopping layer 
was carried out, were often shifted relative to one 
another by about 0.1 mil. The causes of these shifts 
were not isolated, and are discussed in Sec. IV. How- 
ever the difference in shape of the recoil and no-recoil 
curves is the significant result of this experiment. Four 
such complete sets of data were accumulated which 
were regarded as suitable for analysis. In addition many 
runs consisting of groups of recoil or no-recoil runs 
alone were accumulated. These were individually con- 
sistent with the four sets of runs which were used, but 
were not included because the recoil and no-recoil runs 
were taken at different times and may well have 
represented slightly different conditions as to target 
spot size, location, etc. In analyzing the data, averages 
of the complete sets of runs were taken. A background 
equal to the counting rate observed with the target 
well behind the tungsten edge, amounting to 7 to 15% 
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of the full transmission value was then subtracted, and 
the curves were normalized to the same arbitrary value 
at the flat maximum of the curves, corresponding to the 
target being in front of the tungsten edge. Such a curve 
is shown in Fig. 3. The theoretically constructed distri- 
bution of decays for different assumed values of the 
lifetime was then folded into the no-recoil curves and 
the resultant curves were compared with the recoil 
curves, as explained in Sec. III. Figure 7 shows such a 
comparison. 


Ill. ANALYSIS 


The measurement of the lifetime of an excited state 
by the recoil technique requires a comparison of the 
experimental decay distribution curves with curves 
calculated for various assumed lifetimes. If ideal 
geometry is assumed, in which the collimator is one- 
sided and 100% effective, then one must find the 
relative number of de-excitation y rays emitted perpen- 
dicular to the incident proton beam direction as a 
function of the normal distance from the target to the 
point of emission. Since there is some penetration of the 
collimator edges by the y rays, these calculated distri- 
bution curves must then be folded into the “no-recoil” 
curves, which measure the effectiveness of the collimator 
for a source identical with respect to its y-ray spectrum, 
but with an effectively zero lifetime. 

The distribution curve may be derived as follows, 
using Fig. 4 for reference. Because of the center-of-mass 
motion and the energy loss of the recoiling nuclei in 
the target and contaminating layers, as discussed below, 
the velocity is a function of the polar angle 0, 6 being 
measured in the laboratory with respect to an axis 
along the proton beam direction. For an excited O° 
nucleus with a mean life 7, moving at an angle 6 with 
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subtracted and then normalized to give the flat maximum an 
arbitrary value of 100. 


respect to this axis, the probability of decay between r 
and r+dr, where r=v(@)i, is then given by 


dr r 
P(r)dr=—— exp| — : | (1) 
rv(6) rv(6) 

Next one must find the probability that an excited 
O'* nucleus will emit a y ray into a solid angle dQ, at 
6,, ¢,, while recoiling into a solid angle dQ at 6, ¢. The 
polar angle is measured with respect to the proton beam 
axis, and since by symmetry this probability can only 
depend upon the relative azimuthal angle, ¢ will be 
measured from the p-y plane, so that ¢,=0. This joint 
probability, or correlation, will be written as follows: 


dQ, dQ 
U (8,0; 0,6) 
4 4r 


From the definition of the function U, it follows that 


dQ(0,¢) 
f 2,050) " =Wy(6,), (2) 
4 


© T 


where W,(6,) is the p-y distribution function, normal- 


ized so that 
dQ, 
fre —=1, 
4 4dr 


r 


In this experiment, only y rays emitted perpendicular 
to the proton axis were detected, i.e., at 6,=2/2. For 
convenience U(0,=2/2,¢,=0;6,¢) will be written 
U (6,6). Knowing this correlation U(6,¢), one may find 
the probability n(r7,0,¢)drdQ of a y ray, detected in a 
solid angle AQ, perpendicular to the proton beam, 
being emitted from an excited O'* nucleus recoiling into 
a solid angle dQ at angles 0, @ and decaying between r 
and r+dr. This probability is _, 

dQ AQ, 


dr r 
n(r,0,6)drdQ =——— exp| — - — lve) ——, (3) 
7v(0) 7v(0) 4 


Changing variables to z=rcos#, and u=cos#, the 
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Fic. 4. Schematic diagram of the geometry for the analysis of 
the recoil distribution of decaying O'* nuclei. 


following integral probability is found: 


AQ, ¢* . a 2rdu 
ns 01s) exp] x (4) 
4x Xo uro(u)t 4r 


Ni(a,~)=+ 
Ni(a,e) is the probability of an excited nucleus 
decaying at a normal distance |z| >a from the target, 
and emitting a y ray into a solid angle AQ, perpen- 
dicular to the proton beam, the positive sign referring 
to recoils in the direction of the incident beam, and the 
negative sign to recoils in the backward direction. 
U(u) is the correlation averaged over the azimuthal 
angle of the recoiling nuclei, i.e., 


f “U(ud)db=2r0 (y). 
0 


In the present experiment, F was bombarded with 
873-kev protons, which also excite the 6.9- and 7.1-Mev 
states of O'*. The detection apparatus could not resolve 
this 7-Mev radiation from the 6-Mev radiation with 
which this experiment was concerned. The branching 
ratio a;/(a;+a2+a;) has been measured at this reso- 
nance,*~? and was taken to be 0.70. Then if N is the 
total number of O** nuclei produced in these three 
states, N;=0.70N and N2,3;=0.30N, where N, is the 
number excited to the 6.1-Mev state, and N2,; is the 
number excited to the 6.9- and 7.1-Mev states. The 
lifetimes of these two states have been studied,’ and 
the limits are 4,<1.7X10~" second for the 6.9-Mev 
state, and 4;<8X10~"* second for the 7.1-Mev state. 


5 J. Seed and A. P. French, Phys. Rev. 88, 1007 (1951). 

6 Chao, Tollestrup, Fowler, and Lauritsen, Phys. Rev. 79, 188 
(1950). 

7J. M. Freeman, Phil. Mag. 41, 1225 (1950). 

8 Devons, Manning, and Towle, Proc. Phys. Soc. (London) 
A69, 173 (1956). 
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Fic. 5. The velocity of the recoil O'* nuclei in the backward 
hemisphere given by the nuclear reaction dynamics, curve 1, and 
the velocity corrected for the slowing down due to the CaF, and 
carbon layers, curve 2. 


More recent measurements® give ¢;= (8.30.2) 10- 
second for the 6.9-Mev state and ¢;= (6.9+0.2) K10-" 
second for the 7.1-Mev state. These two states thus 
decay promptly compared to the 6.1-Mev state, and 
therefore, within the linear resolution of the apparatus, 
simply add to the y-ray yield from the target layer. 

In this experiment the target backing stopped the 
excited O'* nuclei recoiling forward in a distance short 
compared with the linear resolution of the apparatus, 
and thus the forward recoils also contributed only to 
the y-ray yield from the target layer. Upon combining 
the above results, the following expressions for the 
number of rays emitted perpendicular to the proton 
beam into a solid angle AQ, from the target layer, from 
normal distances —22a, as well as the expression for 
the total number, are found: 





Nearget 
AQ, 0 2ndp 
=n——|o.7f U (u)——+0.30W {28 n/2)}, (5) 
4dr a | 4a 
N_(a,~) 
AQ, 0 a _ 2ndp 
-n—To70 f exp| + Jou], (6) 
4 - urv(u) 4 


AQ 
Neotat=N——[0.70W 1(4/2)+0.30W *(x/2)]) (7) 


®C. P. Swann and F. R. Metzger, ‘Phys. Rev. 108, 982 (1957). 


AND 
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Sanders’ has measured the (p, y2+7s3) distribution 
at the 873-kev resonance, and Seed and French® have 
calculated it. The correlation was taken to be /***(6,) 
=1+0.34 cos’6,, leading to W,?**(x/2) =0.90. 

In the center-of-mass coordinate system, the (71,0!) 
and the (y1,a:) correlations will be the same, since the 
a particles and the O'* nuclei recoil in opposite direc- 
tions. In this coordinate system, the (71,a;) correlation, 
averaged over the azimuthal angle #, of the a particle, 
between a y ray at 0,=2/2, &,=0, and an a particle 
at 9, is given by 


: 3/1 
U(0,=1/2, e.)-—_(—_) 
1024\1+B? 


X [438 — 284 cos?@.— 138 cos'O. 
+ (10)§B cos8(17+291 cos’0, 
— 1185 cos'@,+861 cos*@,) 
+$B?(165+388 cos*@.— 2196 cos'O. 
+3864 cos*Q@,— 2205 cos*@.) }. (8) 


This correlation is derived from a knowledge of the 
angular momenta involved. Be'® measures the relative 
amplitude and phase of the outgoing g-wave and 
d-wave a particles. The derivation is discussed in the 
Appendix. 

The magnitude of cos@ is determined from the barrier 
factors,® leaving the magnitude of B and the sign of 
cos8 to be determined experimentally. Martin et a." 
from a study of the (a:,y:) correlation, combined with 
the results of the (fi,a;) distribution studied by 
Peterson et a/.!? and the results of the (p,71) distribution, 
studied by Sanders,'’ found B=0.85, cos6=-+0.242, 
with B=0.2, cos8=—0.242 as possible but less likely. 
Seed and French® found B=0.54, cos8=—0.245. In 
these calculations the values B= 0.85 and cos6 = +0.242 
were used, but the other values give quite similar 
results, as will be shown later. 

Having found U(@,=7/2, 0.), one may transform 
to the laboratory coordinate system, using (= 1.98," 
and remembering that we are interested in the O'* 
recoils, thus obtaining U(u), where ~=cos#. 


TABLE I. Measured half-life values. 





Number of 4 Relative weight on basis of 
run group (in 10—2 second) number of points taken 
1 3 7 
2 11 14 
3 5 16 
4 12 18 
Weighted mean 8.6 








10 J. E. Sanders, Phil. Mag. 43, 630 (1952). 

4 Martin, Fowler, Lauritsen, and Lauritsen, Phys. Rev. 106, 
1260 (1957). 

22 Peterson, Fowler, and Lauritsen, Phys. Rev. 96, 1250 (1954). 
ag 5} Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 
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The velocity dependence upon cos@ may be calculated 
from the kinematics of the reaction, and for backward 
angles is given approximately by the following expres- 
sion: 

2.53 
v(cos#) = X 10° cm/sec. (9) 
1—0.291 cosé 

A correction must be made for the reduction of 
velocity of the recoiling nuclei in the calcium fluoride 
layer itself and also in the layer of carbon contamina- 
tion. The over-all average depth of production of the 
F9(p,0,)O0'* reaction in the CaF, target layer for all 
recoil runs was about 8 kev. In addition a layer of 
carbon was formed during each set of recoil runs with 
an average total thickness of 9 kev. The average carbon 
layer during the set of recoil runs was then taken to be 
4.5 kev thick. Upon taking the stopping power for 
protons in CaF, and C as 190 kev/mg/cm? and 284 
kev/mg/cm?* respectively," average thicknesses of 
0.04 mg/cm? of CaF, and 0.016 mg/cm? of carbon were 
found. 

To calculate the velocity loss of the O'* recoils in 
traversing these layers, a range-velocity curve for O'* 
in air was constructed from the data of Blackett and 
Lees.!®> The Bragg-Kleeman rule’® was then used to 
adjust the range scale for the two materials CaF; and 
carbon. This rule states that for a given particle the 
range is approximately given by Ri= (A;/Ao)!Ro, where 
R is in units of mass per unit area. 

Extrapolation by the Bragg-Kleeman rule over the 
rather greater range from the O'* data for air to copper 
gives a value for the range of O'* in copper too large 
by about 30% compared to the range computed from 
the relation R=av with a value for a(Cu) of (1.8+0.2) 
X10-" second* measured at a velocity of 2.8 10° 
cm/sec. Hence the errors in constructing the range- 
energy relations in CaF, and C may be of the order of 
15 to 20%. 

From these curves the velocity loss in bringing the 
recoils out through the two layers successively could 
be found for a series of angles, given the initial velocity 


TABLE II. Effect of the relative amplitude and phase Be® of 
outgoing d- and g-wave a particles on N_(0,%), the number of 
y rays emitted perpendicular to the beam direction from nuclei 
recoiling in the backward direction, and on 6,, the mean z compo- 
nent of velocity of these recoils. 


N.(0, @) v, (in 10*8 
B cos8 (in %) cm/sec) 
0.85 +0.242 16.8 0.62 
0.54 —().242 16.7 0.63 
0.20 —0.245 15.4 0.59 





4 From a compilation of stopping cross sections by Ronald 
Fuchs and Ward Whaling (unpublished). 

15 P.M. S. Blackett and D. S. Lees, Proc. Roy. Soc. (London) 
A134, 658 (1932). 

146R. D. Evans, The Atomic Nucleus 
Company, Inc., New York, 1955), p. 652. 
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Fic. 6. The theoretically constructed decay distributions for a 
perfect collimation system. The ordinate represents the total 
number of decays occurring beyond the given position. 


of the ion determined by the reaction dynamics. The 
results are shown in Fig. 5, which gives both the initial 
velocity and the corrected velocity as a function of the 
angle. 

The suppressed velocity distribution shown in Fig. 5 
was difficult to approximate analytically. Hence the 
integration of Eq. (6) was carried out numerically, 
using Eq. (7) for normalization to 100. Figure 6 shows 
the curves computed for a perfect one-sided collimator 
with assumed half-lives of 0, 4X10~!*, 8107", and 
12 10-" second. 


IV. RESULTS AND DISCUSSION 


Table I lists the half-life values determined by 
comparing the experimental decay curves with curves 
computed as in Sec. III. One such comparison is 
illustrated in Fig. 7. The over-all mean value of the 
half-life, weighted as indicated, is 8.6X10~* second, 
where the standard deviation of the above values is 
3.6X10-" second. However, because of the approxi- 
mations in the construction of the theoretical recoil 
distributions, resulting primarily from uncertainties in 
the range-velocity relations for the O'* ions, and the 
uncertainty in the determination of the best fits of the 
folded distributions to the observed distributions, the 
probable error is quoted as 4.0X 10~” second. 

A further source of uncertainty in the analysis arises 
from the ambiguity in the choice of the relative ampli- 
tude and phase Be‘® for the outgoing d- and g-wave a 
particles as already discussed. A measure of the effect 
of the various values of B and cos@ is given in Table I, 
where N_(0,«) is the relative number of y rays emitted 
perpendicular to the beam direction from nuclei recoil- 
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Fic. 7. The differ- 
ential decay distribu- 
tions constructed from 
the curves of Fig. 6 have 
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scale with the corre- 
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for 4; taken correspond- 
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ing in the backward direction (Ntotsi= 100.0), and 6, 
is the mean z component of velocity of these recoils in 
the backward direction. 

A source of error not considered so far is a possible 
blistering of the covering layer of copper due to the 
heating during bombardment. This would allow the 
recoils to leave the target layer to some extent. After 
the runs were completed, the target spots were examined 
visually under a microscope and they appeared to be 
free of such effects at the time of inspection. This does 
not completely eliminate the possibility of the blistering 
appearing only during the bombardment, but that 
would seem unlikely. Another possible effect having to 
do with the target structure was indicated by the 
noticeable decline in counting rate as the bombardment 
continued. This may have been due to loss of fluorine 
from the target layer which was therefore probably 
changing in effective composition. This could well 
give rise to a somewhat different energy loss for the 
escaping O!* recoils than was actually allowed for in 
the analysis. Temperature changes in the various parts 
of the mechanism could cause changes in the relative 
positions of the target and collimator during a run. 
Temperatures were not monitored ; however, because of 
the large cross section of the shaft it is difficult to see 
how any significant temperature differences could be 
maintained along the shaft. Effects due to over-all 
temperature changes were also believed to be insignifi- 
cant because, to a reasonable approximation, the 
thermal expansion of the shaft supporting the target 
was in turn compensated by a corresponding expansion 
of the shaft holder. The over-all shift of one run relative 
to another run sometimes seen, as noted already, might 
have been due at least in part to a slight realignment 


of the shaft in its supporting block, which occurred 
during the resetting of the target position preceding 
each run. Such effects were not believed serious because 
it was consistently observed that the shapes of the 
curves were in good correspondence, i.e., the unex- 
plained shifts did not occur during a run which involved 
only a slight. turning of the bronze nut for each succes- 
sive point, but rather, when they did occur, it was 
between runs which involved completely repositioning 
the nut, amounting to about 10 full turns. The evapo- 
ration of the metallic recoil-stopping layer which took 
place between the groups of recoil and no-recoil runs 
involved a considerable, though temporary, increase in 
temperature. This might have introduced some of the 
shift between the recoil and no-recoil groups through a 
redistribution of the lubricating layer in the threads of 
the differential screw. A thinning of the lubricating 
layer occurring between the two groups of runs would 
have been consistent with the direction of the observed 
shift. Again this should not be regarded as serious 
because the experiment requires an analysis only of the 
shape of the curves. 

Some possible means of improving the accuracy of 
the recoil technique should be pointed out. The colli- 
mator lead blocks could be moved closer together, 
provided of course that the reaction under study was 
sufficiently prolific. A factor of two reduction in the 
separation of the blocks would steepen the slope of the 
transmission curve by a factor of two near the top of 
the edge, and would give a much larger difference in 
transmission at the toe of the curve. This would provide 
a much greater distinction in the shapes of the curves 
given by the recoil and no-recoil runs. In addition it 
would be desirable to make some arrangement, perhaps 
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optical, to measure independently the relative sepa- 
ration of the target and collimator rather than to use 
only the setting of the differential screw to determine 
this quantity. 

Other critical features of the technique are the target 
flatness, beam position relative to the collimator, target 
thickness, and carbon deposition on the target. With 
the suggested changes in the collimator and measuring 
system, and with careful attention to the above-noted 
critical items, it should be possible to reduce the 
uncertainty in measurement of lifetimes of this order 
of magnitude by a factor of two or three. Similarly 
this would allow the measurement of correspondingly 
shorter lifetimes. 


Vv. COMPARISON WITH THEORETICAL ESTIMATES 
OF THE MEAN LIFE 


The single-particle limit for this mean life, as given 
by the Weisskopf formula"’ for y-ray transition rates, 
is 2.1 10~"° second, where the radius of the O'* nucleus 
has been taken to be 1.30 (16)! 10-" cm. A radius 
of about this value seems indicated by the results of 
recent electron scattering experiments with light nuclei. 
The measured value of the mean life, (1.2+0.6) 10-4 
second, is shorter than this estimate by a factor of 
about 17 and hence indicates very strongly that this 
transition is not of a single-particle nature. 

The a-particle model for the O'* nucleus has been 
worked out in considerable detail by Kameny.’* He 
gives an estimate of 3.2 10~" second for the 6.14-Mev 
state mean life, using a-particle wave functions which 
had already been adjusted to give a quite reasonable 
fit to the known O"* level scheme. The experimental 
lifetime is still somewhat shorter than this value and 
would indicate that, while the static properties of the 
O"* states can be accounted for fairly well by a-particle 
wave functions, their dynamical aspects may still be in 
error. This is further confirmed by Kameny’s calcu- 
lations of the y-ray transition rates for the other low- 
lying O'* states and the corresponding experimental 
values and limits for these rates. 

Shell-model estimates of the mean life of this state 
have been about an order of magnitude too long. 
Elliott and Flowers give a value of 1.2 10~" second, 
based on their shell-model calculations.” This result 
and a similar result by R. A. Ferrell®® indicate that the 
shell-model wave functions as developed so far still do 
not give a sufficiently detailed description of the O'* 
ground and 6.14-Mev excited states. 

In view of the apparent difficulty in finding nuclear 
wave functions which will give this very fast transition 
rate, Ferrell” and Lane* have calculated the maximum 


17V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

18S. L. Kameny, Phys. Rev. 103, 358 (1956). 

J, P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 

” R. A, Ferrell (private communication). 

21 A. M. Lane (private communication). 
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possible transition rate using two different sum rules. 


The first sum rule, 
Zz 2 @A 
E( or |v) =—Olr|0), (10) 
» i=l 167 


assumes no nucleon-nucleon correlations, is independent 
of the energy of the excited states, and requires the 
expectation value of (r®) in the ground state. Its deriva- 
tion is similar to an electric dipole sum rule given by 
Blatt and Weisskopf.” The second sum rule, 


2 
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is independent of nucleon-nucleon correlations, is de- 
pendent upon the energy of the excited states, and 
requires the expectation value of (r*) in the ground 
state. Its derivation is similar to an electric monopole 
sum rule derived by Ferrel!.” Since the 6.14-Mev state 
is T7=0, the above sum rules have been restricted to 
T=0 to T=0 transitions. The matrix elements of (r*) 
and (r*) were evaluated using shell model wave func- 
tions (a (1s)*(1p)* proton configuration) adjusted to 
give an rms radius to the proton distribution of 2.54 
X 10~-" cm as indicated by the electron scattering results 
on O"* at Stanford.**5 One obtains for the limits on the 
mean life, 722.210-" sec from the first rule, and 
7 23.8X10-" sec from the second. Ferrell” points out 
that these limits might be lowered by the inclusion of 
an exponential tail in the wave function, the effect being 
greater in the first sum rule than the second due to the 
dependence upon a higher power of r. The measured 
mean life is r= (1.2+0.6)X10-" sec. This violates the 
first sum rule by approximately a factor of two and 
indicates that the assumption of no nucleon-nucleon 
correlations is not valid, which is not surprising. The 
measured value is about three times the second sum 
rule limit, and indicates that there exist possible wave 
functions which could give this fast transition rate. 
Furthermore, the second sum rule limit indicates that 
the 6.14-Mev transition accounts for at least one-third 
of the total E3 width to the ground state from T=0 
states, and observing that the next known 3- state is at 
11.62 Mev," this limit may be as much as one half. 
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APPENDIX 


The reaction studied in this experiment is 
F*(p,ayy1)0'™ at a proton bombarding energy of 873 
kev. A compound nucleus, Ne*°(J,=2-) is formed by 
p- and f-wave protons (/=1, 3; s=}*) and F*(J=}*). 
The proton and F” spins combine to form channel 
spins 7=0, 1. Ne**(J,=2-) then decays into d- and 
g-wave a particles (/’=2, 4) and O'**(J,=3-), which 
then emits an electric octupole y ray. The designation 
of the states follows Seed and French.° 

The correlation function U(@,,®,,0.,.) gives the 
probability per de-excitation of the simultaneous emis- 
sion of a y ray into a solid angle dQ, at 0,, &,, and an 
a@ particle into a solid angle dQ, at Oa, 2, where the 
capital Greek letters refer to the center-of-mass coordi- 
nate system, with the proton beam direction as the z 
axis. Furthermore, this correlation has the property 
that if it is integrated over the coordinates of the a 
particle the y-ray distribution is obtained, and vice 
versa. 

In the present experiment one is interested in y rays 
emitted perpendicular to the proton beam, so a new 
axis 2’ is chosen perpendicular to the proton beam and 
along the y-ray direction. In this coordinate system, 
the coordinates of the proton are 0,’=7/2, 6,’=0, 
and the coordinates of the a particle are 0,’, ®,’, where 
©,’ is the angle between the a particle and the y ray, 
and ®,’ is the angle between the p-y plane and the 


KOHLER AND 
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a-y plane. The correlation now may be written as a 
function only of the a-particle coordinates, and is 


3 eG 
U' (0a' Pa’) ae -(—) { 25+46 cos?@),’ 
64\1+B 


—55 cos*@,'—cos*?,’(24—24 cos‘@,’) 

+ (10)!B cos810—151 cos?@,’+440 cos*O,’ 

— 315 cos*@,’—cos*?,'(11—77 cos’O,’ 

+185 cos*@,’— 119 cos*@,’) | 

+§B*4+ 109 cos?O@,’— 286 cos*O,’ +189 cos*O,’ 
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—742 cos®@,'+441 cos*@,’) |}. (Al) 
This correlation is normalized so that 
dQ 74+95B 
f U'(@,' ,,') =—_____ -, (A2) 
7” 4r = 80(1+ B’) 


which is equal to W,(Q,=2/2), where ©, is the polar 
angle of the y-ray measured with respect to the proton 
beam direction. Transforming to the proton axis, and 
averaging over the azimuthal angle of the a particle in 
the unprimed system, one is led to Eq. (8). 
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Inelastic Scattering of Photons in Y**t 
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The cross section for the inelastic scattering of photons in Y® has been measured from 4 to 22 Mev. Two 
peaks were observed, and their significance is discussed. 


T has been found recently that the cross section for 

the formation of isomeric states by inelastic scat- 

tering of photons shows two resonances instead of one, 
as is usual in photonuclear work.!:* 

Schiitzmeister and Telegdi’ tried to explain the high- 
energy peak as due to electric quadrupole emission and 
the lower energy one as electric dipole. On the other 
hand, Fuller and Hayward* measured the elastic scat- 
tering of photons and found two peaks at the same 
locations as the inelastic ones. 


#1 This work was supported in part by the Conselho Nacional de 
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1 Bogdankevich, Lazareva, and Nicolaev, Physica 22, 1137 
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2 L. Meyer-Schiitzmeister and V. L. Telegdi, Phys. Rev. 104, 185 
(1956). 

3. G. Fuller and E. Hayward, Phys. Rev. 101, 692 (1956). 


We have measured the cross section as function of 
energy for the formation of the isomeric state of 
Y® (9/2+; Ti= 14sec; E=0.913 Mev) from 4 to 22 Mev 
with the University of Sao Paulo betatron. The results 
are shown in Fig. (1) [curve (a) ]. 

Samples of pure pressed Y2O; of weight 10 grams were 
irradiated for one minute and transferred to a counting 
system, using a one-channel crystal spectrometer set at 
the 0.913-Mev line. The absolute value was determined 
by comparison with the Al?’ (y,m) Al** activation curve as 
measured by Katz and Cameron.‘ Tests were made with 
a strong Ra— Be source and it was found that the rise in 
the excitation function above 15 Mev was not due to 
inelastic scattering of neutrons either from the betatron 


4L. Katz and A. G. W. Cameron, Phys. Rev. 84, 1115 (1951). 
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Fic. 1. Yield as a function of energy for formation of the isomeric state of Y®. (a) Experimental resuits; (b) extension of low- 
energy excitation function to higher energies; (c) difference between (a) and (b). 


or from the yttrium samples themselves. To obtain 
cross sections, the photon difference analysis® was 
carried out in the following way: the usual analysis was 
made up to 14 Mev, where the cross section turns out to 
be zero. Above this point, the excitation function was 
calculated back and extended to high energies; this is 
shown in Fig. 1 [curve (b) ]. The difference of curves 
(a) and (b) must be attributed to a reincrease of the 
cross section of the inelastically scattered photons; this 
is shown by curve (c) of Fig. (1) which was also ana- 
lyzed by the photon difference method. 

The complete results for the cross section are shown 
in Fig. (2). The results indicate clearly the presence of 
two peaks with maxima at 10.5 Mev and 16 Mev. The 
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Fic. 2. Cross section as a function of energy for formation of the 
isomeric state of Y®, 


5 L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 


interesting point is that the high-energy peak is bigger 
in size than the low-energy one. Schiitzmeister and 
Telegdi found the reverse to be true, in the case of gold. 

Apparently this ratio is dependent on the individual 
properties of nuclei; Y® is a nucleus magic in neutrons 
but Au’ is not. At low energies (below the threshold for 
neutron emission) zlastic and inelastic scattering are the 
only competing processes. As the energy increases, both 
are strongly depressed® owing to the competition of 
neutron emission; when the energy is higher than the 
(y,2) threshold the competing processes are (7,7), 
(y,y’), and (y,2). The elastic scattering rises again as is 
shown by Fuller and Hayward and this probably is due 
to the fact that the resonance scattering becomes a kind 
of resonance fluorescence; at low energies the elastic 
scattering is a resonance scattering by the tail of the 
“giant resonance.’”? 

The inelastic scattering will depend, however, on the 
nature of the levels of the involved nucleus; of course 
the character of the emitted radiation might change 
from electric dipole to electric quadrupole as has been 
suggested by Schiitzmeister and Telegdi, since new 
levels are involved as the energy goes up, but this is 
probably not a necessary assumption. 
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Se” has been observed to decay by electron capture with a half-life of 8.40+0.08 days, predominantly 
to an excited state in As” at 46.0+0.3 kev. The half-life of this state is less than 1.5X10~* sec. Less than 
7% of the Se” decays are to the ground state. The K-conversion coefficient of the 46-kev gamma was meas- 
ured to be 0.63+0.06 and the K/Z conversion ratio to be 9.70.5. The upper limit, 0.1%, obtained for the 
abundance of positrons places a maximum value on the decay energy of 1.2 Mev, which corresponds to a 
maximum log ft of 5.7. On these grounds the excited state is assigned a 1+ spin and the gamma transition 
is £1. In the course of these measurements, the ratio of intensities of x-rays to 46-kev gamma rays in the 
decay of RaD (Pb*") was redetermined to be 5.38+0.50. 





INTRODUCTION 


ELENIUM-?2 was first observed by Hopkins,’ who 
reported a nuclide decaying by electron capture 
with a 9.7-day half-life in selenium produced by the 
spallation of As with 190-Mev deuterons. He demon- 
strated that the new activity was the parent of the 
known As” and set an upper limit of 0.5% for the 
fraction of Se” decaying by positron emission. In a 
study of the spallation of As with 380-Mev protons? 
this mass and charge assignment was confirmed, but a 
significantly shorter half-life of 8.4 days was observed. 
A shorter half-life, 8.64+0.06 days, has also been 
reported by Rudstam.’ 

The decay energy of Se” has been estimated to be 
about 0.5 Mev on the basis of beta-decay systematics.‘ 
The value of log ft calculated from this energy and the 
8.4-day half-life is 5.0. Se”, an even-even nuclide, 
presumably has a 0+ ground state, and As” has been 
assigned a 2— spin on the basis of various decay data.** 
The above value of log fi is then anomalously low for 
the expected first-forbidden unique transition between 
the two ground states. To explain this, Way ef al.’ have 
postulated that Se” decays by an allowed transition to 
a low-lying 1+ level in As”. Accordingly, a search for 
gamma rays associated with the decay of Se” and 
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further clarification of its decay scheme were under- 
taken. 


SOURCE PREPARATION 


Se” was prepared by bombarding GeO, targets with 
40-Mev alpha particles in the BNL or UCRL cyclotrons. 
To minimize the production of Se” by the (a,#) re- 
action on Ge”, the targets were kept thin to favor the 
Ge™(a,2n)Se” reaction. After some preliminary experi- 
ments with germanium of natural isotopic composition, 
enriched germanium (~90% Ge™) was used in the 
form of GeO2. Unde: these conditions the ratio of Se” 
to Se’ decay rates during the measurements was 
greater than 100. 

Targets were allowed to cool for a week after bom- 
bardment and were then dissolved in either NaOH or 
HC] solutions containing selenium and arsenic carriers. 
The amount of selenium carrier was varied from 0.05 
to 2 mg depending on the specific activity desired. 
Selenium was then separated from the target solution 
by modifications of standard radiochemical procedures. 
The basic steps were distillation of GeCl, from 6N HCl 
in a stream of Cl, gas, distillation of selenium and 
arsenic bromides from 48% HBr, and precipitation of 
selenium as the metal by SO, from cold concentrated 
HC! solution. In cases where the presence of As” 
would interfere with a measurement, an additional 
separation of selenium from arsenic was carried out 
immediately beforehand. To prepare sources, a slurry 
of the selenium metal was evaporated on a 0.00025-inch 
Mylar foil and covered with an additional layer of 
Mylar. For beta-spectrometer sources, selenium was 
vacuum-evaporated from a tantalum crucible onto a 
Mylar foil which had been covered with a thin deposit 
of gold to make it conducting. 


HALF-LIFE AND GAMMA-RAY MEASUREMENTS 


The beta activity of the Se” samples initially showed 
a growth and then a decay with an 8.4-day half-life. 
Eventually small traces of Se’> could be identified on 
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the basis of its gamma spectrum. In the most favorable 
cases, the 8.4-day component decayed by more than a 
factor of 100 before the Se” contributed as much as 
10% to the total activity. The decay curves obtained 
with various beta counters in two laboratories were 
analyzed graphically to give the half-life of Se”. A 
value of 8.40+-0.08 days was obtained from the meas- 
urements, confirming the earlier result reported by one 
of the authors.2 When arsenic was separated from 
sources of Se” in radioactive equilibrium with its 
daughter, only a 26-hr half-life was observed and this 
was identified as As” on the basis of its beta and 
gamma spectra.®:® 

From the beta activity immediately after separation 
of selenium from arsenic, it was established that all the 
activity at the time of separation could be accounted 
for by the traces of Se’® present. This sets a limit of less 
than 0.1% for the fraction of Se” decaying by positron 
emission, in agreement with the absence of positrons 
predicted from the estimated decay energy and with 
the observations of Hopkins.' 

Gamma spectra of Se” were obtained with NaI(T1) 
scintillation detectors, linear amplifiers, and either 
single or multichannel pulse-height analyzers. In 
equilibrium sources, the characteristic gamma rays of 
As”, faint lines due to traces of Se”, and a prominent 
line at 46 kev were observed. This previously unre- 
ported gamma ray was present in intensity comparable 
to the x-ray peak at 10.5 kev. In Se” samples ireshly 
separated from As, the characteristic growth of the 
As” gamma rays was observed, while the 46-kev line 
decayed with the 8.4-day half-life confirming its 
assignment to Se”. Other Se” gamma rays, if any are 
present in the energy range from 12 to 450 kev, can 
have intensities no greater than 2% of that of the 
46-kev gamma ray. Recently a 50-kev gamma ray has 
been observed in selenium activity produced by the 
heavy-ion bombardment of copper.* This gamma ray 
was assigned to Se” on the basis of its 10-day half-life, 
and is presumably identical with the 46-kev gamma ray 
reported in the present investigation. 

The energy of the Se” gamma ray was determined 
by comparison with the well-known 46.52-kev gamma 
ray of RaD.° After checks had been made to insure the 
absence of rate-dependent effects, an alternate series 
of gamma spectra of Se” and RaD was recorded using 
a 2X 20X 20 mm NalI(T]) scintillator and a 100-channel 
analyzer. Other energy calibration points were the 
escape peak of the RaD gamma at 18.16 kev and the 
Ba K x-ray at 31.86 kev from the decay of Ba’. 
The average energy of the Se” gamma ray obtained 
from these measurements was 46.1+0.5 kev. As a 
further check, the same comparisons were carried out 
with the scintillator replaced by a large gas proportional 
counter filled with 90% argon-10% methane to a 

8 Beydon, Chaminade, Crut, Faraggi, Olkowsky, and Papineau, 
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Fic. 1. Conversion and Auger electron spectrum of Se”. 


pressure of 2 atmospheres. These measurements gave 
an energy of 45.9+0.5 kev in agreement with the 
scintillation counter result. 


BETA SPECTROMETER STUDIES 


To characterize the nature of the 46-kev transition, 
the conversion-electron spectrum of Se” was examined 
with an intermediate-image beta spectrometer.” A 
typical spectrum obtained from a 68-ug/cm?* source 
with the spectrometer set for a nominal 2.3% resolution 
and with a 50-yug/cm* VYNS plastic counter window" 
is shown in Fig. 1. This shows the K- and L-conversion 
lines of the 46-kev gamma ray and the Auger lines due 
to the electron captures. The line shapes indicate that, 
at this resolution setting, source broadening can be 
neglected. From the average of three scans over the 
K and L peaks, a K/L conversion ratio of 9.70.5 was 
obtained. A small correction has been applied for the 
unresolved M-conversion peak by assuming the L/M 
ratio to be the same as the K/L ratio. The values of 
this ratio calculated by interpolation from the tables of 
Rose” are 9.6, 9.3, 4.9, and 6.4 for E1, M1, E2, and M2 
transitions, respectively. The experimental value agrees 
with either an £1 or M1 assignment. Unambiguous 
identification of the transition would be possible if the 
Li/(Lu+L1) conversion ratio could be measured; 
however, an attempt to obtain this quantity by using 
a 180° permanent-magnet spectrograph was not suc- 
cessful owing to insufficient source strength. 

To check further the energy of the Se” gamma ray, 
the spectrometer was set to give a nominal resolution 
of 0.9% and the energy scale was then calibrated with 
the 481.71-kev conversion line from Bi®’. Under 
these conditions some source broadening was observed 
for the K-conversion line of the 46-kev Se” gamma ray. 
A correction of 1.5% based on the calculated mean . 
energy loss of the electrons in the source was applied 
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Fic. 2. Block diagram of coincidence circuit. 


to give a gamma-ray energy of 46.0+0.5 kev. The 
average of the results obtained by the three methods 
is 46.0+0.3 kev. In addition, the separation of the K- 
and L-conversion lines was measured to be 10.4 kev, 
confirming that the gamma ray is converted in arsenic. 


COINCIDENCE MEASUREMENTS 


To complete the present investigation, the relative 
intensities of x-rays and gamma rays in coincidence 
with x-rays was measured using a modification” of a 
conventional fast-slow coincidence spectrometer.'® Fig- 
ure 2 is a block diagram of the circuit used. The de- 
tectors consisted of freshly prepared 2X18X18 mm 
NalI(T)) scintillators mounted on DuMont 6292 photo- 
multipliers which had been selected for low noise 
characteristics. To avoid radiation absorption effects, 
the crystals were covered solely with three layers of 
aluminized Mylar (total surface density less than 3 
mg/cm?). The pulses from the photomultipliers were 
amplified by using nonoverloading linear amplifiers, 
and a portion of each amplifier output was fed to the 
fast-coincidence circuit (resolving time 7~10~’ sec), 
where coincidence requirements were imposed between 
early points on the leading edges of each pulse. The 
pulses from one amplifier (No. 2) were also fed to a 
single-channel pulse-height analyzer (channel 2) to 
allow energy selection while those from the other (No. 
1) were fed to a lower discriminator (channel 1) which 
was used to bias out noise pulses. A slow triple coinci- 
dence (resolving time t~2X10~* sec) was required 
between the outputs of the single channel, the dis- 
criminator, and the fast-coincidence circuit, and the 
output of this slow circuit was then used to gate a 100- 
channel pulse-height analyzer to record those pulses 
from detector 1 which were in coincidence with pulses 
satisfying the preset energy requirement from de- 
tector 2. 

For the present experiment, channel 2 was set to 
include approximately 67% of the x-ray events and the 
100-channel analyzer recorded primarily the spectrum 


14 BNL Circuit EHI-705, designed by R. L. Chase. 
16 F, K. McGowan, Phys. Rev. 93, 163 (1954). 
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of radiations in coincidence with the x-rays. Curve A 
of Fig. 3 is a typical coincidence spectrum which shows 
x-rays, the 46-kev gamma ray, its escape peak, and a 
weak peak presumably due to iodine x-rays, all in 
coincidence with an event detected in the gate channel. 
To aid in the resolution of the x-ray and escape peaks, 
coincidence spectra were obtained with a 0.002-inch 
iron absorber between the sample and the display 
crystal. This removed 99.9% of the x-rays while at- 
tenuating the gamma rays only slightly, as may be 
seen in curve B of Fig. 3. Since the gamma escape peak 
was not resolved completely from the x-rays, the gate 
channel was also triggered by some of the gammas that 
interacted in detector 2 with the escape of an iodine 
x-ray. These interactions contributed events to the 
x-ray peak and to the iodine x-ray peak of the coinci- 
dence spectrum. To evaluate the necessary corrections, 
the iron absorber was placed between the sample and 
detector 2 and the coincidence spectrum, Curve C of 
Fig. 3, was obtained showing the expected peaks. 

A given experiment consisted of several counts of 
the singles and coincidence spectra of Se” with and 
without iron absorbers as described above, and of Se7® 
and RaD standards over a period of two hours after 
the separation of the Se” from its As” daughter. No 
growth of the x-ray or gamma peaks was observed in 
this interval; hence As” does not interfere. Small 
corrections for the Se’® present in the Se” samples were 
made on the basis of the Se” standard counts. In all 
cases, corrections for accidental coincidences were less 
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an iron absorber. Curve C: Spurious events due to detection of 
some y rays in the gate channel. 
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than 1%. All intensities were obtained from the areas 
under the peaks with appropriate corrections based on 
the counts with the absorbers in place. Total gamma 
spectra (“singles”) were recorded in the same detector 
geometry by removing the coincidence requirements. 
In the case of singles, a small correction was applied 
for pulse addition due to the 5-10% detection efficiency 
used. 

For a decay scheme of the general type shown in Fig. 
4, which involves decay both to an excited state and to 
the ground state, it can be shown that the K-conversion 
coefficient of the gamma, ax, is given by 


oe) 
ag= ’ 
2wxK ex | oe 
where R,x/R,x, is the ratio of (x—x) to (x—7) coinci- 
dences, e,/¢x is the ratio of the detection efficiencies of 
crystal 1 for gamma and x-rays, and wx is the K 
fluorescence yield.'® 
For detectors similar in size to those used here, the 
efficiency, aside from the geometrical factor, has been 
shown to be close to 100% for gamma rays from 5 to 
80 kev.'? To measure the efficiency experimentally, the 
disintegration rates of a Se’® standard (10.5-kev x-ray) 
and a RaD standard (46.5-kev gamma ray) were meas- 
ured absolutely in a defined geometry with a large 
gas-filled proportional counter'* and a NaI(T) scintil- 
lator, respectively. These samples were then measured 
in the geometry of the coincidence experiment giving a 
ratio ¢,/e,=1.05+0.08, confirming that the detector 
was essentially 100% efficient for both the x-rays and 
gamma rays. 
In initial experiments, the fast resolving time was 
10-7 sec and, by observing the variation of the (x—x) 
and (x—y) coincidence rates as a function of length of 
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Fic. 4. Proposed decay scheme of Se”. 
16 Numerical values for the fluorescence yield were obtained 
from Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 
17 West, Meyerhof, and Hofstadter, Phys. Rev. 81, 141 (1951). 
18 Friedlander, Perlman, Alburger, and Sunyar, Phys. Rev. 80, 
30 (1950). 
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delay cable inserted between either detector and its 
amplifier, an upper limit of 1.5X10~* sec was placed 
on the half-life of the 46-kev state. From the values of 
the (x—x) and (x—~y) coincidence rates resolved from 
the coincidence spectra and corrected as described 
above, a value of ax=0.67+0.09 was obtained. After 
an interval of two months, during which time the fast 
resolving time was changed to 2X10~’ sec and several 
other circuit changes were made, a repeat measuremgnt 
was made using a freshly prepared Se” sample which 
gave a value ax =0.58+0.08. At the time of the second 
experiment, some deterioration of the detector crystals 
had taken place and an experimental ratio e,/e,=1.21 
was used to obtain the above figure. The average value 
of the two measurements, 0.63+0.06, may be compared 
with theoretical values interpolated from the tables of 
Rose” which are 0.64, 11.1, 0.75, and 15.2 for £1, £2, 
M1, and M2 transitions, respectively. 

Again, as was true in the case of the K/L ratio, the 
experimental result rules out E2 or M2 assignments, 
but, in view of uncertainties in the interpolations and 
in the experimental values, choice between £1 and M1 
is not possible. 

With the aid of the values of ax derived from the 
coincidence spectra, of the experimental K/L conversion 
ratio, and of the literature value of the L/K electron- 
capture ratio,” the percentage of decays to the excited 
state was determined from the intensity of x-rays and 
gamma rays in the singles spectrum. The results 
from the two measurements were (98+11)% and 
(104+11)%, or an average of (101+8)%. From this 
it is seen that Se” decays predominantly to the 46:kev 
excited state. At the 68% confidence level, less than 
7% of the Se” decays are to the ground state of As”. 

As a check on the counting techniques, the ratio of 
intensities of Bi L x-rays to 46.5-kev gamma rays in 
the decay of RaD was measured in both experiments. 
The results were 5.32+0.69 and 5.44+0.71. The 
average, 5.38+0.50, agrees with the value, 5.1+0.7, 
recently reported by Fink.” 


CONCLUSIONS 


The experimental results are summarized in Fig. 4 
in the form of a decay scheme for Se”. As has been seen, 
the measurements of ax and of the K/Z conversion 
ratio rule out £2, M2 and higher multipole order 
transitions for deexcitation of the 46-kev state in As”. 
However, from these data no unique choice between 
E1 and M1 is possible since the theoretical values are 
nearly identical for this energy and nuclear charge. As 
the ground state of As” is known to be 2—, the excited 
state then has spin 1 with the parity undetermined. 
The observed predominance of the electron-capture 
decay of Se” to the excited state rules out higher 
excited-state spins. 


19M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 
*R. W. Fink, Phys. Rev. 106, 266 (1957). 
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Unique assignment of even parity to the excited 
state may be made on the basis of the comparative 
half-life of the Se” decay. From the estimated decay 
energy, 0.5 Mev, the value of log /t is calculated to be 
5.0. This is well within the range of allowed transitions. 
If the excited state were a 1— state, the electron 
capture would be first forbidden (AJ=1, yes) and a 
log ft of about 7 would be expected. The argument may 
be further reinforced by the estimation of an upper 
limit for the decay energy, which is based on our failure 
to observe positrons in the Se” decay (<0.1%). From 
the tables of Feenberg and Trigg,” this limit corre- 
sponds to a decay energy of less than 1.2 Mev, or a 
log ft of less than 5.7. Although their theoretical values 
are calculated for allowed transitions, these are not 
expected to change significantly for first-forbidden, 
non-unique transitions. The upper limit set on the value 
of log fi is still one less than that observed for known 
first-forbidden transitions of that type, so that only a 
1+ excited state is consistent with all the experimental 
data. 

The experimental observation of this 1+ state, in 
agreement with the prediction of Way’ who has also 
predicted such a state in As”*, suggests that a 1+ state 
may also be present in As“ and As”*. Indeed, the 1+, 
2— level pair appears to be a general feature of odd-odd 
nuclides in this mass region. In inverted order it is well 
known in Br’* and Br® and one of these levels could 
possibly form a yet unknown isomeric state of Br.’ 

On the basis of the single-particle shell model, the 
occurrence of odd-parity levels in odd-odd nuclei in 
this region indicates population by neutrons of the go/2 
level. After the 28-nucleon shell is filled, additional 
nucleons up to 50 fill the 3, fs, 2}, and goy2 levels. In 
general, the former two levels compete for nucleons 
from 29 to 38, while the latter two compete from 39 to 
the completion of the shell at 50. Of these levels, only 
the gs/2 has even parity; hence odd-parity states appear 
when a gy2 neutron couples with a proton in one of the 
odd-parity levels. The 2— ground state of As” (33 
protons, 39 neutrons) is readily explained by the 
proton-neutron configuration (f)(g/2) which, by 


21 E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
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Nordheim’s “strong” rule,” is expected to give a 2— 
state. The same configuration has been proposed for 
the Br® excited state. 

The 1+ state clearly cannot have an odd number of 
£92 neutrons. In view of the competition between the 
p; and fy levels and between the p; and go/2 levels, a 
proton-neutron configuration (p;)(p;) could be assigned 
to the 1+ state of As”. Similar configurations have been 
proposed for the 1+ ground states of Br®,” and of 
Ga”.™ The latter nuclide differs from As” only by a 
pair of protons and might be expected to be similar to 
it in level structure. This configuration offers the fol- 
lowing difficulty. In the £1 transition between the 1+ 
and the 2— states, both the odd proton and the odd 
neutron would have to change their spins, and this is 
expected to have a marked effect in reducing the tran- 
sition probability and lengthening the lifetime of the 
state. An alternative configuration for the 1+ state is 
to promote a f; neutron to pair with the odd go/2 
neutron of the ground state. The remaining odd p, 
neutron could then couple with the /; proton to give 
the 1+ state. No definite choice between the two con- 
figurations can be made from the present data. Better 
measurements of the lifetime of the £1 transition would 
be expected to differentiate between one- and two- 
particle transitions. 
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Measurements have been made of the angular distributions of Sr™”, Ag"?*, Ba™ and the total fission 
- products from proton-induced fission of U** at 45, 80, and 155 Mev and Th* at 45 and 155 Mev. The 
anisotropy decreases with increasing energy and is negative for asymmetric fission at 155 Mev. 


INTRODUCTION 


N recent years the angular distributions of fragments 

from the fission of heavy elements have been 
studied by several experimenters.’ Brolley and 
co-workers'* have measured the distributions of 
fragments from the neutron induced fission of several 
heavy elements from the fission threshold to 20 Mev. 
They find that except near the threshold the distribu- 
tions are characterized by a positive anisotropy, where 
the anisotropy is defined as 


[= | 24 4) 
7(90°) Jeo.m. 


the angle being measured with respect to the incident 
direction. Studies of the distributions of specific 
fragments from fission induced by 22-Mev protons in 
thorium and several uranium isotopes*® also show a 
positive anisotropy which increases with increasing 
mass asymmetry. Similar results are obtained for 
fission induced by 42-Mev alpha particles® but with 
much larger anisotropies. Studies of photofission’? show 
that near the threshold the anisotropy is negative for 
the total fission fragments and approaches zero with 
increasing energy. Furthermore, measurements of the 
distributions of specific fragments have shown that the 
anisotropy is near zero for symmetric fission but 
becomes increasingly negative with increasing mass 
asymmetry. 





* Supported by the joint program of the Office of Naval 
in. and the U. S. Atomic Energy Commission. 

+ Now at Argonne National Laboratory, Lemont, Illinois. 
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Recently Bohr" has developed a view of anisotropic 
fission which seems to account qualitatively for much 
of the above results. The preferred direction for fission 
should be along the nuclear symmetry axis. The 
orientation of this axis is dependent on the quantum 
numbers /, M, and K, where J is the spin of the com- 
pound nucleus, M is the projection of J on the z axis 
(the incident direction), and K is the projection of J 
on the nuclear symmetry axis. At energies several Mev. 
above the threshold for fission, the nucleus may pass 
through many different states at the saddle point; 
however, a marked preference for small values of K 
is expected. The spin of the compound nucleus is the 
resultant of the spin of the target nucleus, the spin of 
the particle, and the angular momentum of the particle. 
At energies of several Mev or more, the angular 
momentum of the particle will dominate and the 
preferred orientation of J will be nearly normal to the 
incident direction. Thus, the preferred direction for 
fission induced by fast particles should be parallel to 
the incident direction, giving a positive anisotropy. 

Any process which increases or decreases the degree 
of orientation of J should increase or decrease the 
anisotropy in a corresponding fashion. Increasing the 
energy of the bombarding particle causes an increase 
in the orientation of J, although this may be largely 
lost due to increased neutron emission before fission. 
Bombarding with alpha particles should be particularly 
effective since the alpha particle will bring in almost 
twice the angular momentum as a proton of the same 
energy. At still higher bombarding energies, direct- 
interaction processes should become increasingly impor- 
tant and the degree of orientation of J should become 
steadily less. The anisotropy would be expected to 
pass through a maximum and eventually decline to 
near zero. Recent measurements of the angular distribu- 
tion of specific fragments from the fission of Bi® by 
450-Mev protons® show a positive anisotropy which is 
much less than that observed with 42-Mev alpha 
particles.* On the other hand, Lozhkin and co-workers? 
have shown that the gross fission fragments from the 
fission of uranium by 660-Mev protons have a large 
negative anisotropy. On the basis of the above discus- 


10 A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy (United Nations, New York, 1956), 
Vol. 2, p. 151; Suppl. Nuovo cimento 4, 1091 (1956). 
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sion this implies a well-oriented nuclear spin at the 
time of fission. If the nucleus still has the expected 
preference for small values of K, the preferred orienta- 
tion of J must be parallel to the incident direction. 

In the experiment reported in the present paper an 
attempt is made to investigate the behavior of the 
anisotropy at energies above the expected maximum, 
to see if the anisotropy changes sign in the energy 
range available and to see if the dependence on mass 
asymmetry persists at these energies. Measurements 
have been made of the angular distributions of Sr” 
Ag'.13, Ba™, and the total fission products from 
proton-induced fission of U™* at 45, 80, and 155 Mev 
and Th” at 45 and 155 Mev. 


EXPERIMENTAL PROCEDURE 


The method used was similar to that described by 
Cohen.*" The target assembly is shown schematically 
in Fig. 1. The source of fission fragments was a 0.001- 
inch aluminum foil coated on one side with 0.5 mg/cm? 
of U;Os or ThO: located at an angle of 45° to the 
proton beam. Platinum foils were used as source 
backings for some of the 45-Mev bombardments but 
could not be used at the higher energies because of 
platinum fission. The effective area of the source was 
about 35%} inch. The fission fragments were caught 
on foil strips held 2.00 inches from the source. These 
were inch high and divided into segments of about 
12° angular width. Seven points were measured in the 
forward direction, covering mean angles from 19.5° 
to 91°. By rotating the assembly through 180°, eight 
points could be measured in the backward direction, 
covering angles from 91° to 171°. Any smaller angles 
in the forward direction were prohibited by the curva- 
ture of the fragments in the cyclotron magnetic field. 

When collecting total fission fragments, the catcher 
foils were made from 0.002-inch “Mylar” polyester 


1 B. L. Cohen and R. B. Neidigh, Rev. Sci. Instr. 25, 255 (1954). 
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foil sections cut approximately to the correct size. 


‘Small corrections in their area were determined by 


weighing prior to bombardment. This was necessary 
since the foil sections close to the beam lost up to five 
percent of their weight during bombardment. When the 
distribution of specific fragments were to be measured, 
the catcher consisted of a 0.002-inch aluminum foil 
strip which was cut into segments after bombardment. 
The exact areas of the segments were then determined 
by weighing. 

In order to make certain that the activity observed 
was due to fragments ejected from the source during 
the fission process, differential range measurements 
were made on barium and strontium fragments at 20° 
and 170°. It was found that as much as 6% of the total 
activity was stopped in the first 0.5-mg/cm* aluminum 
absorber while only about 1.8% was stopped in the 
second 0.5-mg/cm?* absorber. There was no detectable 
dependence on angle for either absorber. Experiments 
involving the electrical heating of a freshly bombarded 
target indicated that most of the short-range fragments 
could be due to the thermal! evaporation of fragments 
stopped in the target. 

These very-short-range fragments were removed by 
covering the aluminum catcher foils with a 0.8-mg/cm* 
aluminum foil and the plastic catcher foils with 0.00025-: 
inch “Mylar” polyester film which had a surface 
density of 0.8-0.9 mg/cm’. In the latter case the cover 
foil served a more important purpose of stopping 
nuclei knocked out of the target backing by the 
bombarding particles. The Na™ activity collected on an 
uncovered foil section near 0° amounted to 5-10% of 
the total fission activity and was very angle-dependent. 
In addition, large amounts of Na™ were knocked out 
of the aluminum block. This was removed by placing 
a 0.002-inch “Mylar” polyester foil between the 
block and the catcher foils. In the cases where specific 
fragments were detected the Na* and other activities 
produced in the aluminum were removed by the 
chemical procedures. Blank runs indicated that extran- 
eous activities were not more than 0.1% of the fission 
activity. 

After bombardment the plastic catcher foils were 
set aside for about 8 hours to permit the C" formed by 
the C"(p,pn)C" reaction from scattered protons to 
decay. The foils were then counted by end-window 
Geiger counters. The two-counter method described by 
Cohen‘ was used to eliminate decay corrections. Each 
sample was counted twice for at least 20000 counts. 
In a few cases the activities were followed for a period 
of twenty-four hours. There was no detectable variation 
of the angular distribution with time. 

To determine the distribution of specific fragments, 
the aluminum catcher foil was removed from the 
holder, and the sections were cut out and weighed and 
then processed chemically. The barium and strontium 
determinations were made simultaneously. Separate 



































ANGULAR DISTRIBUTION OF FRAGMENTS 1111 
TABLE I. Summary of results. 
Proton Mass Pe.m. X10" 
energy (Mev) Target Fragment ratio 7 (g cm/sec) b/a c’/a’ 

45 Us Sr. 2 1.52 0.032+0.006 1.83+0.35 0.180+0.019 
Agi? us 1.05 0.038+0.007 1.77+0.33 0.158+0.026 
Ba!” is 0.039+0.004 1.47+4-0.17 0.150+0.016 
Total 0.036+0.003 1.67+0.14 0.173+0.009 

Th Sr. 2 1.45 0.021+0.005 1.19+0.27 0.244+0.017 

Ag'2 113 1.01 0.042 +0.006 1.91+0.26 0.175+0.021 
Bal” 1.61 0.040+0.005 1.42+0.18 0.327+0.018 
Total 0.045+0.004 1.99+0.16 0.192+0.010 

80 Us Sr®. 2 1.50 0.027 +0.005 1.55+0.23 0.066+0.022 
Agi!2 113 1.04 0.030+0.006 1.43+0.13 0.102+0.021 
Bal® 1.55 0.033+0.006 1.24+0.10 0.084 +0.024 
Total 0.033+0.003 1.51+0.16 0.100+0.011 

155 Us Sp. 2 1.46 0.037 +0.007 2.11+0.43 —0.059+0.016 
Agila us 1.01 0.037 +0.013 1.74+0.60 0.064+0.028 
Bal 1.59 0.029+0.007 1.08+0.26 —0.042+0.013 
Total 0.039+0.004 1.79+-0.09 —0.036+0.009 

Th Sr 8 1.40 0.043 +0.008 2.38+0.45 —0.050+0.017 

Agi!2 113 1.04 0.050+0.007 2.25+0.34 0.032+0.019 
Bal” 1.71 0.042+0.007 1.52+0.24 —0.094+0.014 
Total 1.85+0.13 


runs were made for silver. The chemical yields were 
determined and the samples were counted by the above 
procedure. 


0.041 +-0.003 


0.012+0.007 


approximate center-of-mass values, and the corrected 
data were then fitted to formulas of the type 


a (6)=a+b cos’é, (3) 
RESULTS a(0)=a'+c' cos, (4) 
At least three runs were made for each fragment at o(6)=a"+b" cos@-+c” cos? (5) 


a given energy and direction. The relative activities 
of the individual foil sections were corrected for 
chemical yield and solid angle; each set was then 
normalized to the same total activity. 

[t was assumed that the angular distributions were 
symmetric about 90° in the coordinate system of the 
fissioning nucleus. Measurements at lower energies 
seem to confirm this.‘ This coordinate system will 
hereafter be referred to as the center-of-mass system 
altheugh this is not strictly correct since any particles 
emitted before fission are not included. It was further 
assumed that the most probable angle between the 
incident direction and the motion of the center of mass 
was 0°. In this case, only the component of that motion 
parallel to the incident direction need bg considered. 
The effect of this angle being something other than 0° 
has been discussed in reference 8. No such effects 
were seen in the experimental data. 

The center-of-mass motion may be characterized 
by the quantity y, where y is the ratio of the velocity 
of the center of mass to the velocity of the fission 
fragment in the center-of-mass system. For small y 
the approximate relation between y and the angular 
distribution in the laboratory system is given by 
1+2y7+37* a(0°) 
SO ju eq 
1—2y7+37" a (180°) lab 


An approximate value of y was chosen, the relative 
activities and laboratory angles were corrected to the 


by least-squares methods. If the anisotropy as rep- 
resented by b/a, c’/a’, or (b+c’’)/a” was not equal 
in the forward and backward directions, another 
value of 7 was chosen and the process was repeated. 
The pdrallel component of the center-of-mass 
momentum can be obtained from y by the relation 


Pem.=PryM/Mr, (6) 


where Py is the momentum of the fragment in the 
center-of-mass system, Mr is its mass number and M 
is the mass number of the nucleus at the time of fission. 
Recent studies of the angular distributions of neutrons 
from fission induced by 146-Mev protons” indicate that 
about 2.5 neutrons are emitted after fission while 9 or 10 
are emitted before fission. Monte Carlo calculations of 
the cascade process" indicate that at this bombarding 
energy the average excitation energy of the residual 
nucleus is about 88 Mev with 1.4 cascade particles, most 
probably neutrons. At a bombarding energy of 80 Mev 
the average excitation energy is 63 Mev with an average 
of 0.7 cascade particle. At a bombarding energy of 45 
Mev, complete capture of the incident particle was 
assumed. On this basis it was estimated that the 
nucleus lost one neutron before fission for every 10 Mev 
of excitation energy, making the difference in mass 


12 G. N. Harding and F. J. M. Farley, Proc. Phys. Soc. (London) 
A69, 862 (1956). 

148 Metropolis, Bivins, Storm, Turkevich, Miller, and Friedlander, 
Bull. Am. Phys. Soc. Ser. II, 2, 63 (1957). 





1112 


TABLE II. Coefficients obtained by least-squares fits of the 


wee 


data for the total fission fragments at 45 Mev to Eq. (5). 











Target Direction 6” /a” c”’/a" 

Us 0°-90° 0.032+0.041 0.148+0.079 
90°-180° 0.031+0.039 0.140+-0.066 
Average 0.032+0.028 0.144+0.051 

Th 0°-90° 0.059+-0.037 0.135+-0.056 
90°-180° 0.038+0.039 0.147+-0.062 
Average 0.048+-0.027 0.141+0.041 











between the target nucleus and the fissioning nucleus 
5, 7, and 10 for 45-, 80-, and 155-Mev bombarding 
energies. The fragment momentum was then computed 
on the basis of 170 Mev for the kinetic energy of fission." 

The values of the parallel component of the center-of- 
mass momentum are given in column 6 of Table I. 
The errors given are obtained from the standard 
deviations computed from the least-squares fits. In 
most cases the values of the parallel momentum 
component at a given energy are within one standard 
deviation of the weighted average. The largest discrep- 
ancies are found for the total fragments from Th?# 
at 45 Mev and for Ba’ from U** at 155 Mev which 
differ from the average by about 2.5 standard deviations. 
The ratio of the weighted average of the parallel 
component of the center-of-mass momentum to that 
of the incident proton is 1.04+0.06, 0.65+0.03, and 
0.59+0.02 for 45, 80, and 155 Mev, respectively. 
It appears that complete capture of the incident 
particle is still a good assumption for heavy nuclei at 
45 Mev. 

The results for the anisotropies are given in the last 
two columns of Table I. These are the values of }/a 
and c’/a’ found by least-squares fits of the data to 
Eqs. (3) and (4). An attempt was made to fit the data 
to Eq. (5). In most cases the standard deviations of 
the coefficients were so large that no significance could 
be attached to the results. Only in the case of the total 
fission fragments at 45 Mev could reliable results be 
obtained. These are listed in Table II. For these two 
it appears that the cos‘# term is dominant, which is in 
agreement with the results from fast-neutron-induced 
fission.2 For this reason all the 45-Mev data were 
fitted to Eq. (4). The values of the coefficients obtained 
by fitting the 80- and 155-Mev data to Eq. (5) gave no 
indication that either term was dominant. Since the 
anisotropy and y (although to a lesser extent) are not 
very sensitive to the form of the distribution chosen, 
the 80- and 155-Mev data were finally fitted to Eq. (3). 

The anisotropies measured at 45 Mev are in qualita- 
tive agreement with those obtained with 22-Mev 
protons’ and 42-Mev alpha particles® insofar as the 
dependence on tha mass asymmetry is concerned. 
Thorium shows a strong dependence while uranium 
shows little if any. The actual values of c’/a’ are much 
less than the corresponding values obtained with 


14 Cohen, Cohen, and Coley, Phys. Rev. 104, 1046 (1956). 
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42-Mev alpha particles while only a little greater than 
those obtained for 22-Mev protons. This is consistent 
with the assumption that the anisotropy is dependent 
on the degree of orientation of the spin of the compound 
nucleus. The maximum angular momentum expected 
from the capture of a 42-Mev alpha particle is almost 
twice that expected from capture of a 45-Mev proton 
while the excitation energies of the compound nuclei 
are about the same. 

No measurements were made on Th* at 80 Mev. 
Angular distributions of fragments from U™* targets 
have anisotropies that are definitely smaller than those 
observed at 45 Mev. Furthermore, there is some 
indication that at this energy symmetric fission is more 
anisotropic than asymmetric fission. 

The anisotropies of the specific fragments at 155 Mev 
show a decided dependence on mass asymmetry. The 
asymmetric fragments have definite negative values of 
b/a. In all four cases these values are negative by three 
to six standard deviations. Symmetric fission, as 
represented by silver, has values of b/a which are 
positive by about two standard deviations. 

The available results on the anisotropy of the total 
fission fragments from proton-induced fission of U** are 
plotted in Fig. 2. It should be noted that these data are 
obtained from three sources which do not measure 
quite the same quantity. In the present work, only those 
fragments which have half-lives such that they give 
appreciable counting rates eight or nine hours after 
bombardment are measured. At 660-Mev, measure- 
ments were made on fission tracks in uranium-loaded 
emulsions.’ Here, all fission fragments contribute to 
the measurements. The quantity actually determined 
was the distribution in projected angle. While it 1s 
not possible to obtain a unique distribution in spatial 
angle from a given distribution in projected angle, a 
form which will give the experimental results is 
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Fic. 2. Anisotropies of total fission fragments from 
proton-induced fission of U8, 








ANGULAR DISTRIBUTION OF FRAGMENTS 


Simpler distributions as represented by Eqs. (3) or (4), 
adjusted to give the experimental anisotropy in 
projected angle, have nearly the same anisotropy in 
spatial angle although the resulting form of the distribu- 
tion in projected angle is somewhat different. The 
anisotropy for the total fission products from fission 
induced by 22-Mev protons’ is estimated from measure- 
ments made on five specific fragments. 

The anisotropy behaves as expected at the lower 
energies going through a maximum in the vicinity of 
45 Mev and thereafter decreasing. However it does not 
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appear to approach any limiting value at higher 
energies but decreases as a smooth function of energy 
to quite large negative values. 
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Cross Section for the Al’’(y,2p)Na®®> Reaction to 65 Mev* 


L. B. AuLt AND W. D. WHITEHEAD 
University of Virginia, Charlottesville, Virginia 
(Received January 30, 1958) 


The Al?7(7,2p) Na®* cross section has been determined from 25 to 65 Mev with respect to the Cu®(y,n)Cu® 
cross section. The cross section has a maximum value of 0.29 mb at 32 Mev and the integrated cross section 


from 25 to 64 Mev is 2.8 Mev mb. 


INTRODUCTION 


HE (y,n) and (7,p) cross sections have been deter- 
mined for a number of elements, and the param- 
eters describing the giant resonances as functions of A 
have been well systematized.' Several (7,2) cross sec- 
tions have been investigated** and the cross sections 
for some multiple processes have been measured,** but 
no (y,2p) reactions have been investigated in detail.* We 
have determined the cross section for the Al?’ (y,2p)Na*® 
reaction, which has a threshold at 21.4 Mev, from 25 
Mev to 65 Mev using the bremsstrahlung from the 
University of Virginia synchrotron, by measuring the 
induced Na* activity in pure aluminum disks.’ The yield 
function, determined with respect to the Cu®(y,7)Cu® 
cross section, was unfolded by means of the Leiss- 
Penfold matrices® to give the cross section as a function 
of energy. 


EXPERIMENTAL PROCEDURE 


To determine the aluminum yield curve, an aluminum 
disk and a copper disk were clamped together, the pair 


* Supported in part by the U. S. Air Force under a contract 
monitored by the Air Force Office of Scientific Research of the 
Air Research and Development Command. 

1G. R. Bishop and R. Wilson, The Nuclear Photoeffect, Encyclo- 
pedia of Physics (Springer-Verlag, Berlin, 1956), Vol. 13, p. 332. 

2 A. QO. Hanson and E. A. Whalen, Phys. Rev. 89, 324 (1953). 

3A. I. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954). 

‘ ie Katz, Haslam, and Johns, Phys. Rev. 81, 660(A) 
(1951). 

5 Schupp, Colvin, and Martin, Phys. Rev. 107, 1058 (1957). 

6 Davidson, Patro, and Woldseth, Bull. Am. Phys. Soc. Ser. II, 
2, 351 (1957). 

7 Supplied through the courtesy of W. C. Saunders, Reynolds 
Metal Company. 

8 A. S. Penfold and J. E. Leiss, Phys. Rev. 95, 637(A) (1954). 


was irradiated for three minutes at each energy, and 
then the induced activity in each sample was deter- 
mined. The samples were irradiated at 1-Mev inter- 
vals in the maximum photon energy range 25 to 36 
Mev and at 2-Mev intervals in the range 36 to 65 Mev. 
The aluminum disks were 0.845 g/cm? thick and 1} 
inches in diameter, and the copper monitor disks were 
the same diameter and 0.133 g/cm? thick; the sample 
holder was 41 cm from the internal tungsten target 
and was centered with the aid of x-ray plate exposures. 
The beam was monitored with an ionization chamber 
also, and for each irradiation the sample was placed in 
the beam by remote control when the intensity was 
steady. If the intensity as determined with the ioniza- 
tion chamber fluctuated during a run, the run was 
discarded. 

The synchrotron, which was built by the General 
Electric Company,’ has a maximum energy of 65 Mev, 
and the gamma-ray intensity at this energy from a 
0.020-inch internal tungsten target measured with a 


* Victoreen R-meter in a }-inch lead thimble is 300 r/min 


at 1 meter from the target. The energy of the electrons 
was determined by means of an integrating fluxmeter,” 
and the energy scale of the machine was established with 
reference to breaks in the C"(y,2)C" yield function at 
19.10 and 19.55 Mev." The estimated uncertainty in 
the maximum photon energy values obtained from the 
integrator is +0.25 Mev. 


® Elder, Gurewitsch, Langmuir, and Pollock, J. Appl. Phys. 18, 
810 (1947). 
10 J. E. Leiss, National Bureau of Standards (private com- 


munication). 
1B. M. Spicer and A. S. Penfold, Phys. Rev. 100, 1375 (1955). 
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Fic. 1. The decay scheme for Na®* as determined by 
Maader and Staehelin.” 


The induced activities in the aluminum and copper 
samples were measured with a 27 plastifluor scintillation 
crystal 0.25 inch thick mounted on an RCA-6342 photo- 
multiplier which fed a Hamner N301 linear amplifier and 
discriminator, and then extrapolated to the end of the 
irradiation. In a three-minute irradiation the only 
measurable activities induced in the aluminum samples 
were the 6-sec Al”® from the Al?’ (y,7) Al?* reaction and the 
60-sec Na” from the Al”’(y,2p)Na*, and no6-sec compon- 
ent was detected in the decay curve if a 70-sec delay was 
introduced before starting the counter. Since the decay 
scheme for Na®* has previously been determined” (Fig. 1) 
and the component beta-ray spectra all have maximum 
energies greater than 2.5 Mev, the counter was biased to 
count all beta rays above 50 kev and this resulted in very 
little loss in efficiency. The only appreciable activity 
induced in the copper sample was the 10-min Cu®, 
and no long-lived components were detected in the 
decay curve. Since the Cu® decays by positron emission 
and 2% K capture,’ the discriminator was set to count 
all positrons above 1.5 Mev to avoid pileup from the 
0.51-Mev annihilation radiation. 

The counting rates at the end of the irradiation, time 
i=0, were determined after the counting rates at time 
‘=T were corrected for losses due to discriminator 
setting, back scattering, and absorption in the sample. 
The Na*® data were not corrected for losses due to dis- 
criminator setting because, as mentioned before, all 
beta rays above 50 kev were counted. The counting 
rates from the copper samples were corrected for dis- 
criminator setting by using the experimentally deter- 
mined shape” of the Cu® positron spectrum to ex- 
trapolate to zero bias. About 30% of the Cu® positrons 
have energies greater than that corresponding to the 
discriminator setting used. The self-absorption cor- 
rection for the Na** was similar to that used by Katz 
and Baker." The self-absorption correction was also 
experimentally determined by irradiating aluminum 
samples of various thicknesses at a fixed beam energy, 
and the two correction factors agreed in value. The 
experimentally determined value for the half-life of 





12D. Maeder and P. Staehelin, Helv. Phys. Acta 28, 193 (1955). 
3 Raymond W. Hayward, Phys. Rev. 79, 541 (1950). 
“R. C. Baker and L. Katz, Nucleonics 11, 2, 14 (1953). 
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Cu® was 9.8 min and for Na*® was 62.0 sec; these 
values were used to extrapolate the counting rates to 
the end of the irradiation (t=0). The total induced 
activity was determined from the extrapolated cor- 
rected counting rates by use of the experimentally 
determined value for the geometrical efficiency of the 
counter. A calibrated Na” source was used to measure 
the effective solid angle subtended by the counter, to 
measure the efficiency of the crystal for gamma rays, 
and to establish the energy scale for the discriminator. 
The efficiency of the counter for 0.5 Mev was less than 
1%, and since 65% of the beta rays from Na™ go 
directly to the ground state of Mg*® and the decay y 
rays from the other levels of Mg* all have an energy 
greater than 0.4 Mev, no corrections were made for 
gamma rays in the Na” counting. The contribution of 
the Cu™(n,2n)Cu® reaction’® to the Cu® activity was 
determined by an experiment in which a copper sample 
was placed just outside the beam. This contribution was 
found to be negligible. No corrections were made for 
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Fic. 2. The yield function for the Al*’(7,2p)Na** normalized 
to the Cu®(y,n)Cu® cross section of Berman and Brown.’ The 
statistical uncertainty in the points is about 2%. 


the Cu®(y,3n)Cu® reaction® which has a threshold, 
computed from the masses, at 27.6 Mev. 
The beam intensity for each run was computed from 
the Cu® yield curve using the relation 
Y (En) 


n= —_————_“- 


Em 
N f P(E,Em)o(E)dE 
E 


t 


’ 


where »=number of photons striking the sample for 
maximum energy E,, Y(En)=yield of Cu® atoms 
calculated from the induced activity at the maximum 
photon energy E,,, N=number of Cu® nuclei per cm? 
in the sample, P(E,E,.)=Schiff spectrum integrated 
over angles at E,,,!° E,=threshold energy for the 
Cu®(y,n)Cu® reaction, and o(£) is the cross section 
for that reaction at energy E. The sample subtends a 


16 Brolley, Fowler, and Schlacks, Phys. Rev. 88, 618 (1952). 
16. I. Schiff, Phys. Rev. 83, 252 (1951). 














CROSS SECTION FOR THE 
half-angle of 2.6°, and the experimentally determined 
half-width of the beam at 64 Mev is ~2° so that the 
Schiff spectrum integrated over the solid angle is a good 
approximation.'’ There are still some discrepancies in 
the published values for the Cu™(y,7)Cu® cross sec- 
tion* 5.9. we have used the value of Berman and 
Brown’ and have assumed that the cross section is 
zero above 30 Mev. 
RESULTS AND DISCUSSION 

The Al’7(y,2p) yield function, normalized to beam 
intensity m, is shown in Fig. 2, in which each point is 
the average of three determinations and the statistical 
errors due to counting are about 2%. In order to com- 
pute the cross section, a smooth curve was drawn 
through these points. The cross section derived from 
this curve by use of the Leiss-Penfold matrices® is 
plotted in Fig. 3. The points were computed by using 
the values from the smooth yield curve at energies 
midway between the data points. The statistical errors 
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Fic. 3. Cross section for the Al?’(y,2p)Na** reaction derived 
from the smooth yield curve of Fig. 2. The estimated statistical 
uncertainty in the points is about 30%. 


on the cross section curve are difficult to estimate but 
are the order of 30%. The smooth cross section curve is 
the estimated best fit, and the integrated cross section 
using this curve is 2.8 Mev mb in agreement with the 
published value.” In Fig. 4 the cross sections for the 


17 National Bureau of Standards Handbook 55, Protection Against 
Betatron-Synchrotros Radiations up to 100 Million Electron Volts 
(U. S. Government Printing Office, Washington, D. C., 1954), 
Appendix G. 

18 Scott, Hanson, and Kerst, Phys. Rev. 100, 209 (1955). 

# VY. E. Krohn and E. F. Shrader, Phys. Rev. 87, 685 (1952). 

*L. S. Edwards and F. A. MacMillan, Phys. Rev. 87, 377 
(1952). 
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Fic. 4. Cross sections for the Al?7(y,p)Na”* reaction from Hal- 


pern and Mann,” for the Al?’(y,n)AP® reaction from Katz and 
Cameron” and for Al?’(7,2p)Na* from this work. 


Al’"(y,p),2 AlP"(y,2)," and Al?(y,2p) reactions are 
plotted. The maximum value of the (y,2p) cross sec- 
tion is 0.29 mb at 32 Mev, and within the uncertainty 
of the data the cross section is finite up to 65 Mev. 
From the experimentally determined elastic y-ray 
scattering cross section and the absorption cross sec- 
tion determined from the (y,z) and (y,p) processes, 
Fuller and Hayward™ have concluded, using the dis- 
persion relations, that the aluminum nucleus must 
absorb y rays at higher energies than those of the 
giant resonances for these processes. The integrated 
cross sections for Al’?(y,n), Al?"(y,n2p), and Al*’(y,2p) 
have been determined to 70 Mev by Edwards and 
MacMillan and, as in this experiment, the multiple 
processes do not make a significant contribution to the 
total absorption cross section. The (7,p) process has 
the largest integrated cross section, although it has 
only been measured to 24 Mev, and it may be that this 
process makes the largest contribution to the absorption 
cross section even at the higher energy. 
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Lifetime of the 473-kev Level in Tm?**} 
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The lifetime of the 473-kev level in Tm’ has been investigated by means of an intermediate-image 
beta-ray spectrometer which was arranged for observing beta-gamma coincidences with a fast-slow coinci- 
dence system. From the distribution of delayed coincidences between 94-kev L-conversion electrons and 
K-capture x-rays, an upper limit for the half-life of the 473-kev level of 3X 10-® sec is assigned. It is concluded 
that the rotational interpretation for this level is most likely the correct one. 





INTRODUCTION 


EVERAL recent studies'* of the Yb'® electron 

capture to Tm'’™ have provided rather extensive 
experimental data concerning the nuclear level struc- 
ture in Tm'®, The level scheme derived from the 
measurements of Hatch e/ al.‘ is shown in Fig. 1. In this 
scheme are indicated the rotational band based on the 
even-parity K=} ground state (levels A through D), 
a K=} even-parity single-particle level (level E), and 
two members of a rotational band (levels F and G) 
based on an odd-parity K=j single-particle level 
(level F). Level G was interpreted by Hatch ef al.‘ as 
most likely being the 9/2- rotational level above level F 
because of the apparent M1i+ £2 character of the 
94-kev radiation from the transition GF and from the 
consideration that there is no odd-parity single-particle 
orbit according to the predictions of Mottelson and 
Nilsson® which could be expected to appear at less 
than a few hundred kev above level F. In addition the 
9/2- rotational level above level F would be expected to 
be excited in a first-forbidden electron capture from the 
tentatively assigned K=}* ground state of Yb'®. 
The $* assignment for the Yb'® ground state is the 
expected spin and parity based on the predictions of 
Mottelson and Nilsson’ for a deformation parameter 
5=0.28, and this assignment appears to be the most 
likely of the possible alternatives according to the 
Mottelson and Nilsson curves when consideration is 
given to the apparent ft values of the Yb'® decay and 
to the experimental spin and parity assignments of the 
Tm'® levels.‘ 

However, Mihelich ef al.* have published a measure- 
ment for the half-life of level G of 4X 10~’ sec obtained 
from y—vy coincidence techniques using Nal scintilla- 
tion spectrometers. Since the lifetime of level G, if it is 
a rotational state, is expected to be of the order of 
10-” sec, the 4X10~7-sec half-life measurement is 
clearly in disagreement with the rotational interpreta- 


+t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1S. A. E. Johansson, Phys. Rev. 100, 835 (1955). 

2 Cork, Brice, Martin, Schmid, and Helmer, Phys. Rev. 101, 
1042 (1956). 

3 Mihelich, Ward, and Jacob, Phys. Rev. 103, 1285 (1956). 

4 Hatch, Boehm, Marmier, and DuMond, Phys. Rev. 104, 745 
(1956). 

5B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955). 


tion of level G. Thus Mihelich ef al. interpret this state 
as a single-particle excitation.® 

In the delayed-coincidence measurement of the level 
G lifetime by Mihelich et al.,* one channel of the coinci- 
dence system accepted pulses from the NaI photopeak 
of the 63-kev gamma ray FE, while the other channel 
accepted pulses from the NaI photopeak of the Tm K 
x-rays, which are at about 50 kev. The 4X10~7-sec 
half-life was observed in the distribution of delayed 
coincidences between the K x-ray channel and the 
63-kev gamma-ray channel. It was assumed that the 
observed 4X 10~7-sec half-life belonged to level G since 
10% of the K-captures go to level G. In such a case the 
63-kev gamma rays would be in delayed coincidence 
with 10% of the K-capture x-rays. However, because 
of the poor resolution of Nal spectrometers, it is not 
clear that the lifetime observed by Mihelich ef al. is not 
due to the 6.4X10~-7-sec half-life of level EZ. This 
observed lifetime would arise from the presence in the 
63-kev gamma-ray channel of Tm K x-rays which 
follow internal conversion of transitions below level E, 
which would, of course, be in delayed coincidence with 
the Tm K-capture x-rays. 

In view of the preceding arguments, one of us 
(E.N.H.) in collaboration with F. Boehm undertook a 
preliminary investigation of the 473-kev level lifetime 
at the California Institute of Technology. While this 
work was being continued at the Brookhaven National 
Laboratory it was learned that Nathan and Marklund’ 
had completed a similar investigation. Their measure- 
ments consisted of observing the Z-conversion electrons 
of the 94-kev transition GF, resolved in a magnetic 
beta-ray spectrometer, in coincidence with the Tm’ 
K-capture x-rays, which were detected using a Nal 
crystal. The 94-kev L line was studied first in prompt 
coincidence with the Tm K x-rays, and then with a 
0.2-usec delay introduced into the x-ray channel. From 
the observed reduction in the coincidence rate of the 
94-kev L line when the delay was introduced compared 
with the prompt rate, it was concluded that the half- 


6 Many lifetimes of single-particle levels >10~* sec are known 
to exist in odd-A nuclei for which the unified model applies. See 
the survey by S. G. Nilsson and J. O. Rasmussen, University of 
California Radiation Laboratory Report UCRL-3889 (August, 


957). 
70. Nathan and I. Marklund, Nuclear Phys. 6, 102 (1958). 
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life of level G must be considerably shorter than 
4X10~7 sec. In addition, from a comparison between 
the relative transition intensities of the 110- and 94 
kev L lines in the normal conversion electron spectrum 
and in the spectrum in prompt coincidence with the 
Tm K x-rays, an upper limit of 5X10~* sec for the 
half-life of level G was set by Nathan and Marklund. 

Although the work of Nathan and Marklund indi- 
cates the incorrectness cf the 4X10~7-sec half-life 
ascribed to level G by Mihelich ef al.,* it cannot rule 
out the interpretation of this level as being a single- 
particle excitation. For example, level F, which must 
be interpreted as a single-particle excitation, has an 
unambiguous measured half-life of 4.5 10~* sec.* 

As a result of the above considerations, an effort has 
been made in the present investigation to improve the 
experimental situation over those used by Mihelich 
ef al. and by Nathan and Marklund in order to reduce 
the possible upper limit for the 473-kev level measured 
lifetime so as to be closer to the lifetime expected for a 
rotational level. 


EXPERIMENTAL PROCEDURE AND RESULTS 


In the present investigation, a delayed coincidence 
distribution due to coincidences between the 94-kev 
L-conversion electrons and both K x-rays and the Tm'™ 
63-kev gamma rays was produced. The 94-kev L-con- 
version electrons were resolved in the intermediate- 
image magnetic spectrometer,’ and they were detected 
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Fic. 1. Level scheme for the electron-capture decay of Yb'® to 
Tm’, taken from reference 4. The half-lives listed for levels E 
and F are those given by Mihelich e¢ al.,? while the upper limit 
listed for the half-life of level G is the result of the present in- 
vestigation. 








§ See reference 3 and Fig. 3(B) of the present note. 
*D. E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 
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with a 1-in. diameter by }-in. thick anthracene scintilla- 
tion crystal which was coupled with a light piping 
system to remove the photomultiplier from the mag- 
netic field of the spectrometer. The Tm K x-rays were 
detected with a 14-in. diameter by 4-in. thick anthra- 
cene crystal placed directly behind the source and with 
a similar light piping arrangement. By using anthracene 
instead of Nal to detect the Tm K x-rays, a considerable 
reduction in resolving time of the coincidence circuit 
could be utilized, since the phosphor decay time of 
anthracene (~3X10~* sec) is approximately one-tenth 
that of Nal. The }-in. thick anthracene crystal was 
~H% efficient in detecting the 50-kev x-rays. The 
experimental arrangement and the fast-slow coincidence 
technique used in this experiment have been described 
previously.” For all runs the fast-coincidence circuit 
resolving time was set with r=1.3X10™-° sec. 

To prepare the Yb!™ source, a thin layer of Yb2O; 
0.1 mg/cm* thick was evaporated in vacuum onto a 
thin aluminum foil which was subsequently irradiated 
for four months in the Brookhaven reactor and then 
set aside for five weeks to decrease the 4.5-day Yb!7° 
activity. A portion of the singles conversion electron 
spectrum, showing the 94-kev L line as recorded with 
the beta-ray spectrometer, is shown in Fig. 2. The 
momentum resolution utilized in the beta spectrometer 
for this experiment was 2.5%, and the transmission 


was 6.1%. 
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Fic. 2. Portion of the internal conversion electron spectrum 
from Tm! as recorded with the intermediate-image beta-ray 
spectrometer. 


TD). E. Alburger, Phys. Rev. 109, 1222 (1958). 
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Fic. 3. (A) Distribution of coincidences between 110-kev L con- 
version electrons and x-rays plus gamma rays. (B) Distribution of 
coincidences between 94-kev L conversion electrons and x-rays 
plus gamma rays. 


In Fig. 3(A) is shown a coincidence distribution 
which was obtained by delaying the coincidences be- 
tween the 110-kev Z-conversion line peak and the 
Tm K x-rays and Tm!® gamma rays. The K x-rays 
following the K conversion of the 177- and 198-kev 
transitions as well as the 177- and 198-kev gamma rays 
themselves are in prompt coincidence with the 110-kev 
L line and the combined yield gives rise to the major 
part of Fig. 3(A). The window of the pulse-height 
analyzer on the K x-ray side of the slow coincidence 
section of the fast-slow system was set to accept pulses 
from the K x-ray photopeak in the 3-in. thick anthra- 
cene crystal. Also accepted by this window were, of 
course, pulses due to the K-capture x-rays and due to 
the 63-kev gamma rays. In addition, there were pulses 
in this channel due to Compton electrons formed by 
the higher energy Tm?® gamma rays. The horizontal 
dashed line on the right side of Fig. 3(A), which indi- 
cates the contribution of the 0.64-usec half-life of 
level E, was obtained by extrapolating back from a 
point taken at an x-ray delay setting of +60 musec. 
This contribution is due to the delayed coincidences of 
the K-canture x-rays and the 63-kev gamma rays with 
the 110-kev transitions. The other dashed line in 
Fig. 3(A) was obtained after the 0.64-usec contribution 
had been subtracted from the coincidence distribution. 
The resulting net curve is expected to be a good 
approximation of the actual experimental prompt 
coincidence resolution curve for coincidences between 
the 50-kev x-rays and the 94-kev L electrons. Due to 
the wide range of pulse heights in both channels, the 


EH. N,. BATCH AND D. E:. 
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~3.6X10-*-sec full width at half maximum of the 
prompt curve is greater than the 2.6X10~*-sec width 
one would obtain for ideal conditions. 

The delayed-coincidence distribution resulting from 
the 94-kev L line in coincidence with the K-capture 
x-rays and the 63-kev gamma rays is shown in Fig. 3(B). 
The coincidence rates in this figure were obtained for 
each delay setting by first recording the net coincidences 
after subtraction of the random rate at the field settings 
corresponding to A, B, and C in Fig. 2 and then sub- 
tracting from the coincidence rate at B a value inter- 
polated from the rates at A and C as the background 
correction. This background was contributed principally 
by the low-energy tail of the 110-kev Z line and would 
give rise to the distribution in Fig. 3(A). 

For the delay curve in Fig. 3(B), the window of the 
pulse-height analyzer for the x-ray side was the same 
as used for the prompt curve in Fig. 3(A). It was not 
expected that pulses accepted by this window due to 
events other than the emission of K-capture x-rays 
would affect the lifetime measurement of level G, since 
all other events in cascade with the 94-kev transition 
actually follow it and would affect mainly the slope on 
the left side of Fig. 3(B). The K-capture x-rays, on the 
other hand, precede the 94-kev transition, and thus 
the lifetime of level G is indicated by the slope on the 
right side. The lifetime contribution indicated on the 
left side of the delay curve of Fig. 3(B) is due to the 
lifetime of level F, and represents the delayed coinci- 
dences of the 63-kev transition FE with the 94-kev L 
conversion line since the photopeak of the 50-kev 
x-rays in the anthracene aiso contains the pulses due 
to the 63-kev gamma rays. The slope of the left side 
of the Fig. 3(B) delay curve is consistent with the 
4.5X10-*-sec half-life measurement for level F by 
Mihelich et al.* By folding the prompt-coincidence 
resolution curve [Fig. 3(A)] into a 4.5X10~*-sec half- 
life, it was demonstrated that the presence of this life- 
time in the delayed coincidence distribution [ Fig. 3(B) ] 
had a negligible effect on the slope of the right side of 
the curve. Thus it was shown that the right side of 
Fig. 3(B) gives a valid indication of the lifetime of 
level G. From observing the effect on the right side 
slope when half-lives of 3 and 5 mysec were folded into 
the prompt distribution of Fig. 3(A), it was apparent 
that an upper limit of 3X10~ sec could be assigned for 
the half-life of the 473-kev level. 

It is concluded that this upper limit for the half-life 
of level G is in good agreement with the rotational 
interpretation of this level. When this limit is con- 
sidered along with the previously given arguments 
concerning the interpretation of level G, the rotational 
description appears more likely to be the correct one. 
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Evidence for the Presence of £0 in Direct Competition with M1 and E2* 


T. R. GerHoLm AND B. G. PETTERSSON 
Institute of Physics, University of Uppsala, Uppsala, Sweden 
(Received February 10, 1958) 


Gamma-electron and electron-gamma angular directional correlation measurements have been obtained 
for the 334.0-356.5 kev cascade in Pt" by use of a beta-spectrometer and a NaI(T]) scintillation detector. 
The result obtained for the A» term in the gamma-electron case is in agreement with earlier gamma-gamma 
measurements by Steffen. The electron-gamma A, term gives evidence for admixtures due to electric 
monopole internal conversion as predicted by Church and Weneser. 


INTRODUCTION 


NTERNAL conversion transitions of multipole order 

E0 take place between nuclear states of equal spin 
and parity. Because of the simplicity of the ZO matrix 
elements these transitions are particularly useful for 
the study of nuclear structure. In the past few years 
a great deal of interest has been focused on the EO 
transitions. A number of 0+ (£0)0+ transitions have 
been experimentally investigated. Recently Alburger' 
found a weak cross over from the second excited 0+ 
level in Ge”. Alburger’s result is particularly interesting 
since in this case the EO transition proceeds in com- 
petition with an £2 transition to the first excited 2+ 
level. So far, however, there has been no evidence for 
an £0 transition in direct competition with any multi- 
pole radiation proceeding between the same nuclear 
levels. 

As pointed out by Scharff-Goldhaber and Weneser, 
there exists a large and regular group of nuclei having 
first and second excited states of spin two and even 
parity. Pt presents a typical example. These nuclei 
provide a fertile field for the search for H0+M1+ £2 
mixtures. 

On the basis of gamma-gamma angular correlation 
experiments, which determine the £2/M1 mixing ratios, 
and che experimentally observed internal conversion 
coefficients, estimates have been made of the amount 
of EO admixture by making use of che theoretical in- 
ternal conversion coefficients. However, the accuracy 
in the experimental internal conversion coefficients is 
too small to exclude a small admixture of 0. Therefore 
only upper limits have been given.’ 

Furthermore, as will be discussed below, the gamma- 
gamma angular correlations and the experimental in- 
ternal conversions do not provide enough information 
to decide about a possible HO admixture. This is due 
to the fact that the theoretical internal conversion 
coefficients themselves depend on specific assumptions 


*This work was supported by the Swedish Atomic Energy 
Commission and by the U. S. Air Research and Development 
Command. 

1D—. E. Alburger, Phys. Rev. 109, 1222 (1958). 

2G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 

3 E. L. Church and J. Weneser, Phys. Rev. 103, 1035 (1956). 

4 T. Lindqvist and I. Marklund, Nuclear Phys. 4, 189 (1957). 


about the nuclear structure, as first pointed out by 
Church and Weneser.*:® 

Recently, however, Church, Rose, and Weneser’ 
called attention to the fact that the problem of an ZO 
admixture in direct competition with M1 and E2 can 
be unambiguously settled if a third experiment is 
carried out, namely, the conversion electron-gamma 
angular correlation. Because of the interference be- 
tween the EO and £2, this experiment provides a 
sensitive method to discover a weak EO admixture. 
In the particular case of Pt!* the electron-gamma cor- 
relation has the additional advantage that the correla- 
tion function is almost independent of the theoretical 
uncertainty of the M1 internal conversion coefficients. 
This report deals with an experiment of this kind. The 
experimental results provide clear evidence for an EO 
admixture in the 2+ — 2+ transition of Pt. An 
earlier electron-gamma correlation experiment has been 
reported by Kane and Frankel.* 


EXPERIMENTS 


The preparation of the source is the crucial point in 
electron-gamma angular correlation experiments. In 
order to obtain the unperturbed correlation, extremely 
thin sources should be used mounted on thin backing 
materials. Furthermore, the active material should be 
embedded in a metallic lattice. The latter condition is 
imperative in this case where the nuclear transitions 
are preceded by a K-capture. Owing to the K-capture 
the electronic shell will be excited. The interaction 
between the nuclear magnetic moment and the elec- 
tronic shell gives rise to a time-dependent perturbation. 
In a metallic surrounding, however, the recovery time 
is much shorter than the mean life of the excited nuclear 
level and consequently there will be no attenuation due 
to the K-capture.® 





5 E. Church and J. Weneser, Phys. Rev. 100, 943 (1955); 100, 
1241(A) (1955); 103, 1035 (1956); J. Weneser and E. Church, 
Bull. Am. Phys. Soc. Ser. II, 1, 181 (1956). 

®E. Church and J. Weneser, Bull. Am. Phys. Soc. Ser. II, 1, 
303 (1956); Phys. Rev. 104, 1382 (1956). The values of C(Z,k) 
given in this reference should be corrected by a factor (3). 

7 Church, Rose, and Weneser, Phys. Rev. 109, 1299 (1958). 

8 J. V. Kane and S. Frankel, Bull. Am. Phys. Soc. Ser. II, 2, 
25 (1957); J. V. Kane, dissertation, University of Pennsylvania 
(unpublished). 

9H. Frauenfelder, in Beta- and Gamma-Ray Spectroscopy, 
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Fic. 1. Arrangement of 8 spectrometer and gamma counter. A complete description is given in reference 10. 


The activity was obtained by bombarding spectro- 
scopically pure platinum with 16-Mev deuterons. The 
gold activity was extracted in the form of gold chloride. 
As backing, a 0.9 mg/cm? Mylar foil was used. On this 
backing, a 500-1000 angstrom thick silver layer was 
evaporated. The activity was electroplated on the 
silver surface. This was obtained simply by putting the 
Mylar backing with the silver layer into the chloride 
solution for about half an hour. In this way the activity 
was obtained as a weightless layer on the silver surface. 

The experimental setup, as shown in Fig. 1, was a 
beta-ray spectrometer specially adapted for correlation 
measurements” and a 2 in.X23-in. diameter NaI(T]) 
scintillation detector for the gamma rays. 

Both electron-gamma and gamma-electron correla- 
tions were determined. In each correlation experiment, 
about 10* coincidences were counted at each of the 
angles 90°, 135°, and 180°. The complete series of 
measurements was made with three different sources. 
The results obtained were in good agreement with each 
other. 

The A, and A, coefficients have been determined by 
a method given by Gimmi, Heer, and Scherrer."' The 
coefficients were corrected for the finite solid angles of 
the detectors. No correction for source scattering has 
been applied. The experimental results are given in 
Fable I. 


edited by K. Siegbahn (North-Holland Publishing Company, 
1955), Chap. 19, Part 1. 

10 B. G. Pettersson and T. R. Gerholm, Nuclear Instr. (to be 
published). 

11 Gimmi, Heer, and Scherrer, Helv. Phys. Acta 29, 147 (1956). 


DISCUSSION 
Gamma-Gamma Angular Correlation 


The 334.0-356.5 kev cascade transition of Pt has 
been carefully studied by Steffen'’® and by Thieme and 
Bleuler.* Their experimental results are in good 
agreement and indicate an M1 admixture of 4.5+0.8%. 
Steffen” reports 1/6°=22+4, where & is defined as 


M1 electromagnetic transition probability 





E2 electromagnetic transition probability 


6 is positive in the notation of Biedenharn and Rose. 


Gamma-Electron Angular Correlation 


According to Biedenharn and Rose," the correlation 
function is given by 


W (y,€; M1+ E2) = P»(cos@) 
+b2°Ao(y,v; M1+E2)P2(cos#) 
+b4°Aa(y,v; M1+E2)P,(cos@), (2) 


where b,* and 54° are the appropriate particle factors, 
tabulated by Biedenharn and Rose. a 

In Table I the coefficients A2(y,é) and A,(y,é) 
calculated from (2) for 1/6’=22+4 are compared with 
the experimental results. This shows that within the 
experimental errors we have obtained the unperturbed 
correlation. The largest attenuation consistent with 


2 R. M. Steffen, Phys. Rev. 89, 665 (1953). 

13M. T. Thieme and E. Bleuler, Phys. Rev. 101, 1031 (1956). 

147. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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our results corresponds to an attenuation factor G=0.70. 
As discussed below, this figure, obtained by combining 
the largest value for A2(7,y) with the lowest value for 
A:2(y,é), can be used to set a lower limit for the amount 
of EO admixture in the 2+ — 2+ transition. 


Electron-Gamma Angular Correlation 


For the 2+ — 2+ transition one has to consider the 
four'® conversion matrix elements corresponding to the 
E0, M1, and E2 modes of decay as well as the two 
electromagnetic matrix elements for M1 and £2. Six 
independent experiments are required to determine 
these unrelated quantities. In the theory of Church, 
Rose, and Weneser,’ however, the conversion properties 
of the £2 component are assumed to be correctly given 
by the conversion coefficients calculated by Sliv and 
Band.'* Thus, ly four independent experiments are 
necessary, e.g., gamma-gamma and electron-gamma 
angular correlations, a determination of the total 
internal conversion coefficients, and a measurement of 
the absolute 2+ — 2+ transition rate. 

In the theory of Church, Rose, and Weneser,’ the 
new M1 matrix element is characterized by a dimension- 
less parameter A. The value of \ depends on specific 
assumptions about the nuclear structure. The admix- 
ture of EO is measured by the quantity 


E0 K-shell conversion transition probability (3) 
= . ae 
E2 K-shell conversion transition probability 





According to Church, Rose, and Weneser, the angular 
correlation function is then given by 


9 


i+ 
W (é,7; L0+M1+£2) pacecnan-cobialetidlh 
I+pt+¢? 


1 
+ 1 iw o*+ 2pb2A ot p'b."A 2”+gbo) P2(cos@) 


+p +¢ 





by*A 4*Ps(cos6). (4) 


Taste I. A comparison of the experimental and theoretical A, 
and A, coefficients. The A2(é,y) are calculated using the conver- 
sion coefficients given by Sliv and Band* and Rose. 








Calculated from +-y Experimental value 





A2(7,é) +0.122+0.022 +0.11340.010 
Ai(y,é) 0 —0.01 +0.02 
A:(é,y)* —0.148-+0.005 —0.071+0.012 
A,(é,y) —0.017 —0.02 +0.03 
A:(é,y)” —0.150+0.005 

Aué,y) —0.017 








* Using the K-shell conversion coefficients of Sliv and Band. 
> Using the K-shell conversion coefficients of Rose, Goertzel, and Swift 
(privately circulated tables). 


18 T, Green and M. Rose, Bull. Am. Phys. Soc. Ser. II, 2, 228 
(1957). 

16, Sliv and I. Band, Leningrad Physico-Technical Institute 
Report, 1956 [translation: Report 57 1CC K 1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) J. 
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Fic. 2. Plot of a section of the A-¢ plane. The shaded area 
represents the \ and g region consistent with the experimentally 
measured conversion coefficients (8*) and the (2,7) angular cor- 
relation reported in this work (Az). See reference 7. 


It is the appearance of the term gbo(1+9’+q*)"P2 
(cos#), due to the E0-E2 interference, that makes the 
electron-gamma angular correlation very sensitive to 
small admixtures of 20, as first pointed out by Church 
and Weneser.® 

The parameter #” in (4) is defined as 


Bix 
p= 


ay* 


M1 K-shell conversion transition probability 





‘2 K-shell conversion transition probability. 


The particle factors b2 and 5)” are tabulated functions 
of the M1 parameter A and the interference factor bo is 
given in reference 7. The remaining factors are those of 
Biedenharn and Rose.“ The A2(é,y) coefficient thus 
determines a curve in the dg plane. In the particular 
case of Pt!* this curve is almost parallel to the \ axis, 
at least for reasonable values of \. Therefore the elec- 
tron-gamma angular correlation alone is sufficient to 
deiermine the amount of AO admixture. 

Finally, the total internal conversion coefficient is 
given by 


1 
BX (X)=——{ (1+-q")ao* +081 (0)}, 
148 


which corresponds to another curve in the Ag plane. The 
intercept between the A2(é,y) and the B*(A) curves 
then uniquely determines the signs and magnitudes of 
d and g (see Fig. 2). 

As shown in Table IT, the experimental values are 


 A2(éy)= —0.07140.012 and A,(2,y) = —0.010+0.03. 


These values correspond to g=0.56+0.10. By com- 
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TABLE II. Values of the mixing quantity g consistent with the 
measured A2(é,y) according to formula (4). See reference 7 and 


Fig. 2. 











A:(é,y; E0+M1+E2) = ¢ (for \=0) 
Experimental value, no 
attenuation —0.071+40.012 +0.56+0.10 
Experimenta] value, with 
attenuation G=0.70 —0.118 +0.24 








bining all experimental errors, we obtain A.(é7) 
0.118 (G=0.70). This figure gives a lower limit for 
the AO admixture, namely, g>0.24. The corresponding 
curve A2(é,y) is shown in Fig. 2. 

Let us finally consider the effect of a possible time- 
dependent perturbation caused by a magnetic inter- 
action between the electronic shell, excited by the 
preceding K-capture or K-conversion, and the nuclear 
magnetic moment. The correlation function then 
becomes 


W (y,v)=14+G2'A 2! P2(cosd)+Gy'A 4’ Ps (cos), 
W (7,2) = 1+G,"A 2” P2(cos@)+G,4"A a’ Ps(cos6), 
W (€,y) =1+-G.'" Ae!” P2(cos8)+G4"A 4’ Ps(cos8), 


where the factors G2 and G, are the attenuation factors. 
Assuming that G2’=G,"’=G,'", we derive from the ex- 
perimental values a figure G=0.50 for the case of A=q 
=0. Such a large attenuation is excluded in the case 
of Pt! since the lifetimes of the nuclear levels in 
question are <10-" sec. 

It has been shown by Gimmi, Heer, and Scherrer"! 
that for Z=80 the nuclear lifetime must be larger than 
10~ sec if a preceding K-capture should be able to 
cause a 50% attenuation. 

Furthermore, since our sources were embedded in a 
metallic surrounding, the recovery time of the elec- 
tronic shell is supposed to be less than 10-” sec. For 
further confirmation we also measured the the 1064 
kev-570 kev cascade transition following the K-capture 
of Bi’. The electron-gamma angular correlation experi- 
ments gave A2(é,y) =0.240+0.01 in accordance with 
the theorecical value A2(é,y)=0.232+0.004 obtained 
from the gamma-gamma angular correlation. Our value 
is also in good agreement wiih the A2(éy) value ob- 
tained by McGowan.” The half-life of the first excited 
state of Pb”? is (0.90.3) 10-" sec. 

With these arguments we feel justified in discarding 
the possibility of a larger time-dependent perturbation. 
The value of A2(7,y) obtained by Steffen as well as 
the corresponding values A2(y,é) and A»(é,y) reported 
in this work correspond within the limits of error to 
the nonattenuated values. 


17 F, K. McGowan, Phys. Rev. 92, 524 (1953). 
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E0 Strength Parameter 
The absolute value of the ZO strength parameter p 
is given by’ 


where 2 (Z,k) is a known function calculated by Church 
and Weneser.°® 

Unfortunately the 2+ — 2+ £2 transition proba- 
bility has not yet been measured. However, both the 
“shape unstable” model'® and the “free vibration” 
model? predict 


B(E2; 2+ — 2+)/B(E2; 2+ —0+)=2. 


From this factor of two rule and the value of 
B(E2;0+ — 2+) measured by Coulomb excitation, 
we obtain for g=0.56+0.10 a value of |p| =0.039 
+0.007. The lower limit g=9.24 corresponds to 
|p| =0.017. 

However, Stelson and McGowan have found that in 
the case of Pt™ the factor-of-two rule does not apply.” 
Their measurements indicate that 


B(E2; 2+ — 2+-)/B(E2; 2+ — 0+) =}. 


If the same state of affairs occurs in Pt'* the value of 
p becomes a factor cf two smaller. Thus for g=0.56 
+0.10 we obtain |p| =0.020+0.004 while the lower 
limit g=0.24 gives |p| =0.009. 

In the absence of a measurement of the competing 
E2 transition rate, it is obviously possible to give only 
a crude estimate of |p|. On the basis of our measure- 
ments and the arguments above, we obtain 


0.009< |p <0.05. 


o2*W,(E2) 
Fe tate 
Qr (Z,k) 


The theoretical estimates are, for the “free vibration” 
model, |p|~0.007, and for the shape-unstable model, 
|p| ~0.004. 

It is interesting to note that the EO strength pa- 
rameter for the 2+ — 2+ transition in Pt is of the 
same order of magnitude as the values observed for 
|p| in 0+ —0- transitions of medium-weight nuclei. 
Alburger’ recenty published the following |p| values: 
Ge”, |p| =0.09; Ge™, |p| =0.11; Zr™, |p| =0.06. 
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The photoneutron cross section for the (y,m) reaction in natural lithium was measured and found to have 
its maximum at 16.8 Mev, a peak value of 2.3 mb, and a width at half maximum of 9.3 Mev. Fine structure 
in the region to 10 Mev was resolved as follows: Li®(y,np)He‘ threshold at 3.61+0.15 Mev, Li®(y,p)He® 
threshold at 4.64+0.08 Mev, a level in Li® at 5.24+0.05 Mev, Li*(y,n)Li® threshold at 5.734+0.05 Mev, 
Li’ (y,n) Li® threshold at 7.30+0.04 Mev, and a level in Li’ at 9.66+0.04 Mev. 


INTRODUCTION 


HOTON-INDUCED reactions in lithium resulting 
in the emission of one or more neutrons have been 
the subject of a number of studies.’~* In particular 
Heinrich and Rubin measured the Li(y,) cross section 
and found three giant resonance peaks with maxima at 
15, 21, and 29 Mev, separated by deep minima at 17.7 
and 25 Mev. This cross section is quite different in 
shape from that reported by Goldemberg and Katz,‘ 
who found only one maximum at 17.5 Mev, with the 
curve quite symmetric about this energy to 24 Mev. 
The experiments reported in this paper were carried 
out partly in an attempt to resolve this discrepancy and 
partly to investigate the fine structure in the neutron 
yield curve below 8 Mev. This energy is the lower 
limit of the fine structure measurements reported by 
Goldemberg and Katz.° 


EXPERIMENTAL TECHNIQUES 


The neutron-detecting apparatus used in ihese experi- 
ments has been previously described.’ It consisted of a 
paraffin cylinder 3 ft long and 2 ft in diameter in which 
were embedded 4 enriched BF; neutron counters. 
A 2-in. diameter hole along the axis of this cylinder 
allowed lithium samples to be placed and irradiated at 
its center. The x-ray beam was collimated to strike the 
sample only. 

One of the BF; neutron counters had its position 
adjusted as outlined in reference 7, to be equally sensi- 
tive to neutrons of all energies emitted from the sample. 
The other 3 counters were placed in a position to give 
the highest sensitivity. The energy insensitive counter 
was used in all measurements of neutron yield for the 
cross-section determination, while all four were used to 
detect the breaks in the yield curve. 


NEUTRON YIELD CURVE 


Neutron yield from an LiH sample was measured as 
a function of peak bremsstrahlung energy in steps of 


1G. A. Price and D. W. Kerst, Phys. Rev. 77, 806 (1950). 

2 E. W. Titterton and T. A. Brinkley, Proc. Phys. Soc. (London) 
A64, 212 (1951). 

3 Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951). 

4 J. Goldemberg and L. Katz, Can. J. Phys. 32, 49 (1954). 

5 J. Goldemberg and L. Katz, Phys. Rev. 95, 471 (1954). 

6 F. Heinrich and R. Rubin, Helv. Phys. Acta 28, 186 (1955). 

7 Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953). 


4 Mev or less. In all measurements, the dose delivered 
was monitored with a high-pressure, thick-walled alu- 
minum ionization chamber. The chamber was calibrated 
with a Baldwin Farmer* roentgen meter whose thimble 
was in the center of an 8-cm Lucite cube during irradi- 
ation. A correction was applied for attenuation of the 
photon beam within the sample as outlined in refer- 
ence 7. 

Comparison of the neutron yield from a small LiH 
sample to a copper sample at 22 Mev showed this ratio 
to be 0.048+0.01 per mole per unit dose. Taking the 
yield from copper as’ (2.71+0.27) X 10* neutrons/ (100r 
mole) at this energy, we get (1.30+0.13) X 10’ neutrons 
(100r mole) from lithium at 22 Mev. 

Four separate yield curves were measured over a 
period of 18 months. One of them is shown in Fig. 1. 
In no case did one of these curves exhibit anything but 
a smooth behavior (we are ignoring here the fine 
structure which does not show when experimental 
points are a few hundred kev apart and the yield curve 
is a smooth line drawn through them). To get the 
multiple resonance structure in the cross section ob- 
served by Heinrich and Rubin the yield curve should 
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Fic. 1. Li(y,m) yield curve as a function of peak bremsstrahlung 
energy. Normalization gave (1.30+0.13)107 neutrons/100r 
mole at 22 Mev. 

8 Baldwin Farmer Sub-Standard X-Ray Dosemeter manu- 
factured by the Baldwin Instrument Company, Ltd., Dartford, 
Kent, England. 

® This value is 10% less than our previously published value? 
since absolute measurements in our laboratory have shown the 
Victoreen roentgen meter previously used was in error by this 
amount. 
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Fic. 2. (a) Cross-section curve obtained from the yield curve 
of Fig. 1. (b) The cross section obtained by Heinrich and Rubin; 
its ordinate scale is on the right-hand side. 


exhibit some fairly large bumps, similar to those found 
by them. 

At low energy there is a fairly important contribution 
to the neutron yield from deuterium in the sample. 
This has been measured and corrected for. Unavoidable 
LiOH contamination in the sample is not serious; the 
oxygen content in a 5% such contamination would 
result in a 0.7% increase in neutron yield at 22 Mev 
and less at lower energies. Our sample was considerably 
purer than this. At all energies counts were taken using 
a dummy sample (actual sample holder was reproduced 
except it contained no LiH) and were subtracted from 
the recorded counts. 


LITHIUM PHOTONEUTRON CROSS SECTION 


The photoneutron cross section, Fig. 2(a), was calcu- 
lated from the yield curve shown in Fig. 1 by the 
inverted-spectrum method of Penfold and Leiss,’® using 
their tables. Also shown on the same diagram is the 
cross section obtained by Heinrich and Rubin, curve 
(b) with the ordinate scale on the right-hand side. 

In Table I we summarize the pertinent parameters 
of the cross section obtained by us and others. Although 
the present neutron yield curve is in excellent agreement 
with that published by Goldemberg and Katz‘ and the 
cross section resulting from the analysis using the 


TABLE I. Characteristic parameters* of the Li(y,#) cross section. 











Neutron 
yield (per 
SedE 100r per 
En W om Mev- moleat_ Refer- 
Mev Mev mb barn 22 Mev) ence 
Price and Kerst 1.30 X10" 1 
Heinrich and Rubin 1Sand 21 3.5 0.04 6 
Goldemberg and Katz» 17.5 9.8 3.6 0.033 1.30107 4 
Rybka and Katz 16.8 9.3 2.3 0.018 1.3010" 








* In this table the giant cross section has its maximum value om at Em. 
The full width at half-maximum value is W and the area under the curve 
to 24 Mev is fo™odE, 

> om, f ModE, and the yield shown are lower by 10% than the previously 
published value. 


1 A. S. Penfold and J. E. Leiss (private communication). 
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tables of Penfold and Leiss has the same general shape, 
it is considerably smaller. The reason for this is twofold. 


(i) Newer electronic absorption coefficients!’ altered 
our previous calculations of the number of roentgens 
per erg of radiation as published by Johns ef al.,!* on 
which our older tables were based. 

(ii) The newer tables were calculated from Schiff’s 
integrated spectrum formula” with C=111, while the 
older tables were based on Schiff’s thin-target spectrum 
with C= 191. 


In an earlier publication, Rubin and Walter™ re- 
ported a double-humped cross section for the Li(y,p) 
reaction, the two humps corresponding in position to 
the first two of the three found by Heinrich and Rubin. 
No yield curve has been published by them for the 
(y,p) reaction, while that of the (y,m) reaction in 
reference 6 seems to indicate a statistical probable error 
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Fic. 3, Fine struc- 
ture in the neutron 
yield curve. This is 
obtained by irradi- 
ating natural lithium 
with bremsstrahlung 
whose maximum en- 
ergy is varied in 
small steps. 
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of 8% for the individual points. In a private communi- 
cation Dr. Heinrich has, however, indicated that the 
same results were obtained in five separate runs. 


FINE STRUCTURE 


If the lower part of the neutron yield curve is ex- 
amined in greater detail, the curve shown in Fig. 3 is 
obtained. The number of recorded counts at each point 
in this energy region was greatly increased as follows: 


(i) A much larger lithium sample was used (= 450 g 
LiH). The high attenuation of the x-ray beam in this 
sample only altered somewhat the general shape of the 








Gladys White Grodstein, National Bureau of Standards 
Circular No. 583 (U. S. Government Printing Office, Washington, 
D. C., 1957). 
ak Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 


8 L,I. Schiff, Phys. Rev. 83, 252 (1951). 
4 R. Rubin and M. Walter, Helv. Phys. Acta 27, 163 (1954). 
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yield curve; it has no effect on the position of the dis- 
continuities. 

(ii) At energies below the Pb(y,m) threshold (~7 
Mev), it was possible to place the paraffin cylinder with 
its BF; counters close to the betatron without en- 
countering serious background trouble. Normally the 
apparatus is situated about 30 ft from the brems- 
strahlung target behind a heavy concrete wall. At its 
new position this was reduced to 8 ft, resulting in a 
14-foid gain in beam intensity. 

(iii) All four BF; counters were used, resulting in a 
fourfold increase in counting rate (~ 10% of the emitted 
neutrons were detected in this case). Again as in (i) the 
resulting slight distortion in curve shape is not im- 
portant. 


Even with this large increase in counting rate, the 
minimum energy at which photoneutrons first appear 
was very difficult to locate accurately. Scattered pho- 
tons produced neutrons from the D, content of the hy- 
drogen in our sample and the paraffin cylinder, and this 
background was particularly troublesome. In order to 
accumulate counts, measurements in the threshold re- 
gion were repeated several times. To cover the balance 
of the curve, over ten separate experiments were per- 
formed, each lasting one or more days. Every part 
of the curve was covered at least twice. The points 
shown in Fig. 3 represent averages of these measure- 
ments, with the vertical lines through these points 
indicating counting statistics only. 

Before each run the energy scale of the betatron 
was calibrated against the photoneutron thresholds 
in H? (2.226 Mev)'* and Bi®™ (7.429+0.050 Mev)** 
and the residual activity resulting from the reaction 
Cu®(y,2)Cu® (10.826+0.020 Mev).'® 

It was possible to locate each of these thresholds to 
better than 30 kev. The helipot setting / of our energy 
control circuit is related to the peak bremsstrahlung 
energy Eo by the equation 


[= at+d[ Eo( Eot 1 ) ji. 


Constants a and } were determined for each calibration 
by a least-squares fit of J to [£o(Fo+1) }!, determined 
from the above three calibrations. By this method the 
energy scale of the betatron was known,to better than 
+40 kev. 


DISCUSSION OF FINE STRUCTURE RESULTS 
3.61+0.15 Mev 


The first discontinuity in the neutron yield curve 
was found at the indicated energy. The accuracy 
quoted is mainly determined by the difficulty in locating 
this break. It seems reasonable to identify this with 
the Li®(y,np)He* reaction whose threshold is 3.697 
+0.005 Mev.” 


6 A. H. Wapstra, Physica 21, 367 (1955). 
16 Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 
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4.64+0.08 Mev 


This break in the neutron yield curve probably 
results from the neutrons emitted in the breakup of 
He’ following a (y,p) reaction in Li®. Mass data’’ give 
the threshold for this reaction at 4.655+0.030 Mev. 


5.24+0.05 Mev 


We assign this break to a level in Li®. Galonsky ef al.'* 
reported a broad T=0 level at 5.4+0.5 Mev with 
J=1*, while Allen ef a/.* have observed a sharp T=1 
level at 5.3540.07 Mev with J=2*. Ajzenberg and 
Lauritsen” quote this level at 5.31+0.07 Mev. 

Since the ground-state spin of Li® is 1*, to reach 
either of these levels we must have M1 and/or E2 
photon absorption. 


5.73+0.05 Mev 


This break in the neutron yield curve is readily 
identified with the Li®(y,m)Li® threshold. If Q is the 
energy released in the breakup 


Lit+p+He'+Q, 


then the threshold for the (y,m) reaction is 0+3.697 
Mev, the latter number being the threshold energy for 
the reaction Li*(y,p) Het. 

The value of 5.73 Mev for this threshold gives 
Q=2.03+0.04 Mev and leads to a mass defect for Li® 
of 13.21+0.05 Mev. Summarizing the literature to 
1955, Ajzenberg and Lauritsen” arrive at a mass defect 
of 12.99+0.15 Mev. Wapstra’s mass tables give the 
same value but a somewhat larger error. On the other 
hand, Mattauch ef al.,'7 in a survey of the literature 
using a least-squares adjustment, find 12.96+0.07 Mev. 
Our value is thus in excellent agreement with the first 
two of these values but not with that of Mattauch ef al. 

Sher, Halpern, and Mann’ measured the Li®(y,n)Lié 
threshold at 5.354+0.2 Mev while Titterton”' finds 
5.6+0.1 Mev. 


6.62+0.08 Mev 


A weak break is observed at this energy, and while 
Ajzenberg and Lauritsen” indicate a level in Li® at 
6.63+0.08 Mev, it is not possible to rule out the 
Pb?" (y,n) Pb?” threshold which occurs at 6.73 Mev." 
This reaction would presumably take place in the lead 
collimator. Above 7 Mev the apparatus was moved 
behind the concrete wall mentioned before, to avoid 
just this background. 

17 Mattauch, Waldmann, Bieri, and Everling, Annual Review 
of Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. 6, 
p. 179. 

18 A. Galonsky and M. T. McEllestrem, Phys. Rev. 98, 590 
(1955). 

19 Allen, Almquist, and Bigham, Phys. Rev. 99, 631 (1955). 

% F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 79 
(1955). 

#1 E. W. Titterton, Progr. Nuclear Phys. 4, 31 (1955). 
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7.30+0.04 Mev 


Wapstra’s® mass tables give the threshold for the 
Li’ (y,n)Li® reaction at 7.25+0.01 Mev, while those of 
Mattauch ef al.'” give 7.252+0.007 Mev. Our break at 
7.30+0.04 Mev probably results from the onset of this 
reaction. 


9.66+0.04 Mev 


This break has been observed previously by Goldem- 
berg and Katz*® at 9.6+0.1 Mev. The excitation func- 
tion for phototritium emission from Li’, obtained from 
an analysis of Li-loaded emulsions, was found by 


AND L. KATZ 

Titterton and Brinkley”* to exhibit a peak at 9.3 Mev. 
Stall and Wachter* observed a peak at 9.25 Mev in 
the same excitation function, while Miwa™ found it at 
9.6 Mev. 
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A variational wave function for large nuclear systems is proposed. The function is written as a product of 
plane wave and deuteron-like functions. The exclusion principle is conveniently introduced by explicitly 
cutting out overlap between the plane wave and pair states in a manner equivalent to antisymmetrization. 
The method is limited to nonsingular potentials. Numerical calculations with saturating Yukawa potentials 
yield a correlation energy of 1.1 Mev per particle at low density, decreasing with increasing density. The 
method of introduction of the exclusion principle is applied to a qualitative discussion of elastic scattering by 
a complex projectile, ¢.g., an alpha particle. The distortion of the projectile wave function due to the exclusion 
of low-momentum components reduces the depth of an effective optical potential with respect to the sum of 


the potentials seen by the component nucleons. 


I. INTRODUCTION 


HE Fermi gas approximation forms the starting 

point for most statistical calculations of the 
nucleus. The nuclear wave function is written as a 
Slater determinant of single-particle plane wave func- 
tions, each state of a given momentum being occupied 
by one nucleon of each spin and charge up to some 
maximum momentum. Such an approximation is valid 
only for noninteracting particles, since forces among the 
particles distort the plane wave functions. In the 
language of the perturbation theory, the forces induce 
transitions to states out of the Fermi sea. 

A powerful method for attacking the nuclear many- 
body problem has been developed by Brueckner and co- 
workers.'! Calculations’? based on the method have 
yielded very nearly the observed nuclear binding energy 
at the observed nuclear density. A different approach 


* Work supported by the U. S. Atomic Energy Commission. 
t On leave of absence to Princeton University, Princeton, New 
Jersey. 

t On leave of absence to The Institute for Advanced Study, 
Princeton, New Jersey. 

1 See, for example, a review by K. A. Brueckner, Revs. Modern 
Phys. (to be published). 
2K. A. Brueckner and J. Gammel, Phys. Rev. 109, 1023 (1958). 


has been proposed by Jastrow,’ who uses a wave func- 
tion explicitly displaying two-body correlations. Neither 
of these methods is variational in nature, so that upper 
bounds to the energy are not available. 

In this paper we suggest a variational wave function 
from which an upper bound can be calculated nu- 
merically. Once the trial wave function is written down, 
no approximations are made in computing the energy 
with one minor exception: an approximation which can 
be shown to decrease the binding energy slightly. The 
final result is still an upper bound. 

Since the wave function introduced takes the Pauli 
principle into account easily, it is also shown how the 
effective depth of a Hartree potential is altered when a 
complex particle such as a deuteron or alpha particle is 
scattered from it. 

The wave function consists of an antisymmetrized 
product of plane wave functions and bound two-body 
functions. The two-body functions anticipate some of 
the clustering or correlations which occur, particularly 
at low nuclear densities. In some respects the method is 
reminiscent of Wheeler’s resonating group structures.‘ 


3 R. Jastrow, Phys. Rev. 98, 1479 (1955). 
4J. A. Wheeler, Phys. Rev. 52, 1083 (1937). 
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TABLE I. The numerical calculations in Sec. III were carried out using these single-particle and deuterion-like wave functions for gi 
and ;”, respectively. While the 4-space function is the Fourier transform of the x-space function for g;5, the transform is incomplete for 
¢;?. The cutoff function in k-space, 6(ki—kr), is either unity or zero, depending on whether the argument is positive or nonpositive. 





x-space k-space 
5 Q-retki 5 (k,k,) 
e272 2 Ariz 1 1 
¢;?(1,2) Nx- eli Kj (r1+t2) id -—-—_—— smh —Ar hb) 
rie +k? +k? 











The wave function bears some resemblance to the pair- 
correlated wave function of Bardeen, Cooper, and 
Schrieffer.® 

A simple physical picture leads to the form of our 
variational wave function. The ground state of a nucleus 
with no mutual forces is a degenerate Fermi gas. The 
maximum energy to be found in the sea is pr*/2M, 
' which defines the Fermi momentum. As_ two-body 
interactions between nucleons are turned on, colliding 
pairs will be excited into “bound” deuteron-like wave 
functions above the Fermi sea. When we say “above the 
Fermi sea,’’ we mean that the constituent nucleons of 
the excited pair have no momentum components less 
than pr. The orthogonality of the two-body wave 
functions is insured by allowing no more than three 
(spin-triplet) pairs per state. It is important to point out 
that exciting a pair of nucleons above the Fermi sea 
does not necessarily leave the nucleus in a state of 
higher energy. The nucleus can, indeed, lower its energy 
since the increased kinetic energy may be more than 
compensated for by the increased binding due to the 
two-body correlations. 


Il. EQUATIONS 
A. The Hamiltonian 


The many-body problem to which we seek a solution 
is characterized by the Hamiltonian 


H=> “+5 Fas (1) 


<j 


where the assumed two-body potentials V ;; include the 
usual exchange operators, P,(77) : 


4 
V i= } P ,(ij)v2(7;;). (2) 


z=] 


When x=1, we have the Wigner component of the 
nuclear potential, while «= 2, 3, and 4 signify the space, 
spin, and charge exchange operators, respectively. 


B. Trial Wave Function 


The trial wave function is written as the antisym- 
metrized product of plane wave, single-particle functions 


5 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957) ; 
L. N. Cooper, Phys. Rev. 104, 1189 (1956). 


and two-body deuteron-like functions: 


A~2N N 

= i D 

v=@ [I ¢II ¢,, 
i=l j=l 


where @ is the antisymmetrization operator. Equal 
numbers of neutrons and protons are assumed. An ex- 
ample of forms of the functions ¢;* and ¢,?, exclusive 
of spin and isotopic-spin functions, is given explicitly in 
Table I. The plane-wave states completely fill a Fermi 
sphere in momentum space of radius 


3x?(A—2N) } 
pr=hty =| h, 
22 


where {2 is the normalizing volume, and A is the total 
number of particles and .V is the number of diparticle 
states. 

The two-particle momentum space function ¢;?(k:,k») 
is written as the incomplete Fourier transform of the 
configuration space function ¢;?(1%,r2) (see, e.g., Table 
I*). In momentum space, the cutoff factors 6(k—&,) in 
the ¢;” functions are introduced explicitly, although 
their existence is already implied by antisymmetrization : 


6(x)=1, 
=(), 


(x>0), 
(x<0). 


Antisymmetrization (or the Pauli exclusion principle) 
removes overlap of states. The explicit introduction of 
the cutoff factor @ ensures orthogonality between plane 
wave functions and two-body functions. 

Orthogonality among two-body functions is ensured 
by filling each state of center-of-mass momentum K, or 
K;, no more than thrice (since the two-body functions 
are spin-triplets). The density of two-body states if 
further restricted by the requirement that the density in 
momentum space of neutrons and protons in paired 
states does not exceed that allowed by the Pauli 
principle. These limitations are expressed by the follow- 
ing inequalities, which serve to limit the normalization 
constant (Vx of Table I). 


L Ue? (kijks) PO(Ko— K)<1, (3) 
ki ke 

3D Ven? (ki,ke) PO(Ko—K) <2. (4) 
K k, 


6 For the free deuteron, compare G. Chew, Phys. Rev. 74, 809 
(1949). 
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The wave vectors k;, k2, and K assume only the discrete 
values permitted by box normalization.’ The range of K 
is limited by the cutoff factor 6(Ko—K); the coupled 
pairs are packed into the lowest center-of-mass mo- 
mentum states up to a maximum Ko. The normalization 
constant Nx (taken to be independent of K) is adjusted 
to be as large as possible and yet allow (3) and (4) to be 
satisfied. In general, the ¢;? of Table I are normalized 
to less than unity (i.e., the probability of a state K being 
occupied is less than unity). 

The number of particles in plane-wave states (Fermi 
sea) is given by 


A-—2N=4) O(kr 
k 


2kr* 
—k)=—_Q, 
39° 





(5a) 
while the number of particles in two-body states is 
given by 
2N= 62 2 dLex?(kisks) O(Ko— K). 
ki 


(Sb) 


Since complete orthogonality has been achieved, the 
antisymmetrization now enters only by giving rise to 
exchange integrals in the potential energy. 


C. Expectation Value of the Energy 
1. Kinetic Energy 


The kinetic energy separates into contributions from 
particles in the Fermi sea and from particles in two-body 
states. For plane-wave states we obtain 


2 hk p® 
(Ts)=—4 > °0(k—kr} =—_,, (6) 
2M «x 5r°M 
and for two-body states, 
(To)= 2 32 O(Ko- K) 
M ki ke 
XCex? (kiks) P(A +h:?). (7) 


2. Potential Energy 


There are four contributions to the potential energy: 
interactions among particles in the sea (V ss), between 
particles in the sea and particles in two-body states 
(V sp), between particles in different two-body states 
(Vpp), and between particles in the same two-body 
state (Vp). The potential energy has been calculated, as 
an example, for interactions of the type 


Viz= (1+-XP2+ VY P;+ZP,)v(r;3), 


0(r43) = vor ij exp(—}ar,;), 


(8) 


7In the present development, we shall use box normalization 
(volume Q) and summation over momentum states; the sum does 
not include the multiplicities of spin and isotopic spin, which are 
introduced explicitly. In passing to infinite volume, the following 
correspondences obtain : 2x70 fdk/(21)3; bik’ —>(2ar)90-15(k— k’). 
Numerical results were obtained in the infinite volume limit only. 
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where P2, P3, and P, are, respectively, space, spin, and 
charge exchange operators, with X, Y, and Z strength 
coefficients. Generalization to linear combinations of 
Yukawa potentials in order to produce cores, remove 
singularities, or provide different radial dependence for 
the various exchange operators, is straightforward. 

In the momentum representation, the matrix ele- 
ments of interactions of the type (8) are given by 


(k ik; v(7 53) | k,’k;’) 


=e fdr: far 


Xexpli(k,;—k,’)-1;+i(kj;—k,’) -1;— 
g6(k.+k;, k,’+k,’) 
O[a?+ (k;—k,’)?] 


where g= 427. 

For all potential-energy contributions except V p, the 
direct integrals are immediately available. The direct 
integrals which occur for Vss, Vsp, and V pp are the 
same as for an uncorrelated gas. Thus [setting A (A —2) 
= A*] one obtains 


( Vsst Vspt+ Vpp)a ir 


bar; 





(9) 


9 


g 
=——X;. 
2a” Q 


. 


(10) 


with 
X:=1—-3X+4V+4Z. 


The formal expressions for the various exchange 
energies are given below: 


(V sv)ex =— 2X >; > (kik, | 2 kek;) 
ki kg 
XO(kr—ki)0(ke—ke), 
—6X%2: DLL Len? (Ko,ks) P 


ky ky k3 


X (Kike| v| kok,)0(ke— ky) 
X0(ko—kr)O(ks—kr)O(Ko—K), 


(11) 
(Vsp)x= 


(12) 
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XO(ki— kr)0(k2—kv)0(ks—kr) 
XO(ky—kp)O(Ky—K)0(Ko—K’). 


X2=1—4X+2V+422Z. 


(Vp) x= 


(13) 
Here 


The two-body functions are symmetric in their spacial 
or momentum variables, leading to only a single 
potential-energy expression : 
(Vo)=3(14+X4+V4 ZU UV ULV Le 

k; k> ki’ ke’ 


X (kike| 0! ki’ke’) ox? (ky ke’)0 (Ai — Rr) 
XO(ko— 


(ky ke) 


(14) 


kp)0(ki' —kr)0(ko' —kr)0(Ko—K). 





VARIATIONAL WAVE 
The expression for the energy per particle is then 
given by 


8=(Tst+Tpt+VsstVspt+Vppt+Vp)/A, (15) 
which, for large 2, is a function of p= A/Q and not of A 
or 2 separately. For the functions given in Table I, both 
& and p depend on the four variational parameters 
available: a, 8, kr, Ko. 


Ill. CALCULATIONS 


Numerical calculations have been performed using 
the wave function given in Table I and potentials of the 
form (8), with the following parameters: 


09/a=200 Mev, a=0.85X10-" cm, X=4, Y=Z=0. 


The exchange character of the potential satisfies 
Wigner’s minimum conditions for saturation. These 
parameters reproduce the deuteron binding energy and 
roughly approximate low-energy two-body scattering 
data. The results are shown in Fig. 1. At low density, 
one observes the characteristic effect of deuteron forma- 
tion, with the binding energy of —2.2 Mev per pair 
(—1.1 Mev per nucleon). At increasing density, the 
correlation energy is reduced until at normal density it 
nearly disappears. This trend is manifested in the be- 
havior of variational parameters a and 8. At zero density 
they assume the free deuteron values of 0.46 and 3.22, 
respectively, but tend toward a—§—0 as the density 
increases, indicating a spreading out of the pair wave 
function as binding is lost. 

The wave function proposed correlates at most only 
$A pairs, where, strictly speaking }A? correlations 
should be considered. At low density, where a bound 
state of the deuteron is possible, $A correlations are 
sufficient. 

The present theory includes only two-body correla- 
tions; at very low densities we may expect higher order 
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Fic. 1. Binding energy per particle as a function of the mean 
nuclear spacing, ro= (3/4mp)!. The nuclear parameters are de- 
scribed in Sec. III. The upper curve is for a Fermi sea; the lower 
curve is an upper bound derived using the wave functions in 


Table I, 


FUNCTION FOR NUCLEAR 
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correlations, such as alpha particles. By techniques 
similar to those shown above, four-body correlations 
could be included. 

The method described here may be of interest in 
problems of the nuclear surface, where subnormal 
densities are encountered. 


IV. ELASTIC-SCATTERING PROBLEMS 


In many elastic-scattering problems, it is desired to 
scatter a complex particle, such as a deuteron or alpha 
particle, from a heavy nucleus represented by an optical 
potential. By using the methods outlined in the previous 
sections, it is a simple matter to construct a wave 
function for the compound system which obeys the 
exclusion principle. 

As an example, consider a scattering nucleus com- 
posed of many particles, and assume the density dis- 
tribution, p(r), is given. For simplicity it is further 
assumed that the scattering nucleus contains equal 
numbers of protons and neutrons. Under these condi- 
tions we may assign a local Fermi momentum to each 
point in space, 


pr(R)=hkp(R)=[$2°p(R) }'%. (16) 


We require that the momentum states of the incident 
particle be excluded from those states already occupied 
by the scattering center. Thus, if an alpha particle is 
incident, its wave function may be written as 


t= f ilk ->ky)d( ki +- -- +ky—K)0(ki— kp) 


K++ KO(Re—Rkpleerrit: +kerdk,---dky. (17) 
The three quantities ky, K, and f depend on the position 
of the center of mass of the alpha particle, R= >> r;/4: 
kr is the local Fermi momentum defined in Eq. (16), and 
f is the Fourier transform of an alpha particle whose 
center-of-mass momentum, K, is a function of R through 
the interaction between the alpha particle and the 
target nucleus. 

Outside the range of interaction, the energy of the 
system (exclusive of the internal energy of the target) is 
given by 


E=E,(«©)+#°K,2/2M., (18) 


where E,() is the internal energy of the free alpha 
particle (—28 Mev), #K,, is the center-of-mass mo- 
mentum of the incident alpha particle, and M, is its 
mass. During the interaction, the energy is given by the 
more general form, 


E=4V+E,(R)+#?K?/2M,, (19) 


where V is the single-nucleon optical potential. Com- 
parison of (18) and (19) leads to an effective potential 
for the center-of-mass motion, 


V.=4V+[E.(R)—E,(~) ]. (20) 
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The internal energy of the alpha particle, E.(R), is 
determined by the wave function ¢* of Eq. (17), and, in 
general, is greater than that for a free alpha. If f is able 
to adjust adiabatically to the local Fermi cutoff so as to 
minimize E,(R), the internal energy will remain nega- 
tive or be at most zero. On the other hand, E,.(R) can go 
positive if f is not able to adjust adiabatically.’ This 
would be the case, for example, if the only change in the 
wave function were the Fermi cutoff. The effect leads to 
an alpha-particle potential which is considerably shal- 
lower than four times the single-nucleon potential. 
Moreover, single-particle optical potentials are mo- 
mentum-dependent, so the increase of the alpha parti- 
cle’s internal kinetic energy due to the Fermi cutoff 
further decreases the single-particle optical potential. 
Experiments on the elastic scattering of alpha particles 


8 If the alpha-particle energy is positive, the four-body system is 
unstable with respect to breakup as well as to decay into non- 
positive-energy functions. This is manifested in the large imagi- 
nary part of the optical potential (reference 9). 


AND L. WILETS 





have been analyzed’ in terms of an optical potential 
with a real well-depth about equal to that of a single- 
particle potential. This indicates the extent of the above 
effects. 

The foregoing qualitative theoretical considerations 
and the analysis of the experiments are in contrast with 
the model of Tolhoek and Brussard,'® who argued that 
the effective alpha-particle potential should be nearly 
four times the single-particle optical potential. The 
Tolhoek-Brussard model requires that the alpha-particle 
internal energy remain negative. 
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Production of F'* and Na” in Irradiations of Various Targets with 
Protons between 1 and 6 Bev* 
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Cross sections are reported for the formation of Na™ and F"® in the interaction of Cu, Ag, Ta, Au, Pb, 
and U with protons of several energies between 1 and 6 Bev. The cross sections all increase with increasing 
energy. At each energy the cross sections go through a minimum when plotted against target mass number. 
The data are interpreted in terms of a spallation mechanism for Cu and Ag targets, with some contribution 
from fission especially in the case of Ag, and in terms of a fragmentation process for the heavy-element 





targets. 


INTRODUCTION 


NE of the most interesting observations resulting 
from the study of products formed by bombard- 
ment of lead with protons in the Bev energy range’ was 
the fact that light products such as F!*, Na*, Mg**, and 
P*? were formed with relatively high yields. At 3 Bev 
the formation cross sections for these light products 
ranged from 0.5 to 3 mb. In addition it was found that 
the production of these light nuclides requires very 
high incident energies. The excitation functions have 
thresholds at 300-500 Mev, rise rapidly between 0.5 
and 2 Bev, and then seem to level off between 2 and 
* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 
t Now at Department of Chemistry, Carnegie Institute of 
Technology, Pittsburgh, Pennsylvania. 


1 Wolfgang, Baker, Caretto, Cumming, Friedlander, and Hudis, 
Phys. Rev. 103, 394 (1956). 


3 Bev. A so-called fragmentation mechanism, i.e., a 
rapid break-up of an excited nucleus without equili- 
bration of energy, was postulated by Wolfgang et al.' 
to account for the observed phenomena. 

It seemed of interest to see how the yields of such 
light products vary with target material as well as 
bombarding proton energy, and therefore the cross 
sections for formation of Na™ and F'* from Cu, Ag, 
Ta,? Au, Pb, and U at 1.0, 2.0, 3.0, 4.5, and 5.9 Bev 
have been determined. 


EXPERIMENTAL 


Pure foils of Cu, Ag, Ta, Au, and U were bombarded 
with protons of 1.0, 2.0, and 3.0 Bev in the circulating 


2 F18 formation cross sections were not determined from tanta- 
lum targets because of the necessity of using HF to dissolve the 
target foil. 
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beam of the Brookhaven Cosmotron. Additional bom- 
bardments with protons of 2.0, 3.0, 4.5, and 5.9 Bev 
were performed in the Berkeley Bevatron. At the two 
highest energies lead irradiations were also performed. 
Two metal foils and an aluminum monitor foil were 
aligned precisely in the standard target holder and 
irradiated for about 1 hr. Details of Cosmotron target- 
ing, irradiations, and monitoring of the proton beam 
intensity are identical with those described in reference 
1. The irradiation procedure for targets at the Bevatron 
is similar to irradiations at the Cosmotron in that the 
targets were placed in the circulating beam of the 
machine, The targets were rammed to a position inside 
the vacuum chamber such that they would intercept 
the collapsing proton beam at the end of the rf cycle. 
During the early part of the acceleration cycle the 
target was protected from low-energy protons by being 
pulled back to a position shielded by the magnet iron. 

Targets were dissolved in the appropriate acid con- 
taining ~5 mg of fluorine carrier (as NH,F) and 20 
mg of sodium carrier (as NaCl). Fluorine was separated 
as CaF, from the target solution (except in the case of 
lead targets, where PbCIF was precipitated) and further 
purified as described in reference 1. The filtrate from 
the first fluoride precipitation was then taken, the 
target material separated by appropriate chemical 
means, and sodium separated and purified as described 
in reference 1. All sample activities were measured in 
end-window beta proportional counters of known 
geometry. Combined effects of counting geometry, 
counting efficiency, self-absorption, and self-scattering 
were determined in separate experiments for both Na™ 


and F'*, For Na™, coincidence counting was used to 


TABLE I. Formation cross sections (in mb) of F and Na™ 
from various target elements. 


Proton energy (Bev) 


on, /OF 4.9 5. 


Target Cross 
element section 1.0 2.0 3.0 4.5 5.9 
ON" 1.0* 3.3* 4.0* 4.6 4.8» 
Cu oy" 0.51 1.4 1.7 2.5 3.4 
oN» /OF 2.0 2.4 2.3 1.8 1.4 
ONa™ 0.30 1.4 2.7 4.1 an 
Ag or" 0.20 O55 1.7 1.9 1.5 
on, /OF 1.5 2.5 1.6 2.2 2.2 
Ta ON a” 0.20 0.85 2.3 8.7° 
ONa™ 0.44 2.2 5.0 7.4 9.44 
Au oy 0.07 0.25 0.73 1.7 y 
on, /OF 6.3 8.8 6.8 4.4 3.8 
oN,” 0.36 2.3¢ 4.4¢ 7.24 9.24 
Pb or's 0.05¢ 0.49° 0.83e 1.14 1.44 
on, /oF 7.2 4.7 5.3 6.5 6.5 
ON" 0.63 2.9 5.6 11.3 12.04 
U ors 0.13 0.55 1.4 2.0 3.2 
3 4.0 i | 3.8 


* Data from reference 4. 

» D. Barr (private communication). 

¢ J. R. Grover (private communication). 

4 Result of a single determination. 

¢ Data from reference 1, corrected for improved counting efficiency and 
monitor cross-section data. 





(d) 
o---- 7-0 Cu 
x seesereeeee tee ag 


a a awe ee 


i 


CROSS SECTION (mb) 





wae we mee 








01 Li 4 1 i it ! 4 
10 20 3.0 4.0 5.0 6.0 
PROTON ENERGY (Bev) 





Fic. 1. Excitation functions for the production of Na* from 
Cu, Ag, and U. (a) Reference 10; (b) Folger, Stevenson, and 
Seaborg, Phys. Rev. 98, 107 (1955); (c) Reference 4; (d) D. 
Barr (private communication). 


determine the absolute disintegration rate of a number 
of samples of Na“Cl which were then counted under 
standard conditions. The weights of the samples 
covered the range encountered in this work. For F', 
a similar procedure was used, but here the absolute 
disintegration rate of F'* was determined in a scintil- 
lation spectrometer by comparison of the F!* annihi- 
lation radiation with the annihilation radiation from a 
calibrated Na** source. Chemical analyses were per- 
formed on the counting samples at the end of the 
decay measurements, to determine the chemical yields 
of the separations. 

The observed activities of Na™ and F!* were con- 
verted to cross sections by means of appropriate 
corrections for counting efficiency, self-absorption, 
self-scattering, length of bombardment, and chemical 
yield. Absolute cross sections were based on the value 
of 10.8 mb for the Al*’(~,3pn)Na™ monitor reaction 
between 0.4 and 6 Bev.’ 


RESULTS AND DISCUSSION 


The observed cross sections are listed in Table I. 
Each entry, unless otherwise indicated, is an average 
of at least two and usually three determinations. The 
accuracy of the cross section values is estimated as 
+25% on the basis of known errors arising from uncer- 





eR. L. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 
(1954), and 98, 1871 (1955); Cumming, Swartz, and Friedlander, 
Bull. Am. Phys. Soc. Ser. IT, 1, 225 (1956). 
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Fic. 2. Formation cross section of Na* vs target mass number. 


tainties in the over-all counting efficiency, from uncer- 
cainties in the monitor cross section, from imperfect 
superposition of target and monitor foils, and from the 
chemical yield determinations. In the case of F'* yields 
from uranium there may be an additional uncertainty 
due to possible lack of complete chemical exchange 
between carrier fluoride and the fluorine atoms produced 
during bombardment, which may be tightly bound in 
uranium fluoride complex ions. 

Excitation functions for the production of Na™ from 
Cu, Ag, and U are shown in Fig. 1. The Cu data are 
taken from the study by Miskel et al.‘ of the Na™ 
yields from Cu in the 0.5-3.0 Bev region. It can be seen 
from Fig. 1 that all of the excitation functions are 
similar in shape and that, at any given energy, the 
cross sections for Na™ formation from the various 
target elements are the same within a factor of 3. The 
F'® cross sections exhibit the same behavior. It is 
evident from the curves that the production of Na™ 
and F'* is a high-energy process, since all of the cross 
sections increase rapidly as the proton energy is raised 
from 0.4 to 2.0 Bev. Although the excitation functions 
are similar, a different way of plotting the data reveals 
interesting trends. This is shown in Figs. 2 and 3, 
where the cross sections for Na** and F!* formation, 
respectively, are plotted against the mass number of 
the target nucleus. For each bombarding energy, a 
curve with two branches results, one for low-Z targets 
and one for high-Z targets. 

Light-nuclide production in Bev proton irradiation 


4 Miskel, Perlman, Friedlander, and Miller, Phys. Rev. 98, 
1197(A) (1955). 
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of aluminum, copper, and silver is most easily explained 
by a spallation-type mechanism. From aluminum, only 
relatively simple nuclear reactions are necessary to 
produce F'* and Na”, and excitation functions for these 
reactions show maxima at less than 100 Mev.’ A 
complete study of the products resulting from the 
interaction of copper with 2.2-Bev protons® indicates 
that the yields of F'* and Na™ fall in line as spallation 
products. A theoretical mass-yield curve for the inter- 
action of copper with 1.83-Bev protons has been 
obtained by Metropolis ef al.’ from a Monte Carlo 
calculation of the knock-on phase of the reaction plus 
a crude evaporation calculation, and it agrees quite 
well with the experimental results down to mass ~15. 

The Monte Carlo calculations’ also indicate that the 
observed yields of Na™ and F'* from silver may be 
explained by a spallation mechanism when the energy 
of the irradiating proton is 2 Bev or greater. With 
proton energies less than 2 Bev, there is, according to 
these calculations, not enough excitation energy de- 
posited in the struck nucleus to evaporate the 75 to 
80 nucleons necessary to reach Na™ and F'*. Since 
appreciable yields of Na™ and F'® are observed experi- 
mentally with 1.0- and, at least in the case of Na™, 
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Fic. 3. Formation cross sections of F!* vs target mass number. 
The Al point (for 1 to 3 Bev), plotted for comparison, is from 
Friedlander, Hudis, and Wolfgang, Phys. Rev. 99, 263 (1955). 
P. Benioff (private communication) states that there is no 
apparent change in this cross section up to 5.9 Bev. 


5.N. M. Hintz and N. F. Ramsey, Phys. Rev. 88, 19 (1952). 

6 Friedlander, Miller, Wolfgang, Hudis, and Baker, Phys. Rev. 
94, 727 (1954). 

7 Metropolis, Bivins, Storm, Miller, Friedlander, and Turkevich, 
Phys. Rev. 110, 204 (1958). 
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even with 0.48-Bev protons,* it is assumed that a 
mechanism other than spallation is responsible for 
light-nuclide production at low energies. On the other 
hand, the shapes of the o vs A curves of Fig. 3 make it 
seem unlikely that the same mechanism which accounts 
for formation of Na™ and F'* from high-Z targets can 
be responsible for the observed yields from Ag. Thus 
still a third type of process such as the previously 
reported fission of medium-weight nuclei’’® may be 
responsible for the (rather low) yields of Na®™ and F'* 
from silver at the lower energies. 

It is obvious that a spallation mechanism would not 
be sufficient to explain the yields of F'* and Na™ from 
targets in the region tantalum to uranium, particularly 
since the yields increase with increasing size of target 
nucleus in this region. Some other mechanism, presum- 
ably one involving breakup into larger fragments, must 
be responsible. Wolfgang e/ a/.' have introduced the 
term “fragmentation” to describe such a process, which 
they postulated to account for the high yields of light 
nuclides observed in Bev proton bombardment of lead. 

Fragmentation has been defined as a rapid breakup 
taking place in a time short compared to the time 
required for equilibration of energy throughout the 
nucleus and it may be thought of as resulting from 
local heating caused by the production and reabsorption 
of pions in nuclear matter. Such a fragmentation process 
would result in highly excited fragments with n/p ratios 
similar to that of the struck nucleus. One would thus 
expect particle evaporation to foilow the fragmentation 
process. The light partner in this process would be 
quite neutron-rich. Thus neutron emission back toward 
the stability valley followed by neutron and proton 
emission down the valley would be the path by which 
the light fragments would lose their initial excitation 
energy. De-excitation in this manner would lead to 
peak yields of light products near stability or perhaps 
a little to the neutron-excess side of stability. The 
observation that the yield of Na™ is always greater by 

8 Kurchatov, Mekhedov, Borisova, Kuznetsova, Kurchatova, 
and Chistyakov, Proceedings of the Conference of the Academy of 
Sciences, U.S.S.R., on the Peaceful Uses of Atomic Energy, Moscow, 
July 1-5, 1955 (Akademiia Nauk, S.S.S.R., Moscow, 1955), 
Session of Division of Chemical Sciences, p. 178 [English trans- 
lation by Consultants Bureau, New York, U. S. Atomic Energy 
Commission Report TR-2435, (1956), Part 2, p. 111]. 

®R. E. Batzel and G. T. Seaborg, Phys. Rev. 79, 528 (1950). 


1 P, Kofstad, University of California Radiation Laboratory 
Report UCRL-2265, 1953 (unpublished). 
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a factor of 4 to 7 than the yield of F'* from any heavy- 
element target at the energies studied is in accord with 
such a mechanism. Within experimental error the ratio 
of on,**/or'* is the same from the heavy-element targets 
at all energies. If F'* and Na™ were formed directly or 
were the products of very short evaporation cascades 
it would be difficult to account for this constancy of 
their relative yields from various high-Z targets be- 
tween 1 and 6 Bev. However, the fragmentation 
hypothesis of highly excited, neutron-rich light frag- 
ments would demand that Na™ and F'* be the products 
of relatively long evaporation cascades. Drastic changes 
in the yield, type, and excitation energy of the light 
fragmentation partner would not necessarily show up 
in the ratio of ox,/or* because of the washing-out 
effect of the long evaporation cascade. The large values 
of the onx,**/or* ratio for the high-Z targets show that 
the evaporations must start far on the neutron-excess 
side of stability. The ony*/or" ratios for Cu and Ag 
targets are much lower (in the neighborhood of 2) and 
presumably correspond to evaporations beginning near 
stability, in fact probably slightly on the neutron- 
deficient side.’ 

The steep rise in the o vs A curve starting with 
tantalum seems to set a minimum size of the target 
nucleus from which the fragmentation process can 
produce F'* and Na™ to any large extent at these 
energies. Since an important part of the fragmentation 
picture is local heating by interaction of mesons in the 
nucleus in which they were produced, one would expect 
the probability of fragmentation to decrease with 
decreasing nuclear size. However, the magnitude of the 
change in Na™ formation cross section in going from U 
to Ta appears to be much too large to be accounted for 
by the 10% decrease in nuclear radius. Other factors, 
perhaps akin to a general fissionability parameter, must 
be important in enhancing fragmentation in the 
heaviest elements. 
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Inaccuracies in the experimental data which might give rise to the discrepancy in the dispersion relations 
for the forward scattering of negative pions (up to a few hundred Mev) are examined. The discrepancy 
cannot be removed without contradicting one of the several apparently accurate experimental results. A 








relation to check charge independence is suggested. 





1. INTRODUCTION 


HE dispersion relations for the forward scattering 
of pions by protons (which were developed by 
Goldberger ef al.') have been compared with the experi- 
mental results up to pion kinetic energies of 400 Mev 
(lab) by Puppi and Stanghellini.? The dispersion rela- 
tions express the real part of the forward scattering 
amplitude in terms of the renormalized coupling con- 
stant /;? and an integral over the total cross sections. 
The differential cross section | f(0,w)|* for forward 
scattering is deduced by assuming that only partial 
waves having small orbital angular momentum / are 
scattered. Using the optical theorem to evaluate 
Im/(0,w), the real part D= Ref(0,w) is deduced directly 
from the experimental results; it is not necessary to 
make a phase-shift analysis. 
The experimental results for r+ and x~ scattering are 
plotted in Figs. 1-3. The w~ data include the 307-Mev 
and 320-Mev values reported by S. M. Korenchenko 























Fic. 1. The r+—p scattering dispersion curves for /?=0.08 
and 0.10 calculated by Puppi and Stanghellini, together with the 
experimental values. 

* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ On leave of absence from Christ’s College, Cambridge, 
England. 

1 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 

2G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957). 
(They only discussed x~+) up to about 200 Mev.) 


and V. G. Zinov at the Padua Conference (1957).* The 
theoretical curves in Figs. 1 and 2 are those of Puppi 
and Stanghellini; Fig. 3 shows the curves of G. Salzman 
and H. Schnitzer.* 

For + scattering there is good agreement between 
the observed values and the dispersion relations with a 
coupling constant /;?=0.09+0.01. Figures 2 and 3 show 
that theory and experiment do not agree for x~ scatter- 
ing. The dispersion relations for positive and negative 
pions are not independent ; charge symmetry is assumed 
in their derivation. It follows that the r+ and w~ data 
should be fitted using the same value of /,’. Figures 2 




















Fic. 2. The *~—p curves for f?=0.04 and 0.08 as evaluated 
by Puppi and Stanghellini. The latest experimental values are 
shown. The errors for the values at 150 Mev and 170 Mev should 
be increased by about 40% to allow for the cross-section normali- 
zation errors and for error correlations. 


and 3 show that the w~ data tend to favor small values 
of f;*, at least in the region 120-170 Mev. To obtain 
reasonable agreement with the x+ data, we shall only 
consider coupling constant values /;?>0.08. This also 
is compatible with the coupling constant values de- 
duced from the effective-range theory of pion-nucleon 
scattering,’ and from the spin-flip dispersion relation ® 





3I am indebted to Professors G. Puppi and E. Lomon fo 
information about these results. 

*G. Salzman and H. Schnitzer (to be published). I am obliged 
to Dr. Salzman for permission to quote these results. 

5 For a discussion see reference 2 and J. Orear, Nuovo cimento 
4, 856 (1956). 

6’ W. C. Davidon and M. L. Goldberger, Phys. Rev. 104, 1119 
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PION SCATTERING AND 

The curves of Salzman and Schnitzer are derived 
from the cross-section data given by Anderson and 
Piccioni.?’ The low-energy data of Anderson are in 
good agreement with his phase-shift analysis. Puppi 
and Stanghellini’s curves are based on earlier cross- 
section data, and they give greater disagreement with 
the observed forward scattering amplitude in the 120- 
170 Mev region than do the curves of Salzman and 
Schnitzer. Here we shall use the same cross-section 
data as Salzman and Schnitzer. 

In the region’ w=120 to 170 Mev, the values of 
Puppi and Stanghellini for D-?=[Ref_(w) ](ks/k) are 
in error by 6D_8~0.10, using /;?=0.08. In this region 
the values of Salzman and Schnitzer are better, but 
they are still in error by 6D_2=0.05 to 0.06. In the 
region w= 250 to 350 Mev, the curve of Salzman and 
Schnitzer is a little worse than Puppi and Stangheilini’s ; 
both are in appreciable disagreement with the observa- 
tions. In both these energy regions the magnitude of 
the theoretical value of D_® is consistently less than the 
experimental results. 

We shall examine the extent to which any of the 
following is adequate or necessary to explain the dis- 
crepancy in the x~ data: 


(i) inaccuracies in the total cross-section values, and 
lack of data for the very high-energy cross sections ; 

(ii) errors in the scattering lengths; 

(iii) electromagnetic interactions and the mass dif- 
ference of charged and neutral pions; 

(iv) virtual strange particle reactions ; 

(v) a failure of charge independence in the pion- 
nucleon interaction ; 

(vi) a breakdown of dispersion relations, implying a 
violation of local causality. 


2. TOTAL CROSS SECTION 


The forward scattering amplitudes for #* and 
elastic scattering on protons satisfy 


1 w nitty w . 
Refs(a)--(1+") Ref, (u) — (:- ) Ref+(u) 
2 m 2 m 


2f R B® deo! 
ed Eh 
uw? L(u2/2M)Fol te,’ 


a,(w’) a_(w’) 
Ol 


, 
wo Fw w’+w 


where f;(w) are the scattering amplitudes in the lab 
system for pion lab energy w= (k?+w")!, fi? is the re- 
(1956); W. Gilbert and G. R. Screaton, Phys. Rev. 104, 1758 
(1956). 

7H. L. Anderson, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956), p. I-43; O. Piccioni, ibid., p. IV-7. 

8 We should strictly say o—~= 120-170 Mev. 
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Fic. 3. The « —p curves for {?=0.07 and 0.08 calculated by 
G. Salzman and H. Schnitzer using the cross-section values given 
by Anderson and Piccioni (1957). 


normalized coupling constant, M is the nucleon mass, 
and a (w) are the total cross sections for r* on hydrogen. 


The corresponding center-of-mass variables are 
given by® 
f(ws) f(w) 20 w\ 
_ =—, ka=#( 1+ +) 
kp k M M 


It is convenient to use nuclear units with A=c=yu=1; 
the units of area and energy are 20 mb and 140 Mev. 

The effect of errors in the total cross sections a4 (w’) 
will be different according as the errors fall into two 
types: (a) errors 60(w’) at energies w’ which are appreci- 
ably higher than the energy w at which we calculate 
Ref(w); (b) errors d0(w’) at energies lower than or 
close to w. 


Type (a) Errors 
If the error occurs for w’>Q where 2 is much larger 
than w, it produces a change in Ref(w): 


U 


° dw 
6 Refa(a~— f —{60,(w’)+be_(w’)}. (2) 
Ay a ka’ 


9 


Choosing Q2=1 Bev, we see that an error (60, (w’) 
+6e_(w’))=40 mb for all w’>Q gives 5D,2~0.016 at 
a lab energy of 120 to 150 Mev. This large error [it is 
greater than 50% of the measured values of (¢,+¢_) 
in the 1-Bev to 2-Bev region ] is unlikely.” 





* For example, /ks= 1.27 at w= 140 Mev, and 1.38 at 280 Mev. 
” Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 
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TABLE I. Possible errors in the total cross section o_(w’) and their 
effects on D_® at 150 Mev. 











Error 6D_* for 
Energy range bo _(w’) w =150 Mev 
1 Bev >w’ >420 Mev +10 mb ~+0.01 
420 Mev >w’ >280 Mev +20 mb ~+0.015 
280 Mev >w’>210 Mev +10 mb ~+0.01 








Physically it does not seem reasonable that o4(w’) 
should increase considerably at energies above 2 Bev; 
indeed since the shorter-range K-meson and hyperon 
forces become important at high energies, we might 
expect o4(w’) to decrease. It follows that errors in, or 
lack of knowledge of ¢4(w’) for w’>1 Bev cannot ex- 
plain the discrepancy in Ref_(w) around 150 Mev. It 
should also be noted that the above error (60,+-é0_) 
gives 65D_?~0.04 in the 300- to 330-Mev region; this 
gives worse agreement with the observed values. 

For errors é¢_(w’) in (210 Mev <w’ <1 Bev), we esti- 
mate the changes 5D_® at w~ 150 Mev by using Eq. 
(1). Typical values are shown in Table I. The magni- 
tude of the errors dc_ is in each case appreciably larger 
than the experimental errors which are quoted for the 
measurements of c_(w’) in these energy regions.” 

Similar errors in o,(w’) have less effect on Ref_(w) 
(w= 150 Mev), except for the range (1 Bev>w’>420 
Mev) where 60,.(w’) and é0_(w’) have almost the same 
effect. 

The effect of errors of type (a) may be summed up by 
noting that a systematic underestimation of both 
o,(w’) and o_(w’) by the amounts indicated above for 
all w’>210 Mev would give a sufficiently large value of 
6D_® at w=150 Mev. The same corrections would give 
a large positive change in Ref_(w) at w=320 Mev (6D_8 
would be expected to be of the order 0.07) which would 
increase the discrepancy in this region.’? It would in 
any case be surprising if there were such large systematic 
errors (in one direction) in the total cross sections. 


Type (b) Errors 


Errors in the cross sections at energies w’ in the 
neighborhood of w can have a large effect on Ref(w). 
Consider the contribution to Ref_(w) from the integral 
over o_(w’); it can be written 


o-(w') —a_(w) o_(w) | 


k° y dus! 
4r?J, ok’ 
The contribution to this integral from any range of w’ 
which is symmetric about w (i.e., w—wo <w’ <w+wo) is 


RB pet dy'Ta_(w’)—o_(w) 
‘ac: ae eer 
ae 47° @—wi k’ w’—w 

11, J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 


(1955). 
12 To reduce the error in f_(w) at 320 Mev, the change in slope 
of ¢_(w’) should be made more negative, not more positive. 
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Thus in the neighborhood of w’ the dispersion integral 
is a measure of the derivative of o(w’). [This explains 
the general form of the curves in Fig. 1 up to 300 Mev. 
Re/,(w) rises where the slope of o,(w) increases, up to 
about 120 Mev; it drops to zero at (approximately) the 
resonance, and it goes negative on the downward slope 
of o,(w) beyond the resonance. ] 

The effect of errors d0_(w’) at energies w’ <210 Mev 
has been studied by Zaidi and Lomon.* They show how 
the discrepancy in Ref_(w) for w~120 to 170 Mev can 
be considerably reduced by increasing the slope of 
o_(w’) in the region w’~ 100 to 170 Mev (see Fig. 1 of 
their paper). Unfortunately their large increase" in the 
slope of o_(w’) over the region 110 Mev<w’<150 Mev 
cannot be justified; it implies an unduly large increase 
in the total cross section o;(w’) for the isotopic spin 
T=} process at energies appreciably below the reso- 
nance. In this region it is much safer to keep as close 
as possible to Anderson’s cross-section data’ which 
agree with a reasonable phase shift analysis; this gives 
the curve of Salzman and Schnitzer (Fig. 3). 


Cross Section near Resonance 


In the range 150 Mev<w’<200 Mev Zaidi and 
Lomon use values of the total cross section o_(w’) 
which are significantly greater than the experimental — 
values. It should be emphasized that an increase in the 
value of o_(w’) near resonance would considerably 
improve agreement with the x~ dispersion relation. At 
the resonance (w’~180 Mev) Anderson’s curve gives 
o_(w’)=66 mb. Consider the fairly extreme case in 
which the cross section is increased over the region 150 
Mev to 200 Mev in such a way that the peak becomes 
sharper and the maximum is increased to 73 mb. We 
would then expect the theoretical value D_* to be in- 
creased by 0.015 to 0.025 at w=150 Mev; at w=210 
Mev there would be a decrease in D_® of about the 
same size. Both corrections are in the right direction. 

This increase in the peak of the o_(w’) curve would 
have another desirable effect. For w=170 Mev there 
would be little change in the theoretical value Ref_(w), 
but the observed value would have to be reduced. The 
observation of D_® at 170 Mev (Figs. 2 and 3; the 
point is due to Ashkin ef al.) is based on a total 
cross section 


o_(170 Mev) = (62.7+1.9) mb. (4) 


D_® is deduced from the differential cross section 
| f(0w) |? using 


kp k 244 
p2=—||f(04)|*- (—v-1)) toad 


3M. H. Zaidi and E. L. Lomon, Phys. Rev. 108, 1352 (1957). 
I am indebted to the authors for a preprint copy. 

4 The slope of the o_(w’) curve of Zaidi and Lomon is about 
1.0 mb/Mev between w’= 110 and 150 Mev. Anderson’s values for 
a give no more than 0.75 mb/Mev, while o, has slope 2.2 mb/Mev 
in the same region. 

(as: _ Blaser, Feiner, and Stern, Phys. Rev. 101, 1149 

956). 
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If the calibration has to be altered so that the differen- 
tial cross section | f(0w)|* is increased by (say) 10% 
for all 6, the observed value of D_® is reduced from 0.22 
to 0.19. Again the correction is in the right direction. 

In spite of the low value'® of o_ in (4), there is some 
indication’ from a comparison of the total cross sec- 
tions o*, o_ that the o— curve might have a sharper 
and higher peak than Anderson’s values’ show. It 
would be valuable to have further careful determina- 
tions of o_(w) in the region of its maximum. 


3. SCATTERING LENGTHS 
Equation (1) can be written 


Refs (w) — Refs (u) 
w 
~ (=-1)44Rey-w) Refs (4) 
m 
2f? k® R? 7 do’ 
Pa 
uw? L(y?/2M)Fwl 4°, 


o,.(w’) o—(w') | 
x| 7 
wo Fw w+w 


ew | 


(6) 


At low energies Ref, (w) is particularly sensitive to the 
scattering lengths Re/,(u) ; changing them changes the 
starting point of the curves Ref,(w) at w=,, and it 
also changes the first term on the right of (6) which is 
linear in (w—y). 

Letting w— © in either Eq. (6) and making the 
plausible assumption’* that Ref, (w)/w—-0asw— &, 
gives the sum rule” 


1 
{Ref_(u)— Ref, (u)} 


vu 

4f? 1 7% do’ 

- —+—f | {o_(w’)—o4(w’)}. (7) 
ue 2x m k’ 


If Refs(u) and /,’ are related in this way, changes in 
the scattering lengths will not be important for large w. 
[Using Ref_(u)—Ref,(u)=0.205, Eq. (7) gives f? 
=().084 when the integral over the cross sections is 
taken to 2 Bev; the contribution to the integral from 
higher energies appears to be small. Because of the 


16 Ashkin et al. also give o,=194.945.5 mb at 170 Mev; in 
relation to this, a is low. 

17 See, for example, the data in reference 4. 

'8JTt is plausible for a scatterer of finite radius because 
Refp(wr)/ks — 0(1) implies that, if only elastic scattering occurs, 
for large wz an appreciable fraction of ail the partial waves have 
phase shifts m: giving sin(2n:) large and of the same sign. The 
existence of inelastic processes reduces Re/p(wa). 

1M. L. Goldberger, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956), p. I-14. 

*” J. M. Cassels, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1957), p. II-5. 
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TABLE II. The effect on D_® of related changes in the x~ 
scattering length and the coupling constant /,’. 


Change in D_® 





Parameter change w =150 Mev w =300 Mev 
6 Ref_(u) = +0.022 
+0.010 +0.006 
6/f?=+0.007 
6 Ref_(u) = +0.035 
+0.016 +0.009 


6f2=+0.011 


poor convergence of the integral, Eq. (7) is not a good 
determination of /;’. ] 

The values of the scattering lengths as determined by 
the well-known methods are 


Ref_(u) = +0.089, Ref,(u)= —0.116; 


these are based on the center-of-mass system values”! 
a,=+0.167+0.01, a;=—0.101+0.01. (8) 


Changes in the scattering lengths could be used to 
improve the agreement in Fig. 3-in the 120- to 170-Mev 
region. This requires keeping Re/,(u) fixed and in- 
creasing substantially Ref_(u). To avoid producing 
much more serious disagreement in the 300-Mev region 
it is necessary at the same time to increase /;? above 
0.08. Examples of such changes are given in Table II. 
These alterations would have little effect on the agree- 
ment between theoretical and experimental values of 
Ref,(w) (see Fig. 1). They would make it possible to 
use /1°~0.09 for both the x* and x data. 

Changes +0.022 and +0.035 in Ref_(u) correspond 
to increasing’ a; from 0.167 to 0.196 and 0.212, re- 
spectively. The values (8) are deduced from elastic x 
scattering between 40 Mev and 60 Mev”; similar 
results come from data in the 15-Mev to 30-Mev 
range.” Increases in a; of the above magnitude would 
be compatible with the low-energy m~ scattering only 
if the effective range for the phase shift a; were notice- 
ably larger than is generally believed. 

The values (8) are also related to charge-exchange 
scattering at threshold. They are consistent with 
Panofsky ratio R=1.55 and x~/x* threshold ratio 
ro= 1.87; this does not include any Coulomb correction 
which might increase ro, or a Noyes correction (which 
would be noticeable if the effective range of a, were 
large). These somewhat uncertain corrections” might 
increase a, by 10%. The latest and largest value of the 
Panofsky ratio R=1.85+0.09 would, without any 
corrections give a,;=0.187 (assuming as always that 
a3>= —0.101). 

*1 These recent Rochester results have been used by Salzman 
and Schnitzer. They differ slightly from Orear’s values a,=0.165, 
“a Ts en: Nuovo cimento 4, 856 (1956). 

*3 Nagel, Hildebrand, and Plano, Phys. Rev. 105, 718 (1956). 

*L. Marshall, Proceedings of the Seventh Annual Rochester 


Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1957), p. IT-32. 
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It appears therefore that a high value of the Panofsky 
ratio would do something, but not enough, to reduce the 
discrepancy in the m~ dispersion relation around 150 
Mev. 

The results of this and the previous section’s dis- 
cussion are summarized by suggesting that, in order of 
importance, experiments to resolve the discrepancy 
would be (a) redetermination of the value of c_(w’) at 
resonance, and (b) much more accurate differential 
cross sections at 40 Mev or 60 Mev. This would give 
accurate information about the scattering lengths. 


4. THRESHOLD EFFECTS 


At w’=y both v_o(x-+p— 2°+n) and v_o(r +p— 
+n) are finite,** therefore the integral in (1) does not 
converge (for any w). This is because we forgot that 
for the charge-exchange process the lower limit of inte- 
gration is w’~y— Am where Am= (m,—m,') + (m,—m,) 
~3 Mev; for photoproduction the lower limit of in- 
tegration is w’=y?/2M (i.e., at the neutron position in 
the rest-mass spectrum). With these limits of integra- 
tion and taking the principal value at w’=y, the inte- 
gral converges for w>u. Also, it is easy to show that the 
limit of Ref_(w) as w — uy is finite. 

We now consider the corrections to the integral in 
(1) from these threshold effects. For the charge-exchange 
process we notice that the usual evaluation? of the in- 
tegral for Ref_(w) assumes that o_(w’) is constant for 
small (w’—). Hence we want the correction arising 
from an increment Ag,x(w’) in the charge-exchange 
cross section o¢x(w’), where 


N—?_ 
Aoex(w’) = -— = )ent), 


vp and v_ are the c.m. pion velocities, and o¢x(w’) equals 
(8/9) (a;—a3)? for w’ >. The integral can be written 


(9) 


4a J, sm Re’? 


ke 7 ~| —) 
w’—w 


where I’ (w’) = k’Acx(w’). 

For w>Am, the integrand in (9) decreases rapidly 
for w’>ut+Am [the factor (v—v_) goes to zero as 
(1/k’) in that region]. At threshold I'(u4)=0.03 unit, 
but we do not know its form for u—Am<w’ <u. It is 
sufficient to assume that in this region '(w’) behaves 
smoothly, going to zero at w’=y—Am. 

If ['(w’) were equal to '(u) throughout n.—Am <o’ 
<yu+Am, the contribution to (9) from this energy in- 
terval would be of order (k?/w) (0.003) Am. Allowing for 
the increase in I'(w’) from 0 at (u—Am) to I'(u), and 
the subsequent decrease for w’>u+Am, we get an 
upper limit®* (4?/w)(0.005)Am for the contribution to 


2% y_is the x~ velocity. 
26 This is based on assuming that I'(w’) has the slope D'(u)/Am 
throughout |w’—y| <Am. In fact the slope is negative for w’ >u. 
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Ref_(w) from |w’—yu| <Am. Multiplying by 5 will ade- 
quately cover to contribution to (9) from (w’—u)>Am. 
It follows that for the values of w in which we are 
interested (w> 120 Mev), the charge-exchange threshold 
effect is quite negligible.”” 

The effect on Ref_(u) need not be negligible. How- 
ever, this contribution is included in Noyes’ correction** 
which was discussed in the preceding section. 

The radiative correction arising from o(7-+p— 
yt+n) has been evaluated by Agodi et al.”; the con- 
tribution to Ref_(w), at the values of w we are interested 
in, is unimportant. 

Coulomb effects are not included in the dispersion 
relations (1). At w2 100 Mev the Born approximation 
can be used to subtract the Coulomb contribution from 
the observed scattering. Because the Coulomb term is 
important only close to the forward direction, the sub- 
traction can be made more or less independent of the 
phase-shift analysis.'* This procedure is simpler than 
trying to work with dispersion relations which include 
the Coulomb interaction (if such relations exist). 

Agodi ef al.” have also shown that K-meson and 
hyperon effects do not change the dispersion relations 
(1). Since we insert the total observed cross sections in 
(1), the only place where an extra term due to strange 
particle effects can occur is in the unphysical region 
0<w’<y. However, the conservation of strangeness 
ensures that the only bound states if the neutron; this 
is already included in (1). 


5. CHARGE INDEPENDENCE 


The derivation of the dispersion relations (1) does 
not require charge independence; only charge sym- 
metry need be used.” It follows that a breakdown of 
charge independence for pion scattering near the reso- 
nance (~175 Mev) would not account for the dis- 
crepancy in Ref_(w). 

On the other hand, there is a dispersion relation 
which can be used as a test of charge independence; 
this is the charge-exchange relation: the scattering 
amplitude f.x(w) for forward charge exchange scatter- 
ing is given by 
(10) 


fex(w) = —V2f (w), 


where 
{%@)=3[L@)—-f,)]. 

Also f(w) must obey 

2f? ke 


) in maaan iii cacti 


we ow (u?/2M)? 


® dw'fa_(w’) —04(w 
af ) an 


o*—-w@ 


1 1 
innit Ref ® (w) =- Ref® (u 
w mn 





37 Using a fixed-source Hamiltonian, A. Agodi and M. Cini 
[Nuovo cimento 5, 1256 (1957) ] reach the same conclusion. 

28H. P. Noyes, Phys. Rev. 101, 320 (1956). 

2 Agodi, Cini, and Vitale, Phys. Rev. 107, 630 (1957). 

%® A. Agodi and M. Cini, Nuovo cimento 6, 686 (1957). 
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From the observed differential cross section for 
charge exchange scattering, we deduce | f..(w)|*. Using 


k 
Imfex(w) =——[o4 (w) —o_(w) ], 
4rv2 


we deduce Re/,x(w). This observed value should fit (11). 

Among the observations of charge-exchange scatter- 
ing, only the results of Ashkin et a/.!® would seem to be 
sufficiently accurate to compare with (11). The 150- 
Mev data give Re/f.x(w) =0+0.2; this is to be compared 
with the theoretical value —0.2. The 170-Mev charge- 
exchange data are in disagreement with charge inde- 
pendence as they give Ref.x(w) = (—0.08+0.04)!. The 
theoretical value is close to zero. 

Although there are larger quoted errors in the charge- 
exchange data at 120, 144, 165, and 220 Mev," they 
give values of Ref.x.(w) which are in reasonable agree- 
ment with (11). However, the accuracy of these data 
is not sufficiently great for us to use (10) as a useful 
check on charge independence. 

Obviously it would be valuable as a check on Ref_(w) 
to have other accurate charge-exchange differential 
cross sections in the 150-Mev and 300-Mev ranges. 

Finally we comment on the form [Eq. (1) ] of the 
dispersion relations. It is well known that in the general 
case it may be necessary to add® to Ref,(w) in dis- 
persion relations a real finite polynomial in w. This 
polynomial could arise from an indeterminancy in the 
scattering amplitude contribution from e(xo)[ja(x), 
ja’(0)}] on the light cone, or it could arise from the 
term 6(x0)[ ja(x),¢a’(0) ] which should be included if 
there were a direct pion-pion interaction.* The explicit 
form of this polynomial cannot be found by general 

31H. L. Anderson and M. Glicksman, Phys. Rev. 100, 268 
(1955); H. L. Anderson et al., Phys. Rev. 91, 155 (1953). 

# K. Symanzik, Phys. Rev. 105, 743 (1957). 

% The notation is that of M. L. Goldberger, Phys. Rev. 99, 
979 (1955). 
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arguments, but fortunately it disappears from the dis- 
persion relations if they are made sufficiently con- 
vergent®® (for example, by the subtraction procedure). 
It is probable that Eqs. (1) are sufficiently convergent 
to eliminate the polynomial. 

The most straightforward way of investigating the 
polynomial would be to examine the observed values 
of Ref,(w) for large w. However, it seems possible 
even with the present data to exclude such an addition 
to the right-hand side of (1) as an explanation of the 
discrepancy in Ref_(w). The relations (1) contain one 
subtraction (at w=), so the polynomial must be of 
the form ¢;(w—y)+c2(w—p)*+---. At least two terms 
would be required to give a discrepancy which changes 
sign between 150 Mev and 300 Mev. This implies, at 
the least, that Ref_(w)~cw? for large w. Such a large 
value of Re/_(w) for large w seems quite unreasonable.*® 


6. CONCLUSIONS 


Salzman and Schnitzer’s use of the o— cross-section 
values of Anderson has removed a good deal of the 2 
discrepancy, but a careful examination shows that the 
remaining disagreement cannot be removed without 
violating some apparently accurate experimental results. 

It would be useful to know (i) the exact value of 
o_(w’) at resonance; (ii) the forward amplitude D_? at 
a point in the 40-60 Mev range (to an accuracy of 
+0.01 unit); (iii) more accurate charge-exchange re- 
results both in the 150-Mev and 300-Mev ranges. 
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4K. Symanzik, Nuovo cimento 5, 659 (1957); E. Kazes, Phys. 
Rev. 108, 123 (1957). Convergence of the integrals in (1) is neces- 
sary but not sufficient to exclude the polynomial. 


3 See the argument in footnote 18. Also, notice that the exist- 
ence of the sum rule (7) implies that (1) is correct as it stands. 
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Theoretical values for D_(w) in the theory of pion dispersion relations have been recalculated with a 
suitable modification of the experimental values for o4¢~. This modification is supported by the results 
obtained from a recent phase-shift analysis. Agreement with the experimental values for D_(w) is achieved 
for pion kinetic energies {220 Mev. It may be concluded that the theoretical values for D_(w) have a 
strong dependence on the detailed shape of the peak of oto: near the resonance. 





I. INTRODUCTION 


UPPI and Stanghellini have shown! that there is a 

discrepancy between the dispersion relation for 
-—p scattering and the experimental results. Several 
authors?:* have attempted to remove this disagreement, 
but, although the discrepancy has been reduced, it has 
not disappeared. It is the purpose of this paper to 
show that this discrepancy can be further reduced by 
a suitable modification of the experimental data for 
the #-— scattering cross section. Such a change was 
first suggested in reference 2 and it was later discussed 
in a more detailed way by Hamilton.‘ 

In Sec. II a dispersion relation which is slightly 
different from Goldberger’s original formula® will be 
derived by carrying our the subtraction procedure at 
150 Mev (pion kinetic energy). This is used in our 
calculation. We also discuss the new form of the depend- 
ence of this relation on the value of the coupling con- 
stant f*. In Sec. III we discuss possible modifications 
of the total cross section, and show that the modified 
cross section is somewhat similar to the values which 
were obtained from a recent phase-shift analysis.® In 
Sec. IV the results are discussed. 


II. DISPERSION RELATION 


The dispersion relation for —p scattering as 
derived by Goldberger ef al.* has the following form: 


1 w 1 w 
pte)—-(1+=)p-w)-=(1 -“)p, (u) 
2 m 2 m 


1 *dw'f o_ o+ eg k? 
=—KP f = ar — , (1) 
4? R' lw’—w w’+w Ww wtp?/2M 


m 





where w is the total pion energy, u the pion mass, k 
the pion momentum, D_(w) and D,(w) the real parts of 
the forward scattering amplitudes for -—p and rt+—p 
scattering, respectively. 


* Supported in part by the joint program of the Office of the 
Naval Research and the U. S. Atomic Energy Commission. 

1G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957). 

2 M. H. Zaidi and E. L. Lomon, Phys. Rev. 108, 1352 (1957). 

3G. Salzman (to be published). 

4J. Hamilton, Phys. Rev. 110, 1134 (1958), preceding paper. 

5 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 

6H. Y. Chiu and E. L. Lomon (to be published). 


The dependence of D_(w) on f? in the above formula 
is rather strong in the region where we are interested, 
i.e., 0-300 Mev. For example, taking w= 2y, (i.e., 140- 
Mev pion kinetic energy), #?=3(uc)? and, with f/?=0.08, 
we have 


(1a) 





i Re 
-7( —)= ~0.24, 
we \w+p?/2M 


which is of the same order as D_(w) itself. 

This strong dependence on /?, can be avoided by 
choosing a subtraction energy w’>yu. Then Eq. (1) 
becomes 


1 w 1 w 
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We have arranged so that D_(w) must pass through the 
prescribed value D_(w’) at w=w’. Since (u?/2M)* 
= (u/14)? may be neglected, we write the terms con- 
taining f? as 


a pe, ee 


fy Rk? ) 
w\w+p?/2M 


re 
w? 


As compared with (1a), the f? term is decreased both 
by the factor? u*/w”=1/w”, and by the factor (k’—k’?)/ 
k*, which will be small in the region near the resonance 
if we choose w’—y= 150 Mev. In this manner we reduce 
the dependence of D_(w) on f?. 

Although the dependence on f? is reduced, D_(w) 
becomes more dependent on D_(w’). In fact, D_(w’) 
must be determined by experiment, just as [in (1) ] 
D_(u) had to be determined by the S-state scattering 
length. Since the result of Ashkin et al.* at 150 Mev is 
believed to be very accurate, it is convenient to give 


7 Units which will be used in this paper are the natural units 
h=c=u= 1. The unit of area is then 20 mb. 
* Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 1149 (1956). 
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x*~—-p SCATTERING AND 
w’ this value. The values of D_(w’) and D,(w’) are 
0.26+0.01 and 0.47+0.02, respectively.® 


III. TOTAL x —p CROSS SECTION 


In reference 2, Zaidi and Lomon have shown the 
effect of a modification of o,..~ on the theoretical value 
of D_(w). However, as was pointed out in reference 4, 
there may be objections to the actual form of oct 
which was used. Fot example: 

(a) It is questionable that there is such a rapid rise 
of the 7=4 total cross section in the region 100-170 
Mev. The slope obtained by recent work® of Anderson 
et al. is about 0.75 mb/Mev for w~, and about 2.2 
mb/Mev for z* in this region. Zaidi and Lomon use an 
average m~ slope in this region of about 1.0 mb/Mev. 
It is hard to believe either that the 7=} cross section 
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Fic. 1. The total x~ cross sections o;.:~. Curve (a) is that used 
in the present calculation. Curve (b) shows Anderson’s results.® 
Above 300 Mev the results of R. Cool et al. [Phys. Rev. 103, 1082 
(1956) ] are used. 


will rise so rapidly or that charge independence will 
break down at such a low energy. 

(b) The large values of o> in the region 150-200 
Mev; these are appreciably greater than the experi- 
mental values. 

Besides the above objections, there seems to be no 
physical reason to believe in the “plateau” which occurs 
near 60 Mev on their cross section curve. 

However, Zaidi and Lomon’s results have shown the 
importance of the sharpness of the resonance peak of 
Owe for the theoretical value of D_(w). That the 
sharpness of the peak gives an important contribution 
is clear from the way the principal integral is calculated. 
We have 


fa) pe flx)—fle') 2’ 
pf Sone ax= f samen IG) Bihan, 
a x—-xX i x— x’ lx’—al 


®H. L. Anderson, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Pub- 
lishers, Inc., New York, 1956), p. I-22. 
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Fic. 2. Curve (b) is the same as (b) in Fig. 1. Curve (a) is the 
result obtained by our interpolation of the phase shifts as dis- 
cussed in Sec. ITT. 


The integrand of the first term on the right-hand 
side is the slope of the chord connecting the two points 
f(x) and f(x’); when x’ is near the peak there is a 
large contribution from the vicinity of the peak, and 
the principal value of the integral therefore depends 
strongly on the shape of the curve near the peak, and 
to a lesser extent on f(x’) itself. 

We therefore suggest that the peak of o1:~ in refer- 
ence 9 should be raised by about 7 mb; the resulting 
values are plotted in Fig. 1 together with Anderson’s 
values. Justification for this alteration in oto: is sup- 
ported by the values obtained from interpolation of 
phase shifts. The phase-shift analysis® is performed 
under the assumptions that only S and P waves con- 
tribute and that 63; is of the Fermi type. Then Ashkin’s 
accurate experiments*:” give unambiguously positive 
values of 6;; at 150 and 170 Mev with an M value of 
the order of 10. At 220 Mev there are two solutions for 
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Fic. 3. The small S and P phase shifts as obtained in reference 
6. The values of 533 used are similar to those in references 8 and 
10. 


10 Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 105, 724 (1957). 
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Fic. 4. Curve (1) is the result of our calculation of D_(w). 
Curves (2) and (3) show Salzman’s results. The experimental re- 
sult for D_(w) at 170 Mev is also recalculated with oto~ taken 
from curve (a) of Fig. 1. 


6:3, and from continuity requirements with respect to 
the 150- and 170-Mev experiments the solution which 
corresponds to 6;;=53: is rejected and the remaining 
solution, for which 6; rises rather rapidly from 170 to 
200 Mev, is accepted. With these phase shifts, an 
interpolation is made and the resulting o%;~ is plotted 
in Fig. 2. The phase shifts which give these values of 
Grr are plotted in Fig. 3. 

The peak in o4¢~ at 180 Mev is not as high as that 
used in our calculations. However, the steep slope gives 
a larger contribution than earlier calculations. At least 
the phase-shift analysis® illustrates that it is not un- 
reasonable that o,.:~ has a sharper peak than is generally 
believed. 
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IV. DISCUSSION OF RESULTS 


The result of our calculation of D_(w) is plotted in 
Fig. 4, together with the results obtained by Salzman,’ 
who used Anderson’s values of oto¢~. From a comparison 
of Salzman’s result with ours, it is clear that the theo- 
retical value for D_(w) has a strong dependence on the 
detailed shape of the peak of o;.¢~. It is seen that there 
is, in general, agreement with the experiments up to 
220 Mev. At higher energies, the only data available 
are those by Zinov and Korenchenko"' ; there the agree- 
ment is poor. However, their way of calculating D_(w) 
may possibly be open to question. While for the forward 
scattering cross section they use the differential cross- 
section value, for the total cross section they use the 
transmission measurement value. At lower energies the 
absolute value of the differential cross section has been 
normalized by comparing the integrated result with the 
transmission value. It is not easy to make this compari- 
son at energies such that pion production can occur. 


Vv. CONCLUSION 


We have used Eq. (2) to calculate the theoretical 
value of D_(w), with a modification of Anderson’s 
results for o,.¢~. General agreement is obtained for pion 
kinetic energies up to 220 Mev. This modification of 
Trot is to some extent justified by results from a phase- 
shift analysis. It seems that the theoretical value of 
D_(w) has a strong dependence on the shape of the 
resonance peak of opo¢~.T 
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t Note added in proof.—In Goldberger’s original formula [Eq. 
(1) ] D_(w) shows strong dependence on both D_(z) and f*. In our 
formula [Eq. (2)] D_(w) shows strong dependence on D_(w’). 
However, Eqs. (1) and (2) should yield the same results if (a) the 
same oto is used, and (b) they both agree at w=y and w=w’. The 
better agreement achieved here is mainly due to the revised form 
of tor. It implies a new value of D_(y). 
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Correlated Neutron-Proton Pairs from the High-Energy Photodisintegration 
of Helium and Lithiumt* 
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Observations are made on the protons and neutrons simultaneously ejected from helium and lithium by 
280 Mev bremsstrahlung. All photoprotons are found to be accompanied by a neutron. The results are 
interpreted in terms of Levinger’s quasideuteron theory of photodisintegration. The results lead to a measure- 
ment of the low momentum spectrum in helium and lithium as well as identification of the high-momentum 
components of the momentum spectrum as due to two-particle interactions. 


I. INTRODUCTION 


EVINGER! was the first to propose that the 

photodisintegration of complex nuclei by photons 
more energetic than those in the “giant resonance” 
region proceeded by the absorption of the photon by a 
neutron-proton pair which he called a quasideuteron. 
Many of the qualitative features of the early work?’ on 
photoprotons ejected by photons in the region of 100- 
300 Mev suggested such a mechanism but quantitative 
proof was lacking. If the photon were absorbed by such 
a pair in a light nucleus, the chance for both nucleons to 
escape would be quite good and the observation of a 
proton and neutron ejected from a complex nucleus in 
coincidence would prove the existence of such a mech- 
anism. Such correlated pairs of nucleons have been 
observed by a group at the Massachusetts Institute of 
Technology and by us.‘ The existence of this effect was 
quite clear but several questions remained. 


1. Were all high-energy photonucleons ejected by this 
two nucleon process? 

2. Could the simple theory of Levinger using the 
effective range theory of nuclear forces give a quanti- 
tative picture of the high-energy photodisintegration ? 

3. Could quantitative observations of this process 
give a measurement of nuclear momentum distributions? 


Questions 2 and 3 have been discussed in two further 
papers by the M.I.T. group®* and question number 1 
has been discussed by Peterson and Roos.’ This paper 
will discuss these questions in the light of observations 


t Supported in part by the Office of Naval Research and the 
U. S. Atomic Energy Commission. 

* Parts of this paper are based on a dissertation presented by 
M. Q. Barton in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy. 

t Present address: Brookhaven National Laboratory, Upton, 
New York. 

1]. S. Levinger, Phys. Rev. 84, 43 (1951). 

2 Feld, Godhole, Odian, Scherb, Stein, and Wattenberg, Phys. 
Rev. 94, 1000 (1954). See this paper for further references. 

3 J. W. Weil and B. D. McDaniel, Phys. Rev. 92, 391 (1953). 

4 Myers, Odian, Stein, and Wattenberg, Phys. Rev. 95, 576 
(1954); M. Q. Barton and J. H. Smith, Phys. Rev. 95, 573 (1954). 

5 Odian, Stein, Wattenberg, Feld, and Weinstein, Phys. Rev. 
102, 837 (1956). 

6 Wattenberg, Odian, Stein, Wilson, and Weinstein, Phys. Rev. 
104, 1710 (1956). 

7V. Z. Peterson and C. E. Roos, Phys. Rev. 105, 1620 (1957). 


of the photodisintegration of lithium and helium by 
photons from about 150 to 280 Mev. 


Il. THEORY 


Figure 1(a) shows a schematic diagram for this 
process. A photon of energy £, interacts with a pair of 
nucleons, a proton and neutron in our case, ejecting 
them with energies /, and E, respectively. The nucleons 
are each assumed to lose an energy FE». in crossing the 
boundary of the nucleus (surely a highly suspect ap- 
proximation for helium and lithium). Furthermore the 
two nucleons may have an effective binding energy E,, 
between them in the complex nucleus. The nucleons 
then emerge into the laboratory with energies &, and 
&,. We then write 


E,=E,+E.t+En=6 5+ 8n+Es, (1) 


where E,= Ey: +2£»: is the effective binding energy for 
the ejection of a neutron-proton pair. E, includes the 
excitation of the residual nucleus and the kinetic energy 
of any other particles which may escape, as well as the 
actual binding energy of the neutron and proton. It is 
surely not a constant but will be treated as one here. 
The proton and neutron emerge in the laboratory 
with the proton making an angle 6, with the photon 
beam and the neutron an angle @,. The plane of the 


Fig. 1. Schematic diagram 
for the photodisintegraion of a 
neutron-proton pair. In (a) the 
photon of energy Ay interacts 
with a pair ejecting the nu- 
cleons with energies EZ, and Ey. 
As the nucleons cross the 
nuclear surface they lose an 
energy E»2 and emerge into the 
laboratory with energies &, 





and &». In (b) is a momentum N 
diagram showing how the vari- -s 
ous momenta add. D and hence Pp 
N have components out of the 
paper. Ls 
D 
(b) 
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photon and neutron makes an angle ¢, with the plane 
of the proton and photon. This angle is not shown in 
Fig. 1(a), and all observations have been confined to the 
plane of the photon and proton, ¢,=0 

A momentum diagram is shown in Fig. 1(b). The 
outgoing proton and neutron momenta P and N add to 
give the sum of the photon momentum E,/c and the 
total momentum of the neutron-proton pair in the 
complex nucleus, D. The momenta P and N are to be 
associated with the energies E, and E,,. In this treat- 
ment we assume no refraction at the nuclear surface 
although this is clearly inconsistent with the assumption 
of an energy loss. There seems to be no way to differ- 
entiate experimentally between such a refraction and 
the nuclear momentum spectrum. 

For a given proton energy and angle and no motion of 
the neutron-proton pair—the photodisintegration of a 
real deuteron in the laboratory 
of the neutron are completely determined. The existence 
of a momentum for the pair means that the neutron can 
come off at a variety of angles centered at the angle for 
the disintegration of a free deuteron. A measurement of 
this spread in angle gives a measure of the nuclear mo- 
mentum distribution.® 

Following Levinger' and Wilson,* we note that high- 
energy photodisintegration by this process involves a 
large momentum transfer between the two nucleons and 
hence requires the two nucleons to be close together 
where the forces are very strong. This is true whether 
the photodisintegration is in a complex nucleus or in 
deuterium. Following the spirit of the effective range 
theory, we then see that the wave function between two 
nucleons at small distances is determined primarily by 
their mutual interactions and not by the shape of the 
wavefunction at large distances. The cross section for 
disintegrating a neutron-proton pair in a complex 
nucleus should therefore be proportional to the cross 
section for the photodisintegration of deuterium, the 
constant of proportionality being the probability that 
the two nucleons will be close together in the complex 
nucleus relative to deuterium. This probability is of 
course determined by the detailed shape of the wave 
function for the single nucleon in the complex nucleus. 
One reservation needs to be made. The neutron and 
proton in deuterium are primarily in a *S; state. In a 
complex nucleus they can also be in other states. Since 
the reaction occurs at short range, only S states need to 
be considered in a rough treatment. However, the 'S» 
state can occur. We must therefore write the differential 
cross section for the photodisintegration of a pair of 
nucleons in a complex nucleus as 


da 
(7), (Z) 
dw deuterium 


NZ {do 
Hi(“) , @ 
A dw singlet 





®R. R. Wilson, Phys. Rev. 104, 218 (1956). 
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where Z is the atomic number, V the neutron number, 
and A the atomic weight. The factors 3? and } represent 
the relative statistical weights of the triplet and singlet 
states. The constant of proportionality has been written 
L(NZ/A) following Levinger, since one might expect 
the probability of a proton and neutron getting close 
together to be proportional to the number of such pairs 
(NZ) and inversely proportional to the volume of the 
nucleus which is proportional to A. 

The high-energy cross section for the photodisinte- 
gration of deuterium is known quite well experimentally.’ 
However, the cross section for a proton and a neutron in 
a singlet state cannot be determined directly. At lower 
energies one might trust theoretical calculations. At 
energies of 150 to 280 Mev mesonic effects are pre- 
dominant. The triplet state disintegrates both by S- 
wave and 3, $ isobaric state transitions.’ The singlet 
state can disintegrate only by the S-wave contribution 
but might be expected to do so with a cross section 
similar in magnitude to that of the triplet state. They 
angular distribution of the disintegration of neutron-' 
proton pairs relative to that of deuterium might be 
expected to throw some light on the subject. Odian® 
showed that the angular distributions were similar 
showing that J, is smaller than L; or that the singlet 
and triplet disintegrations do not have very different 
angular distributions. For want of a very much better 
thing to do, we shall assume 


Gs aoe 

dw deuterium dw aioe 
do NZ {do 
(2)... 
dw np A dw deuterium 


Any subsequent interpretations of / in terms of the 
relative probability of two nucleons being near each 
other in a complex nucleus will be subject to this con- 
siderable uncertainty of perhaps 25% 

The probability for producing a photodisintegration 
of a neutron-proton pair in a complex nucleus by a 
photon between E, and E,+dE,, with the proton going 


and write 


into dw* in the center-of-mass system, is then 
NZ / do 
o= —(—) B(E,)dE,do*, (3) 
A dw* deut 


where B(E,) is the probability that there will be a 
photon between FE, and E,+dE, in the bremsstrahlung 
beam, i.e., the bremsstrahlung spectrum. The proba- 
bility that the particular neutron-proton pair was 
moving with a momentum between D and D+<dD is the 
square of the momentum wave function for the center of 





*D. R. Dixon and K. C. Bandtel, Phys. Rev. 104, 1730 (1956); 
J. Keck and A. Tollestrup, Phys. Rev. 101, 360 (1956); Whalin, 
Schriever, and Hanson, Phys. Rev. 101, 377 (1956). 
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mass of the two particles designated ®(D). Thus 


NZ de 
d's =L— ( ) (1—B8p)B(E,)0(D)dE,dw*dD. (4) 
A deut 


dw 


The factor (1—8p) refers to the change in photon flux 
due to the motion of the neutron-proton pair, where 8p 
is the velocity of the center of mass of this pair in units 
of c. Actually a complete experiment would observe the 
energy and angle of the proton and neutron in the 
laboratory, giving 


NZ f do 
d‘c=L ( ) (1—Bp) B(E,) 
deut 


A \du* 


Eyw*D 
xo(D)s( an ) ate nd Edw, (5) 


EnE @nWp 


where J is the appropriate Jacobian. Our neutron 
counter did not measure the energy of the neutron, but 
rather counted all neutrons indiscriminately with an 
efficiency ¢(&,). The counting rates are then related to 
an integral over neutron energies, 


d'a 


Lp < 
duw»d E dw» 


NZ do 
=f faso( ) (1—Bp) 
A dw* deut 


X B(E,)P(D)JdE,, (6) 


which, when J is written out, becomes 


ZN Pry) p¥mx B 
Tap=4L Me(1 + ) pf :, 
A Mee} Jy, EP* 


NV =O 


do 
x( ) @(D)N°dN, (7) 
dw* deut 


where P is the proton momentum, P* the proton mo- 
mentum in the center-of-mass system, F the total 
energy (practically 2Mc*), and the neutron momentum, 
N, rather than the energy has been used for the variable 
of integration. M is the rest mass of a nucleon. The 
counting rate of protons observed regardless of whether 
they were in coincidence with neutrons, i.e., with the 
neutron counter turned off, would be related to an 
integral over both neutron energies and angles without 
the efficiency factor ¢(&,,). 


d‘a NZ pe yt B 
I,= —=4L me(1+ ) rf f 
dE dw» A M?c EP* 


do 
x( ) @(D)N*dNdw,. ( 
deut 


dw 


oo 


) 
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These two integrals were calculated numerically in the 
University of Illinois Digital Computer, Iliac, and the 
numerical integrations are estimated to be accurate to 
about 1%. 

In the calculations, the Schiff’ zero-degree brems- 
strahlung spectrum was used for B(E,). A polynomial 
expansion in £, and cosé* which fits all the points given 
by Keck and Tollestrup* within experimental error was 
used for (do/dw*) deur. The efficiency e(&,) was a func- 
tion determined experimentally as described in Sec. III. 
All necessary dynamics in the transformations and in J 
were done relativistically, though some completely 
negligible approximations were made. 

For the nuclear momentum distribution a Gaussian, 


P(D)= (4rM Ey)! exp(—D*/4M E)), 


was used, where M is the mass of a single nucleon. The 
comparison between the theoretical results calculated 
with these integrals and the experimental results will be 
made in Sec. V. 


Ill. EXPERIMENTAL APPARATUS 


This experiment requires the coincident detection of 
a neutron and a proton, each of energy 50-150 Mev. 
One expects the two to be correlated such that the 
counting problem is not appreciably different from that 
of detecting both particles in the photodisintegration of 
deuterium. 


A. The Proton Counter 


Figure 2 shows the arrangement of scintillators used 
in the proton counter for the first lithium experiments. 
Counters 1P, 2P, 3P, 4P, 5P, and 6P were liquid 
scintillators (3 g p-terphenyl and 10 mg di-phenyl- 
hexatriene per liter of phenocyclohexane) in Lucite cells. 
For later experiments, including the helium data, 1P, 
2P, and 3P were replaced by thinner counters of 
Fullman plastic. Counters 1C and 2C were plastic 





Fic, 2. An isometric drawing of the active scintillator volumes 
used in the first experiment on lithium. C scintillators are used to 
trigger the apparatus. Pulse heights are measured in P scintillators. 
For the helium experiments the liquid scintillators 1P, 2P, and 3P 
were replaced by thinner plastics. 


I T. Schiff, Phys. Rev. 83, 252 (1951). 
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Fic. 3. Block diagram of the electronics. The coincidence circuit 
used had a resolving time of about 6 millimicroseconds. 


scintillators (Scintillon, Pilot Chemical Company). 2C, 
the counter which determined the solid angle of the 
proton counter was 3.01 cm high by 3.97 cm wide and 
was placed 39.52 cm from the target center. As is shown 
in the block diagram of the electronic apparatus in 
Fig. 3, the output of 1C and 2C were mixed in a Rossi- 
type diode coincidence circuit whose output was used to 
trigger the sweep circuit of an oscilloscope. The outputs 
of each of the other scintillators were appropriately 
delayed, integrated for about 40 musec, mixed, ampli- 
fied, and displayed on the vertical plates of the oscillo- 
scope. Thus each charged particle entering the telescope 
as far as 2C resulted in an oscilloscope sweep with one to 
six pulses, depending on the range of the particle. Each 
such sweep was photographed and the data were read 
from the film with a simple projector. Figure 4(a) shows 
the correlation between the first two pulse heights for 
events that do not enter 3P. Because of the difference 
in their specific ionizations, different charged particles 
fall on different loci on this chart. Those mesons which 
make stars in the second counter have larger second 
pulses than expected on the basis of ionization losses. 
Figure 4(b) shows a chart of three pulse events. The 
correlation between the two final pulses is similar to that 
shown in Fig. 4(a) for two pulse events. Since the 
counters are somewhat thicker in this case, there is a 
larger signal at the photomultiplier; consequently the 
resolution is slightly better. If one neglected the third 
pulse and plotted these events on Fig. 4(a) along with 
two pulse events, the protons of Fig. 4(b) would overlap 
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the group classified as meson stars. This confusion, how- 
ever, is avoided by the presence of the third pulse. The 
first pulse of each event of Fig. 4(b) (not shown on the 
chart) is required to be consistent with that of the other 
events of the group. 

Similarly, charts can be drawn for four, five, and six 
pulse events so that each chart shows the final two 
pulses along the particle’s range. The events can then be 
classified as in Fig. 4, with the additional requirement 
that all of the earlier pulses along the particle’s range be 
consistent with the classification. The time position of 
each pulse on the oscilloscope sweep is also useful in 
rejecting background events. 

Events counted in this manner have the obvious dis- 
advantage of being tedious to analyze. There are many 
advantages, however, which can hardly be accomplished 
by purely electronic means. The counter is simple and 
inexpensive and permits an unambigious identification 
of most of the events. Although the usual corrections for 
scattering and mistaken identity still apply, they are 
minimized in this counter by the large amount of in- 
formation available for each event. Finally, the data can 
be sorted into any arbitrary number of energy groups 
and the data can be collected simultaneously, permitting 
a most efficient use of betatron time. If the range to each 
counter is used to define the particle’s energy, as was 
done in this experiment, there are six well distributed 
groups whose energy is nearly independent of electronic 
stability. 

As can be seen from Fig. 4, occasional events are 
difficult to classify. For one-pulse events in this experi- 
ment, a division between the meson and proton groups 
was chosen such that the number of protons omitted 
should be equal to the number of mesons counted by 
mistake. For two-pulse events, an empirical division 
line was used. It is believed that the uncertainty in 
number of protons is less than 3% in both cases. For 
events with three or more pulses, this uncertainty is 
even less because of the large amount of information 
available. 

The data must also be corrected for losses due to 
scattering in the telescope. Because of the large taper 
in the counter, the correction for multiple Coulomb 
scattering or for elastic diffraction scattering is negli- 
gible. The only sizable scattering correction is for 
inelastic scattering from carbon and elastic scattering 
from hydrogen. Clearly the correction for scattering is 
not completely independent of the criterion for ac- 
cepting a proton pulse described in the previous para- 
graph, because a proton scattered early in this range will 
give rise to a set of pulses which, in general, will be quite 
different from that of a proton which comes to rest. The 
scattering corrections which were used for this experi- 
ment were calculated by assuming a geometric cross 
section o= aR? (R=1.4X10-" A!) for carbon and ex- 
perimental cross sections for p-p scattering." The cor- 


ME, Segré, Experimental Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1953), Vol. I. 
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rections include estimates of the numbers of protons 
counted in the wrong range bins because of scattering. 

Since the film in the oscillograph record camera 
cannot be advanced during a yield pulse of the betatron, 
the sweep circuit of the oscilloscope was made so that 
two sweeps could not occur during the yield pulse to 
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PULSE HEIGHT IN CRYSTAL NO. 2 
(b) 


Fic. 4. Pulse heights for events in the first three scintillators. 
In (a) are plotted the pulse heights of events which gave pulses 
only in the first two scintillators. The large group at the bottom 
are events with pulses in 1? only. At (b) are events with pulses in 
1P, 2P, and 3P, but not in 4P. Events marked E are electrons, the 
region inside the rectangle being very full of pulses. Events marked 
M are mesons, MS meson stars. P events are protons, the line 
showing the arbitrary division used in this experiment. 
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Fic. 5. The layout of the apparatus. B is the betatron; C, the 
lead collimator; X, a borax neutron shield; N and P, the neutron 
and proton counters; 7, the target; /, the ionization chamber 
monitor. 


prevent multiple exposures of the film. This necessitates 
a correction for counting losses which is small if the 
intensity of the betatron is so adjusted that the average © 
number of events per pulse is much less than unity. 
This correction can be obtained very accurately by con- 
necting a fast scaler to the output of the trigger circuit 
and a slow scaler to the sweep circuit. Thus one has a 
means of comparing directly the true counting rate 
with the number of events photographed. This correc- 
tion was negligible for all coincidence runs and never 
greater than 5% for runs in which protons only were 
observed. 


B. Neutron Counter 


The neutron counter was a glass cylinder (3%-in. 
inside diameter by 10 in. long) containing liquid scintil- 
lator (3 g p-terphenyl per liter of phenolcyclohexane) 
viewed by a single 6199 photomultiplier. The front sur- 
face of the counter was 32.86 cm from the target center. 
Neutrons were detected by observing the recoils from 
the neutrons scattering off of the nuclei of the scintillator 
itself. Since charged particles or photons cannot pene- 
trate the two-inch lead wall in front of the counter, the 
large pulses in this counter are attributed to neutrons. 
The output of the counter was limited and mixed with 
1C and 2C of the proton counter in the coincidence 
circuit. This circuit could be switched off so that the 
neutron coincidence was not required. This neutron 
counter was intended to be used as one channel of a 
coincidence circuit and would not be useful inde- 
pendently. 


C. Experimental Arrangement 


The experiment was set up as shown in Fig. 5. 
Photons from the betatron passed through a lead 
collimator placed between adjacent back legs of the 
betatron C magnet, a borax neutron shield, a secondary 
lead collimator, and impinged on the target placed at 
T. The intensity of the beam was determined with a flat 
ion chamber placed at /. For the lithium runs the target 
was a paraffin coated block of lithium 2 in. long in the 
beam direction and 1 in. wide. The liquid target” used 


12 FE. A. Whalin, Jr., and R. A. Reitz, Rev. Sci. Instr. 26, 59 
(1955). 
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Fic. 6. Deuterium coincidence counting rate vs angle of 
neutron counter. 


for the deuterium and helium data provided a vertical 
cylinder of liquid 2 in. in diameter. Both targets and the 
ion chamber were sufficiently large to eclipse the entire 
collimated beam which was } in. at the target position. 
Figure 7 also shows the counters in typical positions. 
Both counters could be rotated about the target in the 
horizontal plane but the data described in this paper 
were all taken with the proton counter at 6,=75°. The 
counters were enclosed in 4-in. lead walls except for a 
4-in.X4-in. entrance to the proton counter and a 2-in. 
wall in front of the neutron counter. For most of the 
experiment the betatron was operated at an energy of 
280 Mev with a 200-usec yield pulse corresponding to an 
energy spread of 3%. For the earlier lithium data the 
energy was 285 Mev and the yield pulse was 270 usec 
long. 


D. Test Procedures 


The first series of betatron runs was used to prove 
that the electronic circuits were operating satisfactorily. 
By determining the proton counting rate as a function 
of the voltage on 1C and 2C, and as a function of the 
relative delay between 1C and 2C, it was established 
that protons were detected with essentially 100% effi- 
ciency. Although plateaus were not expected for the 
neutron counter, tests showed that its efficiency was 
sufficiently insensitive to electronic parameters to per- 
mit stable operation. A complete test of the proton 
counter was done by observing the photoprotons from 
the photodisintegration of deuterium. The differential 
cross sections at 75° in the laboratory for several 
energies as derived from the test data are summarized 
in Table I. Within the statistical uncertainty these 
results can be considered in agreement with the results 
of Keck and Tollestrup.’ 
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The neutrons from the photodisintegration of deu- 
terium also provide a means of testing the neutron 
counter. Because of the two-body kinematics of this 
process, there is for each proton energy and angle a 
unique neutron energy and angle. Thus it was possible 
to prove that the counter was performing properly and 
to measure its efficiency. Figure 6 shows the coincidence 
counting rate as a function of the angular position of the 
neutron counter. The results of each of the four bins 
have been independently normalized and shifted by the 
amount predicted by kinematics to permit superposition 
on the graph. The angular shift is seen to be in agree- 
ment with that predicted by kinematics, except that 
there is a systematic angular shift which is probably due 
to a slight displacement of the liquid target. The curve 
shown through the points is the angular resolution of the 
target counter geometry as calculated by a Monte Carlo 
method using the Illiac computer. This calculation in- 
cluded scattering from the lead house. By comparing the 
normalization of the angular curve for each bin with the 
proton-only data from the same bin, one obtains the 
efficiency of the neutron counter for that energy. 
Figure 7 shows these results. The curve shown is the 
empirical choice used for ¢(6,) as described in the 
previous section. 

The lower-energy cutoff shown is an approximation, 
but a good one, based on the time resolution of the 
coincidence circuit. For the proton energies used, neu- 
trons slower than about 20 Mev would not be in 
coincidence. The exact shape of e(&,) at low energies 
does not affect the theoretical results appreciably. 


E. Background 


For runs taken with the proton counter in coincidence 
with the neutron counter, no-target backgrounds were 
entirely negligible. When protons only were counted, 
the 2-mil brass walls of the liquid container gave a 
background in the neighborhood of 7%. 

The paraffin coating on the lithium target was treated 
as if it were lithium. It made up about 3% by weight of 
the thickness of the target. 


TABLE I. Deuterium laboratory cross sections compared to those 
of Keck and Tollestrup.* The points at 146, 187, and first run at 
248 Mev were taken during the first betatron run of this experi- 
ment. The others during the second. The figures for Keck and 
Tollestrup are taken from their reconstructed curve. Errors are 
rms counting statistics. 


do/dw (microbarns/sterad) 


Ey (Mev) This experiment Keck and Tollestrup 
129 5.5+0.5 5.3 
146 5.0+0.4 5.2 
154 5.6+0.4 5.3 
187 6.1+0.4 5.6 
194 5.6+0.4 5.7 
248 6.1+0.4 6.0 
248 6.0+0.4 6.0 


® See reference 9. 
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Fic. 7. The peak efficiency of the neutron counter vs momentum 
of the neutron before leaving the nucleus. The curve shown is 
typical of those used in the numerical calculations. The points are 
measured points. The curve would be different for each different 
value chosen for Ey2. There is no justification for the straight-line 
curve other than simplicity in calculation. 


Accidental backgrounds were completely negligible 
when protons only were counted. However, accidental 
coincidences between a real particle going down the 
proton telescope and something in the neutron counter 
were quite troublesome, particularly when the neutron 
counter was at forward angles. At 40° the accidental 
background provided 66% of the ‘‘neutron’’-proton 
coincidences from lithium. At other angles the situation 
was much better. At 75°, 6% of the ‘“‘neutron”’-proton 
coincidences were accidental. For helium the accidentals 
at 75° were only 2%, and at 40° about 40%. At all 
angles a large number of accidental coincidences were 
observed between ‘‘neutrons”’ and electrons and mesons. 
Once the ratio between these and accidentals between 
“neutrons” and protons was determined, the number of 
nonproton accidentals could be used to monitor the 
proton accidentals. 


IV. RESULTS 


The principal results of the experiment are shown in 
Figs. 8 through 13. Figures 8 and 9 show the coincidence 
counting rate between protons of various energies and 
neutrons as the neutron counter is swung in angle. The 
counting rate goes through a maximum at approxi- 
mately the angle expected for the photodisintegration of 
deuterium. However, the curves are considerably wider 
than the counter resolution curve shown in Fig. 6 
clearly showing the effect of the nuclear momentum 
distribution. All these curves were taken with the proton 
counter at 75° to the photon beam. One other run was 
taken with the proton counter at 50° to the beam and 
the maximum of the peak shifted back to the appro- 
priate angle predicted by deuteron dynamics. 

It is of additional interest to know the energy distri- 
bution of the protons which are ejected in coincidence 
with the neutrons. As a measure of this, the total 
number of coincidence counts observed in each proton 
energy bin are plotted vs proton laboratory energy in 
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Figs. 10 and 11. Such a number has no physical signifi- 
cance since different amounts of time were spent 
counting at different neutron counter angles. However, 
the numbers so obtained may be compared with a theory 
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Fic. 8. Lithium coincidence counting rate vs angle of the 
neutron counter. 
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Fic. 9. Helium coincidence counting rate vs angle of the 
neutron counter. 


normalized in the same way. It would have been better 
to have used a large neutron counter like Odian’s‘ for 
this type of measurement. The graphs in Figs. 10 and 11 
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Fic. 10. Total coincident counts per Mev of proton energy from 
lithium vs the proton laboratory energy. 
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show clearly the sharp drop in the number of photo- 
protons coincident with neutrons at proton energies 
greater than half the bremsstrahlung maximum. The 
fact that any at all are observed with these large 
energies is again due to the nuclear momentum distri- 
bution, and the rate at which the fall with energy occurs 
is another measure of the magnitude of these nuclear 
momenta. 

Figures 12 and 13 show the number of photoprotons 
observed as a function of energy of the photoprotons 
when the neutron counter was turned off. This is the 
same type of data as is available from many of the older 
experiments. Again the drop at one-half the betatron 
energy is observed. 


V. COMPARISON WITH THEORY 


The main purpose of this experiment was to see how 
well a simple two-nucleon interaction could account for 
the high-energy photodisintegration of complex ele- 
ments. In the analysis of the data the binding energies 
Ey, and Eye, the internal momentum parameters /o, and 
the relative probability for a neutron and proton to be 
close together, are all treated as adjustable parameters. 
How well the values obtained compare with what we 
know of complex nuclei will determine how successful the 
simple theory is. 

Unfortunately, one more complication must be faced 
before a detailed comparison between theory and experi- 
ment can be made. Even if the primary interaction is 
between a photon and a two-nucleon system, one or 
both of these nucleons can suffer a collision with another 
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Fic. 11. Total coincident counts per Mev of proton energy from 
helium vs the proton laboratory energy. 
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nucleon in the same nucleus before leaving. If the 
probability for a nucleon making such a collision is a, the 
probability for its escape without scattering is (1—a). 
We assume, though it is only an approximation, that the 
probability for both nucleons escaping is (1—a)*. We 
further assume that the energy dependence of a is just 
the average of the n-p and p-p scattering cross sections, 
but we leave the normalization of a to be found ex- 
perimentally. 

The method used to determine the parameters Fy, 
Ex, Eo, L, and @ from the experiment can best be 
described as guided trial and error. Each affects the 
other to some extent, but fortunately each is determined 
primarily by some outstanding feature of the experiment. 


A. Determination of E, 


Perhaps the most prominent feature of these experi- 
ments is the spread in angle of neutrons in coincidence 
with protons caused by the internal motion of the 
nucleons, characterized in our interpretation by the 
parameter £o. Referring to Fig. 1, it is easy to see that 
the angle from the center of the curve to the 1/e point 
should be approximately (4£o/E,)!, where EF, is ap- 
proximately E,. A more accurate value for Ey can be 
obtained from the numerical] integrations described in 
Part I after account has been taken of the counter 
resolution. Eo is thus determined primarily by the curve 
width. Since E, and not the laboratory energy enters 
the expression for the curve width, the value of Fo 
depends somewhat on the value chosen for Fy. The 
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Fic. 12. Total proton counts per Mev of proton energy from 
lithium vs the proton laboratory energy. During the second lithium 
run, insufficient data were taken to justify a separate curve. 
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Fic. 13. Total proton counts per Mev of proton energy from 
helium vs the proton laboratory energy. 


other parameters do not affect the choice for Eo ap- 
preciably. 

It should be emphasized at this point that this ex- 
periment measures the raomentum of the center of mass 
of a neutron proton pair. This particular information is 
different from that obtained in most measurements of 
the momentum of single nucleons and has some interest 
of itself. However, it would also be interesting to com- 
pare this measurement with the momentum of single 
nucleons. To make this comparison for light nuclei, it is 
necessary to take account of the fact that the center of 
mass of the nucleus must remain stationary. If p; is the 
momentum of the ith nucleon, then 


A 
} p:=0. 


i=] 


Squaring and averaging gives 


A 
Y (PA+ET (pip) =0. 


i=] 4,2 


If we then assume that (p,?) is the same for all the 
nucleons and (p,p;) is the same for all pairs, then 


A(p2)+A(A—1)(pip,)=0. (9) 
The mean square of the sum of two momenta is 


((pit p2)?)=2(P)+2(pip2). (10) 
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From (9) and (10), we obtain 


(pt 93)=2(— 1) 


A-t 


The well-known relation from kinetic theory gives, 
for a Gaussian distribution, the average energy of the 
center of mass as $£o, and Eq. (11) then gives 


(average energy of a single nucleon) 


A-1 
-1(—)«. (12) 
A-2 


The approximations made in this derivation are proba- 
bly fairly good for helium. However, in heavier nuclei 
the relations can be considered only roughly correct. 


B. Determination of E,,; and Ey». 


The total effective binding energy E,= Ey:+2£F 2: is 
very quickly determined from the curves of Figs. 10 
and 11. A total binding energy is guessed, and theoretical 
values for the total number of coincidences observed at 
various proton energies are determined. In general, if 
the total binding energy is incorrect, the break in the 
curve will occur at the wrong proton energy. An 
adjustment is easily made. The error in the total binding 
energy can be inferred by noting how far the curves in 
Figs. 10 and 11 can be slid horizontally and still made 
to fit the experimental points. 

At first the total binding energy was ascribed to E»,, 
the binding between the two nucleons. This was clearly 
incorrect, for the neutrons in coincidence with protons 
would go too far forward. Next the total binding energy 
was ascribed to E42. The curves were still slightly too far 
forward. The fit became somewhat better when both 
Ey, and Ey. were admitted, with E,; being negative, 
i.e., by ascribing a positive total energy to the two- 
nucleon system. A positive energy would be expected 
because of the internal momentum distribution. 

Actually only the sum £,= £y:+2E£»2’ is determined 
with any accuracy. £,,=0 would fit the data only 
slightly less well than the E,;= —10 Mev actually used. 
Splitting the binding energies in this way is surely a 
naive concept. The misfit in angle of the higher energy 
bins in Figs. 8 and 9 may be due to the very simplified 
picture used for the binding energies. 


TABLE II. Summary of the constants used to construct the 
theoretical curves of Figs. 8 to 13. The errors are based on our 
judgment of possible limits for the parameters and are never 
limited by statistics. Ey: is only a rough guess. 











at 100- Mev 

Eo E» En Ev: nucleon 

L(NZ/A) Mev Mev Mev Mev energy 
Helium 6.3 41.0 6641.2 4545 -10 27.5 0.15+0.05 
Lithium 7.05+1.0 5041.0 2545 -—10 17.5 0.28+0.05 
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C. Determination of a 


The fraction of the nucleons which are scattered in 
leaving the nucleus is very easily determined in prin- 
ciple. The total number of protons which are in coinci- 
dence with neutrons is determined by integrating under 
the curves of Figs. 8 and 9, using the theoretical ex- 
pressions for the shapes out of the plane and taking 
account of the neutron-counter efficiencies. This inte- 
gration will give (1—a)* times the number of primary 
events, since a scattering of either particle, being nearly 
isotropic at these energies, will essentially remove the 
event from the counting region. On the other hand, 
counting the protons only will give (1—a) times the 
number of primary events, since a scattering of the 
neutron is inconsequential. The ratio of these numbers, 
then, gives (1—a). 

An accurate determination of (1—a) depends pro- 
portionately on an accurate knowledge of the neutron 
counter efficiency. This was measured to about 5%. 
Furthermore, the method assumed that there is no other 
source for photoprotons except such two particle re- 
actions. If a turns out to be abnormally high, it might 
mean that there were some other such source of protons, 

Actually, in comparing coincidence to single proton 
counting rates, another correction must be made. A 
proton observed at one energy may have been created at 
a greater energy and scattered into the lower-energy bin. 
This correction was made by the method of Weil and 


7 


McDaniels.* It amounted to about a 50% correction 
to a. 

In this way a’s were computed for each energy bin and 
were found to be consistent with the assumption that a 
varied with energy like the average of the n-p and p-p 
cross sections. The best experimental fit to this as- 
sumption was made and the theoretical curves were 


corrected for this scattering in the nucleus. 


D. Determination of L(NZ/A) 


After all the other parameters are found, L(.VZ/A) is 
determined by the normalization which best fits all the 
data. 


E. Best Fits to Parameter 


Table II lists the parameters obtained by the trial- 
and-error fitting process described in this section. The 
curves of Figs. 8 through 13 were computed using these 
parameters. The angular correlation curves of Figs. 8 
and 9 were individually normalized. However, the 
amount of normalization required can be estimated 
from Figs. 10 and 11. 

It is very difficult to estimate an error for the various 
numbers given in Table II. The errors quoted are our 
guesses, not intended to be conservative. We should be 
surprised if the actual errors were twice those quoted. 











CORRELATED 


VI. DISCUSSION 


Comparison of the experimental results to the calcu- 
lated curves in Figs. 8 through 13 shows that it is quite 
possible to construct a theory based on two-nucleon 
interactions which will satisfactorily explain the major 
aspects of high-energy photodisintegration and do so 
with detailed agreement with experiment. It remains 
only to compare the numbers found from the empirical 
curve fitting with what we know about nuclear structure. 


A. Helium 


The curves based on a Gaussian momentum spectrum 
fit the data for helium quite well. Whether this indicates 
a basic single-particle Gaussian momentum spectrum or 
whether it represents the central limit theorem at work 
after the folding of two single-particle spectra and a 
resolution curve is not clear. At any rate, the actual 
momentum spectrum cannot be far different from a 
Gaussian. Application of Eq. (12) to the value Eo=6.6 
Mev found for helium gives an average kinetic energy of 
14.8 Mev for a single particle. 

In the case of helium, we may make a somewhat more 
detailed comparison to Hofstadter’s measurements on 
the root-mean-square radius of helium. Using Irving’s 
wave function,” 


4 
veexp[—a(} L (ri—7;)*)*], 
i,7=1 
a relation can be found between the root-mean-square 
radius and the average value of the sum of the momenta 
of two particles. This gives 


45 
()=—; (pit ps!) =fire®, 
32° 
and finally 
15 ih? 5 


(¢)=— —___=—__., 
8 ((pitpi)*?) 16 MEo 


Upon using our value of Fo, this gives 
Trms= (1.4040,12) X 10-" cm. 


Hofstadter“ gives a value of 1.61X10~" cm, which 
becomes 1.41X10-" cm upon taking account of the 
charge distribution in the proton while considering that 
of the neutron negligible. The agreement with this latter 
value is striking, but it is not completely ¢lear that the 
larger value should be excluded. 

It should be emphasized here that the spread in angle 
of the neutron correlation gives a measure of the low- 
momentum components which should be calculable 
with a wave function like Irving’s. The existence of the 
two-body high-energy photoeffect shows that high- 
momentum components are present in the wave func- 


18 J. Irving, Phil. Mag. 42, 338 (1951). 
4 R, Hofstadter, Revs. Modern Phys, 28, 214 (1956). 
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tion and that they should be associated with two- 
particle interactions. 

The effective binding energy of 45 Mev for helium can 
be qualitatively understood as the sum of the actual 
binding energy (28 Mev) and the kinetic energy of the 
recoiling nucleons. If we assume that the two remaining 
nucleons maintain the kinetic energy they had before 
the event (the “sudden” approximation), we would 
predict a binding energy of 28+2X14.8=57.6 Mev. 
Actually the data are weighted somewhat so as to favor 
events in which the center of mass of the remaining 
nucleons is not moving. This gives an expected value of 
E,=54 Mev. Interactions in the final state will reduce 
this figure still further, so that a value of E,=45+5 
Mev is quite reasonable. 

The value of E,,=—10 Mev should be considered 
only as an indication that the two particles of the 
neutron-proton pair have relative kinetic energy when 
they are far apart. As a matter of fact, a value E,;= —19 
Mev might be more nearly what one expects. Such a 
value would be consistent with the experiments. 

The value for a=0.15, the fraction of 100-Mev 
particles strongly scattered after the primary inter- 
action, is quite reasonable when compared to the ex- 
pected mean free path through nuclear matter. Looked 
at from another point of view, we might say that 15% 
of the time each of the particles in the pair is also 
strongly interacting with a third particle. 

The fact that @ is small and is a reasonable value 
suggests that there are no other important mechanisms 
for the production of high-energy protons except inter- 
action of photons with n-p pairs. Any such mechanism 
would give protons without neutrons and lead to a high 
value for a. 

At the highest energies shown in Fig. 13 it is seen 
that there are more protons than predicted by the 
theory. One possibility is that these are protons from the 
He‘(y,p)He’® reaction. They are to be associated with 
y rays of about $#, rather than about 2E, as with the 
protons from neutron-proton pairs. They therefore are a 
small part of the total photodisintegration cross section. 
We estimate about 3.5%. 

The total cross section for the process shows that 
photodisintegration of a helium nucleus is 6.3 times as 
probable as the photodisintegration of a deuteron. 
Levinger calculated 6.4 NZ/A for a heavy nucleus. The 
“agreement” with our result has little significance other 
than to show that our result is reasonable. Using the 
somewhat naive assumption that the probability for 
photodisintegrating a neutron-proton pair in helium is 
proportional to the probability that they are within 
1.4X 10— cm of each other compared to the probability 
that they are within 1.4X10~" cm of each other in 
deuterium, one finds that photodisintegration should be 
5.2 times as probable in helium as in deuterium when 
one uses the Irving wave function for helium (with a 
chosen to agree with our momentum measurements and 
hence with Hofstadter’s measurements) and the Hulthén 
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wave function for deuterium. This can be considered to 
be satisfactory agreement with our experiment. 


B. Lithium 

The value of the binding energy E,= 25 Mev indicates 
than an a particle must be left bound a substantial 
fraction of the time. An energy of 11.Mev is necessary to 
remove the neutron-proton pair and leave He‘+-n. Some 
kinetic energy would also be left in these fragments. It 
is clear that the additional energy of 20 Mev necessary 
to break up the a particle is provided in only a fraction 
of the disintegrations. Since the observed total cross 
section requires that the central core of the lithium be 
broken up most of the time, it means that the proba- 
bility for the nuclear fragments to rearrange themselves 
into an a particle must be quite high. 

The fraction of each of the particles scattered after 
the primary interaction is 28% at 100 Mev. This value 
is quite reasonable on any grounds and, if extrapolated 
to a nucleus the size of carbon, would indicate that 
about 35% of each type of particle should be scattered. 
When one takes into account the uncertainties, this can 
be considered to be satisfactory agreement with the 45% 
found by Weil and McDaniel’ for carbon. 

For lithium, no direct comparison can be made be- 
tween the momentum spectrum observed and radius 
measurements. However, we can compare our results 
directly to the M.I.T. results® for lithium. Our value of 
5.0+1.0 Mev compares very badly with their value of 
E y=9+1 Mev. The data are treated very differently in 
the two experiments, theirs with a more convenient and 
effective approximation, ours with a more cumbersome 
but presumably more accurate numerical integration. In 
the region where they should agree, the two theoretical 
methods give identical results except for a small angular 
shift. The cause for part of the discrepancy may be in 
differences in treatment of the counter resolution prob- 
lem, but this can be only part of the trouble. Further 
experiments will be needed to find the discrepancy. 

A glance at the curves in Fig. 8 show that we find no 
direct evidence for two distinct momentum distributions 
as proposed by Wilcox and Moyer.'* However, this could 
have been obscured by our counter resolution. In fact, it 
is possible to treat our lithium results by assuming that 
there is an a-particle core which behaves like a free a 
particle and a diffuse cloud around it containing two 
neutrons and a proton with effectively zero internal 
momenta. 

The total cross section observed is 7.05 times that 
from deuterium. Of this, 6.3 is supposed to be contrib- 
uted by the core, leaving 0.75 to be contributed by the 
outer nucleons by themselves (2 pairs) and interacting 
with the core (6 pairs). The core is supposed to have 
E,=6.6 Mev, the cloud pairs Ey>=0 Mev, and the 


18 J. M. Wilcox and B. J. Moyer, Phys. Rev. 99, 880 (1955). 
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interaction pairs Ey>= 6.6/2 Mev. The resulting addition 
gives a curve looking exactly like the one observed 
which would be characterized by a single Eo of 5.0 Mev. 
The low probability for interaction with cloud nucleons 
would mean a very diffuse cloud, characterized by a 
root-mean-square radius of perhaps 3.7 X 10~" cm. This 
would give a total root-mean-square radius for lithium 
of about 2.4X 10-" cm. Despite the excellent agreement 
with the Stanford measurements," '® it seems to be 
somewhat over-optimistic to believe in this treatment in 
detail. It does remain a possibility, however. 

Figure 12 again shows too many high-energy protons. 
Again the explanation may be that these are protons 
recoiling against heavier portions of the nucleus. The 
percentage of these events at the appropriate photon 
energy is again small. 


VII. CONCLUSIONS 


There seems to be little doubt that nearly all high- 
energy photodisintegrations leading to the emission of a 
high-energy proton proceed by the interaction of a 
photon with a neutron-proton pair. Since these are 
interactions in which the nucleons leave the nucleus 
with large momenta, we may conclude that the high- 
momentum components of the nuclear wave function 
come from such two-particle interactions. The absence 
of high-momentum “wings” in the curves of Figs. 8 and 
9 indicates that when the two particles are interacting 
strongly together, they do not often interact strongly 
with a third particle. As mentioned previously in this 
article, perhaps the fraction strongly scattered “after’’ 
the interaction is a measure of these third-particle 
interactions. 

Since the simple theory of Levinger seems to work 
well—even quantitatively—we may assume that in 
nuclear matter the neutron-proton forces are not 
strongly modified from what they are in deuterium. 

Peterson and Roos’ have recently reported an experi- 
ment in which they interpret the production of photo- 
stars in heavy elements at high energies to the photopro- 
duction of a meson which is subsequently reabsorbed in 
the same nucleus. If the results of our experiment are 
taken, rather than the M.I.T. results uncorrected for 
scattering or binding energy, then the magnitude of the 
cross section to be attributed to absorption of photons 
by neutron-proton pairs is increased substantially, be- 
coming about half of their observed star cross section. 
Indeed, in heavy elements the nuclear density is some- 
what greater, and the volume-to-surface ratio con- 
siderably greater than in helium, so that an even greater 
fraction of their stars may be from this source. 

Since mesons are known to be absorbed principally by 


‘6 R. Hofstadter and G. R. Burlesen, Bull. Am. Phys. Soc. Ser. 
II, 2, 390 (1957). 
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nucleon pairs and since the mean free path of a meson at 
their energies was found to be less than a meson 
Compton wavelength, it is not at all clear that meson 
production and reabsorption is not just another way of 
describing a photon-nucleon pair interaction. If the 
complete process is described by y+2 nucleons —2 
nucleons, then there should be selection rules operating 
which will strongly favor the two nucleons being a 
neutron and a proton. If the process is described by a 
mean-free-path argument as y+ nucleon 7+ nucleon, 
m+2 nucleons —2 nucleons, then the two processes 
would be independent; a + meson could be produced 
and subsequently reabsorbed by a proton-neutron pair, 
giving rise, finally, to a pair of correlated fast protons. 
Proton-proton pairs from the photodisintegration of 
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complex nuclei have been looked for and found only in 
very small numbers.!’ 
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Form Factor of the Photopion Matrix Element at Resonance* 
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The inelastic scattering of electrons in hydrogen leading to pion formation has been examined. Measure- 
ments were carried out in which a hydrogen target was bombarded by electrons of energy E, with secondary 
electrons of energy E2 being detected by a magnetic analyzer at a fixed angle of 75°. The energies Z, and 
Ez were programed together such that the pions were produced at a constant energy near the peak of 
the pion-nucleon resonance in the (j,}) state; at the same time the momentum transfer to the pion-nucleon 
system was varied. Special procedures were developed to eliminate contributions from competing processes. 
Approximately three fourths of the observed cross section corresponds to magnetic-dipole absorption of the 
incident virtual photon; the momentum transfer dependence can be interpreted in terms of a form factor 
of the difference between the magnetic moments of the neutron and proton. If the electron-scattering 
radii are assumed for the proton, then the data appear to require an rms radius of the magnetic moment 





of the neutron of about 1.1X10-" cm, based on an exponential model; nucleon recoil corrections are 
1 


still somewhat uncertain. 


I. INTRODUCTION 
A. General 


N a series of earlier papers’ * we have described our 

study of the direct production of mesons in 
inelastic electron-proton collisions. In the previous 
experiments the r*+-meson yield from the reaction 


e+ pont+at+e’ (1) 


was measured and compared with the yield from the 
photopion process 


ytpontat ; (2) 


ie., the yields of x* mesons from protons bombarded 
by real and virtual photons have been compared. The 


* Supported in part by the joint program of the Office of Naval 
Research, the U. S. Atomic Energy Commission, and the U. S. 
Air Force, Office of Scientific Research. 

1 Panofsky, Newton, and Yodh, Phys. Rev. 98, 751 (1955). 

2 Panofsky, Woodward, and Yodh, Phys. Rev. 102, 1392 (1956). 

3G. B. Yodh and W. K. H. Panofsky, Phys. Rev. 105, 731 
(1957). 


inelastic scattering reaction (1) and the photoproduc- 
tion process (2) are nearly equivalent with the following 
basic difference: the interaction Hamiltonian of (2) is 
the product of the purely transverse photon vector 
potential with the current operator of the meson- 
nucleon current, while the corresponding Hamiltonian 
of (1) is the product of the Mller potential corre- 
sponding to the initial and final electron states times 
the meson-nucleon current. This general fact has the 
following consequences: (a) In the photoprocess the 
energy transfer to the nucleon-meson system is equal 
to the momentum transfer; in the electron process the 
energy transfer’ and the momentum transfer can be 
independently controlled by proper choice of the 
electron-scattering kinematics. (b) Longitudinal matrix 
elements can contribute to (1) but not to (2). 

In our previous experiments'* the quantitative 
significance of these effects was very difficult to estab- 
lish. The reason for this problem is that the Mller 
potential favors electron-scattering processes where the 
final électron is directed in the forward direction; for 
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Fic. 1. Vector diagram showing the production of mesons by 
inelastic electron scattering and by photoproduction. Shown are 
the following quantities: meson momentum p,, nucleon recoil 
momentum py, momentum transfer q, the vector potential A 
for both processes, the initial and final momenta p; and pz in 
electron scattering, and the photon momentum k in photopro- 
duction. 


exact forward scattering the correspondence between 
processes (1) and (2) is exact (if the electron rest mass 
can be neglected), and therefore no information on the 
specific effects (a) and (b) results. Hence only the 
relatively small contribution from large-angle electron 
scattering carries any information beyond verification 
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Fic. 2. Curves of constant c.m. energy E and constant invariant 
momentum transfer gg, as a function of initial and final electron 
energies E, and Eo. 
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of the purely electrodynamic assumptions. It became 
clear early in the previous work that it would be 
necessary to single out large-angle scattering events in 
order to investigate the property of the relevant matrix 
elements “off the energy shell,” i.e., at momentum 
transfers exceeding the energy transfer. 

The experiments described here are concerned with 
this problem. Inelastically scattered electrons are ob- 
served at a laboratory scattering angle of @=75° under 
conditions of electron energies to correspond to pion 
production. The pions are not observed directly; a 
coincidence experiment observing both pions and 
electrons appears difficult. 


B. Kinematics 


In the experiment described here the initial electron 
energy (energy £;, momentum p,) and the final electron 
energy and angle (energy /2, momentum pz) are 
controlled. This fixes the momentum transfer 


q= Pi— P2 (3) 
to the meson-nucleon system, as well as the total energy 


E of the meson-nucleon system in their center-of-mass 
frame which can be shown to be given by the relation 


E*= M?— 2E,E2(1—cos0)+2(E,— E2)M, (4) 


where M is the nucleon mass and where the electron rest 
mass has been neglected. (We use units such that 
h=c=1.) Equations (3) and (4) thus fix both the 
energy and momentum transfers; in the equivalent 
case of bombardment ky a photon of energy &, we have 
simply 

q=k; 
Hence the kinematical conditions in inelastic electron 
scattering are identical to those in an experiment in 
which the sums of the total cross sections of r+ and 7° 
production were measured. Figure 1 shows the kine- 
matical situation graphically ; photoprocesses and elec- 
tron processes are compared which yield the same 
value of E but operate under different conditions of 
momentum transfer. 

The quantity describing the behavior of the matrix 
elements covariantly if the energy transfer £,— F2 and 
the momentum transfer pi—p2 differ, is the four- 
momentum transfer g“=(pi—p2, £:— £2); its magni- 
tude is given by 


E?= M*+2kM. (5) 


Q"qu=2(E, E2— pips cosd—m’*) 


= M*— E*+2(E,—E2)M, (5) 


where m is the electron rest mass; if m can be neglected, 
then 

Q"qu= 2, E3(1—cosé). (7) 
Figure 2 describes the relations governing F and qq, 
as a function of £, and £» at a fixed electron angle 
6=75°. The curves in this figure have been computed 
using the approximate relation Eq. (7). 








PHOTOPION MATRIX 

This experiment has been programmed such that we 
follow the line E=1200 Mev in Fig. 2, i.e., such that 
the energy of the fixed pion-nucleon system is constant ; 
this energy is the same as that produced by a real 
photon of laboratory energy k= 298 Mev, and is very 
near the maximum of the experimental pion photo- 
production cross section.*® The experimentally deter- 
mined cross section d*¢/dQd» thus traces the behavior 
of the photopion resonance matrix element away from 
the energy shell (g*g,= 

Because of the finite value of the rest mass of the 
electron, the energy shell g“g,=0 cannot be quite 
reached ; Fig. 3 shows the exact relation computed from 
Eq. (6) relating gg, to £, for £, for E held constant at 
1200 Mev. It can be shown that the minimum value 
of g“q, approached at a fixed electron scattering angle 
and energy E is given by 


(9"Qu) min= (m/M)[2(1—cos6) ]!(E?—M?). (8) 


If we neglect the electron rest mass, then in the limit 
of small secondary electron energy the observed ine- 
lastic differential cross section d*e/dQdk, is directly 
related to the pion photoproduction cross section o; by 
purely kinematic and electrodynamic relations. From 
the analysis of Dalitz and Yennie,* we can derive the 
exact relation 
d’a a 1 

: a - . (9) 
dQd po | qua, “0 4k (1—cos@) 


where a is the fine structure constant. Hence the 
experimental photopion measurements** constitute a 
limiting point to which the measurements off the energy 
shell have to extrapolate, even though the limit g*g,-—0 
cannot strictly be reached physically. 

Data have also been taken at fixed momentum 
transfer and variable /; these reproduce the behavior 
of the total cross section for photopion reactions. 

The dominant term near the photopion resonance 
involves a magnetic-dipole absorption of the photon 
when a proton is changed into a neutron; the dominant 
pion-nucleon final state is then the T=}, ee state 
which will govern the relative yields of x* and x° mesons. 
The dominant matrix element thus comprises basically 
three factors: a factor containing kinematic terms, a fac- 
tor proportional to the difference between the magnetic 
moments u»—y» Of proton and neutron, and the final- 
state interaction factor which is a function of the pion- 
nucleon phase shifts. Since we are programming the 
experiment to keep the energy of the pion-nucleon 
system constant, the last factor remains constant, and 
hence the principal unknown is the dependence of 
Mp—sn On the invariant momentum transfer given by 


4 Walker, Teasdale, 
(1955). 

5 Tollestrup, Keck, and Worlock, Phys. Rev. 99, 220 (1955). 

®R. H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598 (1957) 
hereafter referred to as “D-Y.” 


Peterson, and Vette, Phys. Rev. 99, 210 
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Fic. 3. The invariant momentum transfer gg, for electron 
scattering of electrons of finite rest mass m at a fixed scattering 
angle @=75° for a fixed c.m. energy E=1200 Mev of the pion- 
nucleon system, plotted as a function of the initial energy £:. 
Curve A is an exact calculation; Curve B is calculated for a 
zero-rest-mass electron; the insert shows the near-threshold 
behavior on a larger scale. 


Eq. (6). It is in this sense that we interpret this experi- 
ment in terms of nucleon-moment form factors. 
Il. EXPERIMENTAL PROCEDURES 


A. General Arrangement 


Figure 4 shows a diagram of the experimental 


arrangement. A double-magnetic-analyzed’ electron 
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Fic. 4. General experimental arrangement. 


7™W. K. H. Panofsky and J. A. McIntyre, Rev. Sci. Instr. 25, 
287 (1954). 
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TABLE I. Electron-induced processes leading to degraded final electrons other than the processes of Eq. (10) to be studied. Column I 
lists those reactions in which the initial electron induces reactions in the liquid-hydrogen target leading to final electrons of lesser energy. 
Column IT lists those reactions in which radiative degradation of the primary beam occurs in the material M preceding the target ; 
the final electron is then produced in the target either by y radiation or the degraded electron. 





I, Processes induced by electrons of initial energy in target 





(A) e+p—e’+p+y [large-angle bremsst rahlung] 


(B) e+p—e’+n°+ p; 
m—2y—e-+e* [by conversion or Dalitz pairs*] 


(C) e+ pre’+art+nr-+p; 


rye 
(D) e+p—e’+e*+e~+ [triplet production ] 





*R. H. Dalitz, Proc. Phys. Soc. (London) A64, 667 (1951). 


beam passes through a liquid-hydrogen target and is 
monitored by a secondary electron monitor.* Elec- 
trons scattered from the hydrogen are analyzed by a 
simple wedge magnet employing a 30° deflection. The 
electrons are detected by a Cerenkov counter containing 
a liquid of refractive index n= 1.27. 

The liquid-hydrogen target employs a_ separate 
liquid-hydrogen reservoir of 2-liter capacity, and a 
target cell in which hydrogen gas is condensed. The 
target cell consists of a cylindrical aluminum spinning 
of 3.5-in. diameter; the cell was spun from 0.020-in. 
material and was then electropolished to a thickness of 
0.006 in. The reservoir loses about one liter in 24 hr in 
addition to beam energy loss and loss by incomplete 
ortho-parahydrogen conversion. 


B. Competing Processes 


Since we want to reduce the results in terms of the 
cross section of the processes 


e+p— ptrte’, 
e+p—ntnt+e’, 


and since the pions are not observed, the question of 
other processes leading to electrons of reduced energy 
has to be considered quantitatively. 

The possible competing processes are shown in Table 
I. These reactions have been divided into two classes. 
Class I contains those reactions in which the primary 
electron beam produces secondary competing electrons 
directly on the protons in the hydrogen target. Class II 
contains those reactions in which a radiative process 
in the material preceding the target occurs; either the 
degraded electron or the resultant y ray produces a 
secondary electron (or a negative pion difficult to 
distinguish) in the target material. The various proc- 


(10) 


°G. W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 
(1955). 


II. Two-step processes involving radiation in material (M) 
preceding target, followed by reaction in target 





e—e’+7(M) [radiative degradation in My : 
followed by 
e’+p—e' (6)+p [Coulomb scattering in target ] 


e—e’+-7(M) [bremsstrahlung in M] 

foliowed by 
yt pr + p; r®—2y—e-+e* [by conversion or Dalitz pairs*] 
e—e’+7(M) [bremsstrahlung in M7] 

followed by ‘ 
Ytpor +a +p; Fp oe 
e—e'++7(M) [bremsstrahlung in M7] 

followed by 
y+p—pt+et+e- [large-angle pair production ] 


esses are tabulated as (A), (B), (C), (D), by their end 
products. 

We shall now show that, to an excellent degree of 
approximation, we can eliminate the contribution from 
all reactions shown in Table I by studying the inelastic 
electron yield as a function of additional radiating 
material placed ahead of the target in the incident 
electron beam. 

First let us consider processes I(A) (large-angle 
bremsstrahlung) and II(A) of Table I. The differential 
cross section for large-angle bremsstrahlung including 
all recoil effects can be obtained only as a result of a 
complex electrodynamic calculation. However, for this 
purpose the following procedure will suffice: In the 
limit of infinite nucleon mass the (Bethe-Heitler) cross 
section contains two separate terms: (a) a term which 
corresponds to radiation of the initial electron of energy 
E; of a photon essentially parallel to its direction, 
followed by Coulomb scattering of the resulting electron 
of energy £2 through an angle 6; and (b) a term which 
corresponds to Coulomb scattering of the initial electron 
of energy £, through an angle 6, followed by emission 
of a photon essentially parallel to the direction of the 
final electron. Nucleon recoil, magnetic moment of the 
nucleon, and finite-size effects can then be introduced 
as corrections to each of these terms by correcting the 
relevant Coulomb scattering amplitudes. The integrals 
of the Bethe-Heitler formula for the two processes 
have been evaluated from a similar calculation by 
Schiff.? The approximate result is 


E? 1 cos*(0/2) 
Mead: 
Es \ E\— E27 sin*(6/2) 


«| + | in( = ). (11) 
E? E? B 


°L. I. Schiff, Phys. Rev. 87, 750 (1952). 


d’a 


reo ( : 
dQdE, 4r 
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As pointed out by Schiff,’ the logarithmic factor is 
approximate; a more correct factor is {In{(2/,/y) 
sin (0/2) ]—4}. Here ro is the classical electron radius; 
a is the fine structure constant; and yu is the electron 
rest energy. The factor R(£) is the recoil and magnetic 
moment correction which has the form, according to 
Rosenbluth,” 


R(E)=[1+(2E/M) sin?(0/2)}" 


XxX 1+—[2y,? tan?(0/2)+(up,—1)? |} F*(qg). (12) 
4M? 
Here y, is the magnetic moment of the proton in units 
of nuclear magnetons; g=2E sin(@/2)/[1+(2E/M) 
Xsin*(6/2) }! is the c.m. momentum transfer in the 
scattering; and F(g) is the electron-scattering form 
factor" to correct for the finite size of the proton. 
Equation (11) is plotted in Fig. 5 for those param- 
eters chosen in the basic experiment, namely that 
relation between £2 and £, corresponding to an energy 
E=1200 Mev of the meson-nucleon system according 
to Eq. (4) if the scattering angle @ is 75°. 
Note that Eq. (11) can be written in the simple form 


da “a E? 1 1 
o=— -| (1+ ) n( )| 
dQdE, lr E? u J IE\— Es 


do da 
(£1) +— 
dQ dQ 


x ce) (13) 





where do(E)/dQ is simply the elastic electron-proton 
scattering cross section. The fact that (11) contains the 
elastic cross sections in factorable form implies that the 
electron in the intermediate state in the two diagrams 
governing the bremsstrahlung process is essentially real. 

Now let us consider process II(A) of Table I (radi- 
ative degradation of the electron prior to scattering, 
followed by elastic scattering). Let the radiative 
degradation occur in ¢ radiation lengths of material. 
The effective cross section due to this process is then 
given by 


do ¢ da 
on=— =— -—(E.), (14) 
dQdE» k- E» dQ 
where 
‘= ([kN(k) ]; (15) 


here N(k)dk is the number of photons emitted per 
radiation length of radiator between energy & and 
k+dk. By the definition of radiation length, kV(k) ~1 
or t’ =t. 
In Eq. (13), 
o da 
—(F,)«K—(F2). 
aoe dQ dQ 
10M. N. Rosenbluth, Phys. Rev. 79, 615 (1950). 
asses E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
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Fic. 5. Plot of the cross section for inelastic scattering of 
electrons of energy E; with the emission of bremsstrahlung 
leading to a final electron of energy E2 at an angle of 75°. The 
cross section is plotted as a function of E, for that relation be- 
tween E, and E, required by Eq. (6) for E= 1200 Mev. 


To a good approximation we can neglect do(F)/dQ; 
Eqs. (13) and (14) then have the same form; both 
processes are equivalent if we describe the large-angle 
bremsstrahlung by radiative degradation from an elec- 
tron energy /; to an energy E:2, equivalent to that 
produced by a physical radiator of radiation length 


Np= (a/m)[ 1+ (E2?/E,’) ] In(Ey/y), (17) 


followed by elastic scattering. 

This analysis suggests the following procedure to 
eliminate the background due to both processes I(A) 
and II(A). Let us observe the count C~ under standard 
conditions where only a minimal amount of material 
of equivalent radiation length ¢;’ is in the beam. Then 
add a radiator of equivalent radiation length /”’ and 
observe the new increased count Cx. The corrected 
count C¢~ obtained by the simple proportionality 


Co =C-—(Cz —C-)[ (Nptt;) tr’ | (18) 
extrapolates the count to zero total (real plus effective) 
radiator thickness, and therefore will evidently not con- 
tain the contribution of either process I{A) or II(A); we 
have used the increase in count due to the radiator as a 
means of measuring the processes in question. 

We shall now show that this same procedure serves 
to eliminate the contributions from the pion processes 
(B) and (C) of Table I, whether these are induced by 
real or virtual photons. As we have shown in our 
previous papers,'~* electron-induced pion production 
can be represented by an equivalent radiation length 
N.; this is defined such that pion production by 
bremsstrahlung produced by electrons in a real radiator 
of radiation length NV, is equal to that produced by 
direct production by the electrons via virtual photons. 
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Theoretical values of N, have been discussed exten- 
sively in D-Y. For purposes of these corrections the 
value of V, for magnetic-dipole absorption given by 


= (a/m)[1 + (E.?/E,’) ] Inf 2E2F1/u (Ai —E») } (19) 


is of sufficient accuracy. Computation shows that V, 
given by Eg. (19) and Nz given by Eq. (17) are equal 
to within 10% over the range of variables of interest. 
Hence the extrapolation formula (18) also eliminates 
the contributions from all pions and pion decay products. 

A similar argument applies qualitatively to the pair 
processes (D) ; however, these are two orders of magni- 
tude lower in yield in comparison with (A), (B), and 
(C). 

A sharp test of the validity of the extrapolation 
procedure represented by Eq. (18) is provided by 
observing positive secondary particles at rates C*+ and 
Cr*, either without or with additional radiator. If the 
considerations above are valid, then the extrapolated 
count 

Cot =Ct— (Cr*—Ct)(N.+t;)/tr’ (20) 
should vanish within the statistical accuracy of the 
data. Our later discussion of the results shows that this 
is indeed so. This test is the more significant since the 
process y+p—2t-+n leads to an additional copious 
source of positrons beyond those originating from the 
processes tabulated in Table I. 

There are thus two procedures for reducing the data 
of this experiment: Procedure I: Observe C-, Cr~, Ct, 
Crt, and calculate Cc¢~ by extrapolation using Eq. (18) ; 
check C¢* according to Eq. (20). Procedure II: Observe 
C~ and correct the data directly by the known cross 
sections (13) and (14); this procedure, since it clearly 
neglects processes (B)—(D) of Table I, gives an upper 
limit on the cross sections; owing to the lack of an 
extrapolation procedure the statistical accuracy is 
higher. Procedures I and II are expected to agree in 
the region of high secondary electron energies where 
the x° contributions are small; this is verified by the 
data. 


C. Normalization of Data 


The detection apparatus outlined in Sec. IIA does 
not permit the measurement of absolute cross sections. 
We thus chose to normalize the measurements against 
the well-established" cross section do,/dQ for elastic 
electron scattering. This normalization occurs in regions 
of electron energy where the form factors" are close to 
unity; hence no significant uncertainty exists in the 
values of the reference cross section. 

The procedure adopted here in comparing the meas- 
ured counts in the continuous inelastic spectrum corre- 
sponding to an inelastic cross section d’o;/dQdE» is 
designed to minimize errors depending on the per- 
formance of the analyzing spectrometer. 

In the execution of the experiment we take two kinds 
of data: (1) inelastic counts C;(Es,E4) taken when the 
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slit selector system of the primary analyzer is “‘set”’ at 
Eg and when the secondary-particle analyzer is “set” 
at Ey, and (2) elastic counts C,(Es,Em) taken under 
similar conditions but when Es and Ey are near the 
values connected by the equation 


E.= f(E:)=E,[1+ (2£1/M) (1—cos8) J, 


describing the kinematics of elastic electron scattering. 
Let the number dN of primary electrons between 
energies £; and E,+d£, passing through the primary 
analyzing system be given by 


N E,\—Es 
—s( aes, 
Es Es 


where N is the total number of electrons and S describes 
the incident electron spectrum. 
Let the over-all detection efficiency of the analyzer 


at “setting” Ey be given by 
E,— Em 
- ’ 
Em 


where (£2) is the efficiency of the final counter system. 
Analysis shows that C;, (d°0;/dQdE2), C., and (do,/dQ), 
are related by 


1 E\—Es\ do 
C(Es,Eu)=N f J —s( )\<-- 
Es Es dQdE2 


“2 
xa(E)R( 
E 


“M 


(21) 


dN= 





(22) 





(Es) =n(F2)R( (23) 








‘M 
“abd, (24) 


and 
1 E,\—Es\do 
C.(Es,Em) =v f—s(. )- 
Es Es dQ 


+ E; 
xn(ER( 





+ 
— 


Em 
a, (25) 


4M 





where, in (25), E, and Ez are related by Eq. (21). If 
the primary spectrum S is narrow compared to the 
secondary resolution R, then it can be shown from 
(21), (24), and (25) that 


fg 


—(Es,Em) 
dd; 
AE ts ’ Em) 


=C,(Es,Em) jf | pee f'(Es!dEs!. 
do(Es')/d0 


Hence in the actual execution of the experiment we 
take the count C;(Zs,Em) and then vary Es, the 
primary machine energy, near values demanded for 
elastic scattering into an energy Ey; C.(Em,Es) is 


(26) 


then a typical “elastic curve” used for reference. Note 
that the configuration for the detection of the electrons 
E» remains the same during the observation of C; and 
C,; this method is thus totally independent of the 
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behavior of the detecting system as to variation of 
efficiency with energy, slit scattering, radiative de- 
gradation after scattering, etc. In practice, it is not 
possible to carry out the integration, 


L CA(Es',Em) f' Es’) 
I(Eu)= f memo!  . (i 
0 da(Es')/dQ 
in the denominator of (24) to arbitrarily large values 
of L; we have chosen L= (5/4)Eg in our computation; 
this means that if the primary beam is radiation- 
straggled by an equivalent radiation length ¢;’, then a 


fraction 
Es 
L-—Es 


is lost to the integral. This amount can be added to 
Eq. (27) as a correction to a good degree of approxi- 
mation. The loss of count due to radiation straggling 
of the scattered electrons is less important. 

The normalization procedure outlined above makes 
absolute current measurements unnecessary. Neverthe- 
less we have to assume that the readings of the second- 
ary electron monitor® are sufficiently energy-inde- 
pendent. Tautfest and Fechter® carried out tests up to 
an electron energy of 300 Mev and found the energy 
variation of the response of a particular instrument to 
be less than 0.7% in the range 100 Mev< E< 250 Mev. 
We have continued these tests up to an energy of 600 
Mev by comparing the charge collected on the second- 
ary-emission monitor with that collected on a large 
Faraday cup. This cup was designed by J. A. McIntyre 
to contain the entire shower produced by a 600-Mev 
electron with a charge loss of less than $%; it has been 
used as a monitor by the electron-scattering group at 
this laboratory. Its performance as to small side effects 
(such as collection of secondary electrons from the 
entrance foil) has not as yet been evaluated. We found 
that in the range of energies 300 Mev<E<600 Mev 
the collection efficiency of the secondary-electron 
monitor relative to the Faraday cup increased linearly 
from 2.82 to 3.12%. This apparent increase of the sensi- 


(28) 


tivity of the secondary-electron monitor may be due to 
a residual error in the Faraday cup. Applying this 
energy variation to our calculated cross sections, we find 
a correction of +11% to the point taken at E,=700 
Mey, and a correction of +9% to the point at E,=400 
Mev, with corresponding corrections for the inter- 
mediate points ; the need for these corrections is dubious. 

We have also examined the effect of placing a radiator 
in the beam on the efficiency of the monitor, and found 
the effect to be negligible. 


D. Energy Calibration 


The energy of the primary beam is defined by a 
collimator and slit system described previously.’ These 
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Fic. 6. Values of initial electron energy £; and final electron 
energy E: as actually used in this experiment to correspond to a 
c.m. energy E=1200 Mev. Values of E2 plotted correspond to 
(a) the nominal setting of the magnetic analyzer as calibrated 
by the floating-wire method, and (b) the value computed from 
the peak of the elastic-scattering curves as calculated from the 
primary energy calibration and Eq. (21). Also shown are the 
kinematic relations between E; and E, for c.m. energies of E 
= 1180, 1200, and 1220 Mev. This figure thus documents the 
consistency of the initial and final electron energy calibrations. 


were calibrated by the floating-wire technique. Energy 
values above 100 Mev are believed accurate to better 
than 1%. The analyzer was calibrated by the floating- 
wire technique also. The consistency between the two 
calibrations was checked by the position of the “elastic 
peaks.” Figure 6 shows values of £2 chosen in this 
experiment as measured by the floating-wire technique 
and as inferred from the primary energy. Figure 6 also 
shows the kinematic relations between £;, Fe, and E. 
It is clear from the consistency of the points that the 
value of £ is not likely to deviate from the design value 
of 1200 Mev by more than +10 Mev. 


Ill. RESULTS 
A. Tabulation of Data 


Figure 7 shows a three-dimensional plot giving the 
values of d*c/dQdE, measured as a function of the c.m. 
energy E and the invariant momentum transfer g*q,. 
Three classes of measurement are shown: (1) measure- 
ments taken at “resonance” at a constant value of 
E=1200 Mev; (2) measurements taken at a constant 
value of momentum transfer [g*¢,&1.4X 10°(Mev/c)?] 
but variable energy; (3) a curve at g“g,=0, computed 
from experimental photoproduction data by means of 
Eq. (9). Our conclusions are based primarily on the 
first class of measurements. Figure 7 serves primarily 
to illustrate the relation of these measurements to the 
photoproduction data. 

Tables II and III give a summary of our data. 
Included in these tables are the following entries: C-, 
counts with negative analyzer, no additional radiator; 
Cr, counts with negative analyzer, an additional 
copper radiator of 0.476 g/cm?, corresponding to a 
value of ¢’=0.0336 effective radiation length; C+, 
counts with positive analyzer, no additional radiator; 
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Taste II. Primary data. Shown are (1) the initial and final electron energies; (2) the c.m. energy E of the pion-nucleon system and 
the invariant momentum transfer; (3) the observed counts for analyzer magnet settings of either sign and with and without additional 


radiator; (4) the normalizing integral J(Ey), and /(Ex)corr as corrected for radiation-tail cutoff and monitor calibration. 








I(Em) I (Es )oorr 





Ei Es E frvtts c- Cr- c* Cr* counts X Mev X10#* 
(Mev) (Mev) (Mev) X107*) (counts/ (2.0 X10" electrons)) (5 X10" electrons X (cm*/sterad :) 
Constant E runs 700 262 1200 693 21.6+1.2 28.741.4 tee tee 2.02 1.85 
650 235 1200 5.75 26.9+1.0 33.0+1.0 6.67+0.53 16.6+0.8 1.76 1.61 
575 192 1200 4.13 39.141.3 474414 11.0 +0.70 214+0.9 1.62 1.50 
500 145 1200 2.75 47.940.9 70.441.1 128408  25.341.2 117° 1.09 
400 78 1200 1.13 73.842.7 128 43.1 31.7420 67.542.6 0.647 0.617 
Constant momentum- 440 215 1080 3.46 27.3414 46.141.8 2.09 1.97 
transfer runs 488 193 1135 3.46 30.241.7 45.1+2.1 1.70 1.60 
650 144 1300 3.46 34.641.3 62.041.8 1.17 1.06 
700 133 1340 3.46 32.941.3 59.0+1.7 (1.17) 1.04 








Cr*, counts with positive analyzer, additional radiator 
as given above; /(Ey), the integral of Eq. (27); o, 
oR, o*, or*, the counts C~, Cr~, C+, and Cr* normal- 
ized by J(Ey) and corrected for (a) counts lost by 
radiation [ Eq. (28) ] and (b) energy sensitivity of the 
monitor; ¢¢~, and oc¢*, the cross sections corresponding 
to the desired process by eliminating the contribution 
of the processes of Table I by means of Eqs. (18) and 
(20); and (o~)max, the “upper-limit” cross section 
obtained by subtracting the calculated contributions 
o; and oy from large-angle bremsstrahlung and Cou- 
lomb scattering of degraded electrons, Eqs. (13) and 
(14), from o-. 

We can draw the following conclusions by inspection 
of this table: (a) The values of oc* vanish within 
statistics; the sum of all the corrected cross sections 
oc* calculated from Eq. (20) is (0.028+0.064) x 10-* 
cm?/Mev-sterad. (b) For the larger values of -, and 
E, the upper-limit cross sections (o~)max are only 


2 
do x 10°4 





dade 
(CM*/ MEV - STERAD) 





Fic. 7. Three-dimensional isometric plot of the experimental 
data. Plotted are the measured cross sections d’0/dQdEz vs the 
c.m. energy E and the invariant momentum transfer g*q,. The 
points in the g*q,=0 plane are computed from experimental 
photoproduction data. 


slightiy above the extrapolated cross sections o,~; at 
lower values the difference widens; this is due to the 
neglect of the x° contribution in calculating the ‘‘upper 
limit” cross section (07) max- 


B. Comparison with Pion Photoproduction Data 


The results for ec have been plotted on the three- 
dimensional (isometric) representation Fig. 7. The 
values of oc and omax” for E=1200 Mev are also 
shown in Fig. 8 plotted against the values of the 
invariant momentum transfer, Eq. (7). Plotted on 
both figures are the values for g*g,—0 as computed 
from photoproduction data. The photoproduction 
values adopted are o,*= 2.50X 10-** cm? at k= 298 Mev 
(E=1200 Mev); o,+=2.06X 10-7" cm? at k= 298 Mev 
(E= 1200 Mev). Hence, from Eq. (9), 


ao 
lim ( - )- (3.81+0.30) 
wIy—0'\ dQd E> 
X10- cm? sterad~! Mev. (29) 
We have found it somewhat difficult to assign a prob- 
able error to this figure. The values quoted are means of 
the measurements made at the California Institute of 
Technology**; it is well-known” that the analysis of 
photoproduction data by dispersion theory: gives an 
excellent fit!® to #°-production cross sections, but that 
the fit for x+ production is less satisfactory. If the 
same coupling constant is used for the S- and P-wave 
terms, then the x* cross section at resonance exceeds 
the experimental value if the coupling constant is 
chosen in accordance with the 7° results. 
The “quartic analysis” of Moravcsik'® does not add 


12 See the report by E. L. Goldwasser, Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Nuclear Physics 
(Interscience Publishers, Inc., New York, 1957), pp. II-50 ff. 

13 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1345 
(1957), and earlier papers cited there. 

144A. A. Saganov and B. M. Stepanov, Doklady Akad. Nauk 
S.S.S.R. 110, 3 (1956). 

15. J. Koester and F. E. Mills, Phys. Rev. 105, 1900 (1957). 

16 M. J. Moravesik, Phys. Rev. 107, 600 (1957). We are indebted 
to Dr. Moravesik for helpful correspondence concerning the 
uncertainties of his data-fitting procedures. 
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TABLE III. The observed cross sections. The cross sections corresponding to the various counts of Table II are shown. Given also 
are the cross sections extrapolated to zero-radiator thickness by Eqs. (18) and (20) for negative and positive settings; the column 
oc” thus represents the final cross sections. The last columns give the theoretical [Eq. (13) ] large-angle bremsstrahlung cross sections 
and the upper-limit cross sections (o~) max calculated by subtracting the large-angle bremsstrahlung cross sections and the Coulomb 
scattering from degraded-electrons from the uncorrected cross sections ao. 


qeq 7B (o~)max 
E (em? a oR o” oR* ec oc* [em?/ (sterad-Mev) ] 
Mev X107-% [em?/ (sterad-Mev) ] X10" [em?/ (sterad-Mev) }] X10" «10% 

Corstant EZ runs 1200 6.93 1.17 +0.06 1.55 +.0.08 see tee 0.82 +0.13 see 0.197 0.97+0,06 

1200 5.75 1.67 +0.07 2.05+0.07 0.413+0,03 1.03 +0.05 1.334+0.14 -0.165+0.08 0.270 1.40+0.07 

1200 4.13 2.61 +0.09 3.16+0.09 0.728+0.05 1.43 +0.06 2.10+0.19 0.09 +0.11 0.458 2.15+0.09 

1200 2.75 4.40 +0.08 6.474+0.10 1.17 +0.07 2.32+0.11 2.57 4+-0.16 0.19 +0.48 0.875 3.52+0.08 

1200 1.13 11.9 +04 20.8 +0.5 5.06 +03 10.8 +0.4 48 +08 0.38 +0.56 2.22 9.2 +0.4 
Constant momentum 1080 3.46 1.39 +0.07 2.34+9.09 see tee 0.61 +0.15 
transfer runs 1135 3.46 1.89+0.11 2.81+0.13 eee eee 1.17 +0.24 
1300 3.46 3.26 +0,12 5.85 +0.17 see eee 1.35 +0.25 
1340 3.46 3.1640.13 5.68 +0,16 tee eee 1.16 +0,27 


substantially to the accuracy of computation of the as being an experimental point contributed by the 
total cross section over the earlier two-coefficient fits California Institute of Technology work** to our data. 
used by the original experimenters.*® The values 

adopted above thus ignore the theoretical incomplete- IV. ANALYSIS OF FORM FACTORS 

ness of the fit of the data to photoproduction data. The matrix elements for pion photoproduction con- 
We are thus considering the point as given in Eq. (29) _ tain the following primary terms: (a) magnetic-dipole 
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Fic. 8. Experimental data obtained at constant c.m. energy E=1200 Mev plotted against the invariant 
momentum transfer. Shown are both the extrapolated cross sections o,~ and upper-limit cross sections (¢~) max. 
These measurements are compared with the following theoretical curves: (a) point interaction; (b) a,=electric 
and magnetic proton radius=0.8X 10~" cm, a, =magnetic neutron radius=0; (c) ap>=0.8X 10-8 cm, a,=0.2 
X 10-8 cm; (d) ap=0.8X 10" cm, an=0.4X 10-8 cm; (e) ap=0.8X 10 cm, a,=0.6X 10-4 cm; (f) a,=0.8 
X10-" cm, a,=0.8X10"" cm; (g) ap=0.8X10-" cm, a,=1.0K10-8 cm; (h) ap=0.8X10-" cm, a,=1.2 
10-8 cm, Radii are rms values based on an exponential model. 
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absorption leading to the final “resonant” (3,3) state 
of the nucleon-meson system; (b) electric-dipole ab- 
sorption leading to a final S state of the pion-nucleon 
system ; (c) the “direct interaction” term of the photon 
with the virtual meson cloud surrounding the nucleus 
calculated in Born approximation. Neutral-pion pro- 
duction is concerned with the first term (a) only; 
assuming charge independence, term (a) contributes 
half as much to positive-pion production as to neutral- 
pion production. Since at the c.m. energy E= 1200 Mev 
used here the neutral and charged cross sections are 
approximately equal, we conclude that roughly three 
fourths of the measurements reported here come from 
the “resonant” term (a); “off the energy shell” the 
relative contribution of the (a) term becomes still larger. 

The primary interpretation of this work will thus be 
in terms of the nuclear form factor associated with 
term (a), which is the form factor associated with 
Htp—Hn. This interpretation is singularly insensitive to 
a particular choice of constants of a specific theoretical 
fit since the form factors depend only on the relative 
cross sections as a function of momentum transfer; 
constants have to be chosen to agree with experiment 
on the energy shell; as long as the magnetic-dipole 
term is dominant, the details of handling the other 
terms are unimportant. 

In the more detailed analysis we have followed the 
dispersion theoretical analysis of photoproduction by 
Chew et al.” extended to the electron-pion process by 
Fubini, Nambu, and Wataghin.’” Unfortunately, their 
analysis is not complete with respect to the inclusion 
of kinematic nucleon recoil terms; some of the quanti- 
tative conclusions can thus be improved as soon as 
further calculations have been completed. 

It was shown by FNW that the electric-dipole 
absorption term (b) involves the electric form factor 
(F; in the notation of Hofstadter'* and collaborators) ; 
the appropriate factor here involves the difference 
between the electric form factors of the proton and 
neutron. Since the neutron’s charge and its second 
moment vanish (as concluded from the low-energy 
electron-neutron interaction), we have used simply the 
F, factor appropriate to the proton in computing the 
electric-dipole term, thus assuming the electric form 
factor of the neutron to vanish even for large momen- 
tum transfers. For the reasons enumerated above, we 
are not sensitive to this assumption; however, further 
work of this nature, in which the kinematic relations 
are programmed to emphasize the electric-dipole term, 
should have important bearing on this question. 

The analysis of FNW contains several small terms 
other than the large contributions (a), (b), and (c), 


17 Fubini, Nambu, and Wataghin, Phys. Rev. (to be published) ; 
hereafter called “FNW.” Dr. Fubini acquanted us with this 
work in the summer of 1957, and Professor Nambu discussed 
some of the problems associated with the nucleon recoil contri- 
butions in December, 1957. 

18 R, Hofstadter, Revs. Modern Phys. 28, 214 (1956). 


AND E. A. ALLTON 





discussed above. These contain the appropriate electric 
or magnetic form factors linearly or quadratically, 
depending on whether the terms are interference terms 
or not. These form factors have been included in the 
computation treating the magnetic radius of the neutron 
as a variable, letting the electric radius of the neutron 
vanish, and taking the electric and magnetic radius of 
the proton as 0.8X10-" cm rms. 

Figure 8 shows our experimental data [both the 
extrapolated cross section o¢~ and the upper-limit cross 
section (o~)max of Table II] plotted on a logarithmic 
scale against the invariant momentum transfer q“q, 
(A? in the notation of FNW). The various terms from 
FNW have been computed by C. Lindner with the 
collaboration of $. Gartenhaus; the authors are greatly 
indebted to them for their contributions. The same 
renormalized coupling constant (/,,=0.090) was used 
for all terms in the matrix elements; this gives a 
reasonable fit to the magnitudes of the neutral-pion 
cross sections, while the experimental charged-pion 
cross section is somewhat low; as discussed above, the 
conclusions are insensitive to the choice of this number. 
Using the computed terms, we have plotted a number 
of theoretical curves showing the dependence of the 
cross sections on various nucleon structure parameters. 
The following curves are shown: Curve (a), all form 
factors unity, i.e., all nucleons are points. Curves (b)- 
(h), the form factor of the electric-dipole term equal 
to the electric form factor F, of the electron-proton 
scattering results"-!* has been used as discussed above. 
The magnetic moment of the proton has been multiplied 
by the appropriate magnetic form factor F2; the mag- 
netic moment of the neutron has been multiplied by a 
set of form factors corresponding to various radial 
parameters. We have computed the form factors using 
an exponential radial distribution whose Fourier trans- 
form is [1+ (g"g,a?/12) }*, where a is the rms radius. 
We have used a,=0.8X10-" cm for both the electric 
and magnetic form factors of the proton, in accordance 
with the electron-scattering results. Unfortunately, the 
accuracy for small values of the momentum transfers 
is poor (and is very difficult to improve) ; hence we are 
unable to analyze the results in terms of an rms radius 
without assuming a specific form of distribution. We 
have used here the exponential model in order to 
permit comparison with the parameters obtained from 
elastic electron scattering on the proton and quasi- 
elastic scattering on the deuteron.” 

By inspection of Fig. 8 we see that a best fit is 
obtained for values of a, between .1.0X10-" and 
1.1X10-" cm for the rms neutron magnetic radius, 
based on the exponential model. The experimental 
values permit little latitude toward smaller values since 
the upper-limit cross section (o~)max agrees with the 
extrapolated value at large momentum transfers. 


'M. R. Yearian and R. Hofstadter, Phys. Rev. (to be pub- 
lished). 











PHOTOPION 


The principal remaining uncertainty relates to the 
treatment of nucleon recoil terms in the off-the-energy- 
shell behavior of the magnetic-dipole absorption matrix 
element. We have been assured” that such recoil terms 
are not fundamentally ambiguous and are subject to 
calculation. Until such calculations have been per- 
formed, we would consider a value of the rms magnetic 
radius of the neutron as low as 0.8X10~" cm to be 
compatible with the data. 

We should like to add that the experimental method 
described here has much more general validity beyond 
the limited range of electron variables explored. In 
particular, a more complete mapping of the surface of 
Fig. 7 is being planned. If higher energy electron beams 
are available, the electromagnetic production mecha- 
nism of particles other than the pion can be studied by 
similar methods. 
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The polarization of 424-Mev nucleons elastically scattered by nuclei is calculated by a method which 
is similar to the Born approximation, but in which the phase shifts of the incident plane wave due to the 
scattering potential is taken into consideration. A qualitative agreement with the experimental result is 
obtained if one uses the well parameters determined by Riesenfeld and Watson. Poor agreement at the 
diffraction minimum may be attributed to the existence of inelastic scattering in the experimental data. 





I. INTRODUCTION 


T is known that the Born approximation gives a 

qualitative description of the polarization of high- 
energy nucleons when a spin-orbit coupling term is 
included in the nucleon-nucleus potential.! Its validity, 
however, is limited to the scattering from light nuclei. 
Also, beyond the first diffraction minimum, its agree- 
ment with the experiment is quite poor. Recently an 
approximation method was developed for high-energy 
potential scattering.? Although it is superior to the 
Born approximation in accuracy, both the procedure 
of the calculation and the form of the final result are 
considerably complicated when the interaction potential 
is partly of spin-orbit type. The motivation for the 
development of the method which will be presented 
here lies in the hope of obtaining a simple way of 
analyzing the rapidly accumulating experimental data 
without sacrificing accuracy too much. 

During the course of simplifying the calculation, 
several restrictions had to be imposed upon the magni- 
tude of the well parameters (the depth of the potential 
and the strength of the spin-orbit coupling), and they 
in return restrict the domain of its applicability. But 
if we use the well-parameter values calculated by 
Riesenfeld and Watson* as functions of the energy 
of the incident nucleon beam, it is seen that our method 
applies to the scattering of nucleons with energy 
higher than, say, 150 Mev. 


II. CALCULATION 


Following conventional analyses, we assume the 
nucleon-nucleus potential 


h\*1 dp 
y= Veo(t)+Vs(—) =—e-l, (1) 
uc/ rdr 


where I is the nucleon angular momentum operator 


h 
easel oe 2 
*x(-v) (2) 


1 E. Fermi, Nuovo cimento 11, 407 (1954). 

? LL. I. Schiff, Phys. Rev. 104, 1481 (1956). 

af B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157 
(1956). 
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The spatial dependence of V is contained in p, and for 
a spherically symmetric potential p is a function of r, 
the distance of the nucleon from the center of the 
nucleus. In general, Vc and Vs are complex numbers: 


Vo=—(VertiVcr), 
Vs=VsrtiV sr. 
The scattering amplitude is of the form 
a(@)+b()e-A, (4) 


where # is the unit vector normal to the scattering 
plane. The polarization corresponding to (4) is 
ab*+-a*b 
Pp=——__—_., (5) 
|a|?-+ 1b]? 


(3) 


As is well known, the Born approximation fails 
when the true wave function in the scattering region 
differs significantly from the incident plane wave. 
For high-energy incident nucleons the fractional 
change of the wave number due to the scattering 
potential is negligible, and a rough approximation to 
the true wave function will be 


1 e) 
exp ipo f vir—pu)as}, 
hv 0 


; 1 « 
exp inert f Virtbrsds|, 
ho 0 


(6a) 
and 


(6b) 


before and after the scattering, respectively. The 
nucleon momenta before and after the scattering are 
Po and pr, respectively, and » is the speed of the 
scattered nucleon; p=p/p. 

The matrix element of V between these wave 
functions can be simplified if the phase shift due to 
the spin-orbit part of the potential is negligible, or if 


VsKue’. (7) 


This condition is satisfied for nucleons with high 
incident energies, since, according to Riesenfeld and 
Watson, both Vsz and |Vsr| are less than 2 Mev at 
150 Mev and they seem to decrease steadily as the 
incident energy increases. 











POLARIZATION 


In order to avoid lengthy expressions for a(@) and 
6(@), we shall further assume that the phase shift due 
to the spin-independent part of the potential is also 
small enough to make a power series expansion of the 
exponentials feasible. The requirement is 


V cR/hv<K1, (8) 


where R is the radius of the nucleus. At incident 
energies higher than, say, 100 Mev, neither Vcr nor 
Vcr exceeds 15 Mev. The left-hand side of (8) is then 
less than 0.3 for scattering from carbon, and if the 
first two terms of the power series alone are employed 
in the calculation, the error introduced by this approxi- 
mation is less than 5%. 

With these approximations, a(@) and 6(6) are 
calculated for a square well potential (p=1 for r<R 
and p=0 for r>R). The results are 
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, (9b) 
MC 
where 


€ 
F(t)= f (#—2?)! coszdz, 
0 


K=2k sin(@/2). 
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Looking at Table I of reference 3, we realize that the 
condition given by (8) is much more restrictive than 
the one given by (7). Even at energies lower than 
150 Mev, Vs does not increase appreciably and (7) 
is still satisfied. On the other hand, Vcr, according to 
Riesenfeld and Watson, increases quite rapidly as the 
incident energy decreases and the condition (8) may 
not hold at these low energies. 


III. RESULTS AND DISCUSSION 


The ordinary’ Born approximation matrix element of 
V between incoming and outgoing plane wave states 
contains only the first terms of a(@) and b(@) in (9). 
The diffraction minimum then corresponds to the 
scattering angle at which j;(KR)=0 and once the 
position of the diffraction minimum is measured, one 
can immediately deduce the well radius. However, the 
correction terms of (9) are of considerable magnitude, 
and hence the radius of the well can no longer be 
determined so readily. Besides, the polarization depends 
on the well parameters in such a complicated way that 
it is not possible to find any simple way in which a 
change in one of the well parameters affects the behavior 
of the calculated polarization curve. 

In order to gauge the reliability of the present 
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method, the polarization of 300-Mev protons scattered 
by carbon is first calculated by (5) and (9). A compari- 
son is then made with the result of an exact phase 
shift analysis by Fernbach, Heckrotte, and Lepore,‘ 
and this is shown in Fig. 1. Both curves are calculated 
for a square well potential with Vcr=0 Mev, Vcr=18 
Mev, Vsr=2.5 Mev, Vsr=0 Mev, and R=1.4X10-" 
X (12)! cm. The agreement is quite satisfactory. 

Next, the polarization of 424-Mev protons scattered 
by C, Al, Fe, and Ag is calculated using different sets 
of well parameters that do not significantly disagree 
with the values estimated by Riesenfeld and Watson. 
Some of the better-fitting curves to the experimental 
results® are shown in Figs. 2 to 5. 

A set of well parameters which gives a good fit for 
scattering by one of the targets does not necessarily 
give a good result for scattering by other target nuclei. 
It was found, however, that the disagreement with the 
experimental results is not large so long as the values 
of the well parameters do not differ very much from 
the values estimated by Riesenfeld and Watson. 

As in previous attempts to fit the experimental data, 
the agreement is still quite poor near the diffraction 
minimum. The theory predicts a dip and experimentally 
it is not observed, or at least the observed dip is not as 


4 Fernbach, Heckrotte, and Lepore, Phys. Rev. 97, 1059 (1955). 
5 E. Heiberg, Phys. Rev. 106, 1271 (1957). 
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remarkable as predicted. There are some authors who 
argue that this dip may be “filled” if one takes a more 
realistic well shape. In response to this suggestion, 
Sternheimer® calculated the polarization of 300-Mev 
protons scattered by a Woods-Saxon potential but 
he again obtains a rather sharp dip unless Vcr takes 
on a much larger value than estimated to be true. 

On the other hand, there is an attempt to attribute 
the experimental nonexistence of the dip to the fact 
that a considerable amount of inelastic scattering is 
actually present near the diffraction minimum of the 
elastic scattering.’ The first excited state of carbon is 
as muck as 4.4 Mev above the ground state. But for 
the other elements investigated here, the state density 
is considerably higher and the first level for all of them 
is less than 1 Mev. The disagreement of the theory with 
experiment may again be attributed to the experimental 
difficulty in separating the pure elastic scattering from 
the inelastic scattering in which the low-lying energy 
states are excited. 
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Cross sections are reported for (p,pm) and (,2p) reactions of Ce with protons of 0.4, 1.0, 2.2, and 
3.0 Bev. To evaluate the contribution of proton and neutron evaporation from excited Ce’ nuclei to the 
observed cross sections, this evaporation competition was studied by means of cross-section measurements 
on the reactions Ba™*(a,n) and Ba'8(a,p) with a particles of 19- to 40-Mev kinetic energy. The ratio og, »/¢a, » 
is between 2.4 and 4.4 in this region as compared with a ratio of 1.58-++0.14 for op, pn/op, 2p at 0.4 Bev. It is 
concluded that at this energy the (p,pm) and (p,2p) reactions proceed at least partially by a pure knock-on 
mechanism. This conclusion is supported by comparison of the data with recent Monte Carlo calculations 
of intranuclear cascades. With increasing proton energy both oy, 2p and a», pn are found to decrease, the 
former more rapidly than the latter. This energy dependence is discussed in terms of the elementary nucleon- 
nucleon cross sections, The Monte Carlo calculations mentioned agree within their rather poor statistical 
accuracy with the measured cross-section ratios and with the energy dependence of the cross sections, but 
predict cross-section values about a factor of three too small. 


INTRODUCTION 


N studies of the interactions of complex nuclei with 
high-energy protons, it has been observed!? that 
rather simple reactions occur with relatively high cross 
sections and that these cross sections are not strongly 
energy dependent in the region from a few hundred to 
a few thousand Mev. Among these simple reactions the 
so-called (p,pn) and (p,2p) reactions, i.e., interactions 
in which A decreases by one unit and Z either remains 
the same or decreases by one, are of particular interest, 
because in the energy range mentioned they account 
for several percent of the geometric cross sections of 
the target nuclei.*~* 

To explain the large cross sections observed for 
(p,pm) reactions, it has been suggested*® that they 
proceed by a pure knock-on mechanism. By this is 
meant a collision of the incident proton with a nucleon 
in the nucleus, followed by the escape from the nucleus 
of both collision partners without further interactions. 
An additional restriction is that the excitation energy 
left by the creation of the nucleon hole must be less 
than the binding energy of the most loosely bound 
neutron. 

In a second possible mechanism for a (p,pm) reaction, 
one nucleon only is emitted during the knock-on 
cascade, and the other is subsequently evaporated. 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Present address: Department of Chemistry, Carnegie Insti- 
tute of Technology, Pittsburgh, Pennsylvania. 

1D. H. Templeton, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, pp. 93-104. 

? Friedlander, Miller, Wolfgang, Hudis, and Baker, Phys. Rev. 
94, 727 (1954). 

3 E. Belmont and J. M. Miller, Phys. Rev. 95, 1554 (1954). 

4G. D. Wagner and E. O. Wiig, Phys. Rev. 96, 1100 (1954). 

5J. B. Cumming, Ph.D. thesis, Columbia University, 1954 
(unpublished). 

6 A. A. Caretto, Jr., and E. O. Wiig, Phys. Rev. 103, 236 (1956). 

7R. W. Fink and E. O. Wiig, Phys. Rev. 94, 1357 (1954). 

8 Markowitz, Rowland, and Friedlander, Bull. Am. Phys. Soc. 
Ser IT, 1, 224 (1956) ; and S. S. Markowitz, Ph.D. Thesis, Princeton 
University, 1957 (unpublished). 


The simplest (and most probable) process of this type 
involves a single glancing collision of the incident 
proton with a nucleon, accompanied by the transfer of 
the order of 10-20 Mev to the nucleon and followed by 
the escape of the proton. Subsequent evaporation of a 
neutron then completes the (p,pm) reaction whereas 
evaporation of a proton would lead to a (p,2) reaction. 

The present study was designed to lead to a decision 
between the two mechanisms outlined, at least in the 
region of 400 Mev. At higher energies it was hoped that 
it would throw some light on the effects of mesonic 
processes. Leaving the latter aside for the moment, it 
seemed clear that the two mechanisms should lead to 
different values for the ratio of (p,pm) to (p,2p) cross 
sections for a given target nuclide (Z4). For the second 
mechanism, which goes via a compound nucleus (Z4)* 
of relatively low excitation (10-20 Mev), the cross- 
section ratio would be determined by the relative 
probabilities of neutron and proton evaporation from 
such a compound nucleus. For a pure knock-on mecha- 
nism, on the other hand, the cross-section ratio would 
be in first approximation the n/p ratio in the nucleus, 
modified by the ratio of p-n to p-p collision cross 
sections. 

The target nucleus chosen for this investigation was 
Ce*, The product of the (p,pm) reaction is the 32-day 
8 emitter Ce™; that of the (p,2p) reaction is 3.7-hour 
La™ which decays by 8~ emission to Ce. The compe- 
tition between neutron and proton evaporation from a 
Ce? compound nucleus was studied by measurement 
of the cross sections of the reactions Ba!**(a,)Ce™ and 
Ba™*(a,p)La™ with helium ions of energies up to about 
40 Mev. 


EXPERIMENTAL 
Proton Bombardments 


Cerium in the form of CeO, was bombarded in the 
circulating beam of the Cosmotron at proton energies 
of 1.0 Bey and above. Bombardment techniques at the 
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Brookhaven Cosmotron have previously been de- 
scribed.?:? The 400-Mev data were obtained by use of 
the Nevis cyclotron. All targets were prepared by 
forming a slurry of spectroscopically pure CeO, ?'° in 
acetone and allowing this mixture to settle in a large 
glass chimney onto a piece of 0.003-inch aluminum 
foil. The excess acetone was siphoned off and a small 
quantity of a dilute solution of Duco cement in acetone 
was placed on top of the CeO, mat. This was allowed 
to evaporate to dryness. The resulting mat of CeO, on 
aluminum was quite durable and could be cut to the 
desired shape. The thickness was about 20 mg/cm?, uni- 
form to about + 20% over an area of about 25 sq in. 
and better than this over smaller areas. The effective 
beam intensities were in the range of 10’? to 10" protons 
per minute incident on the target. 

The target consisted of an aluminum-CeO, mat plus 
an additional 3-mil aluminum foil to be used to monitor 
the proton beam by measurement of the yield of 
Na™ from the known excitation function of the 
Al*"(p,3pn)Na™ reaction." The two foils were cut to 
the same area and the leading edges were accurately 
aligned. In one run at 400 Mev, a different monitoring 
technique was used. A uniform mixture of the oxides 
of cerium and aluminum, weighing about 10 mg/cm’, 
was irradiated and the Na™ produced from the alumi- 
num was chemically separated from the target solution 
and used to monitor the proton beam. 

After irradiation the aluminum monitor foil was 
separated from the rest of the target and reserved for 
the Na™ determination. The aluminum-CeO, mat was 
dissolved in concentrated HC! with the addition of a 
few crystals of KI to aid the dissolution of CeO»; the 
I, produced was reduced with 30% H:O2. Ten milli- 
grams of inert lanthanum carrier were added, the 
solution was made up to a known volume, and a known 
aliquot was taken and reserved for the cerium determi- 
nation by standard analytical methods. The cerium 
and lanthanum were separated from the bulk of the 
other activities by a fluoride precipitation. The fluoride 
precipitate was dissolved in boric and nitric acids, and 
cerium and lanthanum were reprecipitated as hy- 
droxides. Solution of the hydroxides in 8N HNO; 
was followed by oxidation of cerium with BrO;-, 
and separation of the cerium from the lanthanum 
was achieved by the solvent extraction of the cerium 
in the plus four state into methyl isobutyl ketone 
according to the procedure outlined by Glendenin 
et al? The 3.7-hour La™ in the lanthanum fraction 
was allowed to decay completely to the 32-day Ce™ 
daughter. This latter activity was then chemically 
isolated from the lanthanum fraction and the Ce’ 
® Wolfgang, Baker, Caretto, Cumming, Friedlander, and Hudis, 


Phys. Rev. 103, 394 (1956). 
10 “Specpure” brand CeO: obtained from Johnson, Matthey 


and Company, Ltd., London. 
11 Friedlander, Hudis, and Wolfgang, Phys. Rev. 99, 263 (1955). 
12 Glendenin, Steinberg, Flynn, and Buchanan, Anal. Chem. 


27, 59 (1955). 
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counted. The cerium activities produced from the 
reactions on Ce’? and the Ce’ produced by the decay 
of La™ were both counted with end-window propor- 
tional counters. 

All samples were mounted as Ce2(C.O,4)3-9H2O on 
filter paper, mounted on aluminum cards, covered with 
rubber hydrochloride (1-2 mg/cm?) and counted for 
times sufficiently long to resolve the 32-day Ce! from 
140-day Ce'*. Since all the activity measurements 
were done on Ce™ samples, the determination of the 
Tce''/oL, ratios was free of counting-efficiency cor- 
rections. The cross sections were calculated taking into 
account the yield of Na* from the aluminum monitor, 
chemical yields of the cerium and lanthanum recovered, 
the growth and decay of the Ce™ and La™ during 
bombardment," the decay of the La’ before chemical 
separation, and the usual saturation and counting- 
efficiency corrections, the latter including self-absorp- 
tion and _ self-scattering corrections experimentally 
determined for Ce"! radiations in ceric oxalate precipi- 
tates. 


TABLE I. Cross sections for the production of Ce™ and La! 
in the bombardment of Ce! with protons between 0.4 and 3.0 
Bev.* 


Proton 
energy aCe oLai#l 
(Bev) (mb) (mb) oCel /gLa™ 
0.4 86.2+1.6 54.44+-4.6 1.58+0.19 
1.0 30.5+1.6 15.6+2.7 1.96+0.24 
2.2 28.247.7 5.7+0.1 5.0 +0.6 
4.2+0.3 5.7 +0.7 


3.0 24.043.8 


* The errors given for the individual cross sections are deviations of the 
duplicate determinations from the mean. The errors given in the last 
column represent the estimated 12% uncertainty in the absolute values 
of the cross-section ratios. 


Alpha-Particle Bombardments 


Metallic barium was irradiated in the deflected beam 
of the 60-inch cyclotron. The targets were prepared by 
the evaporation of metallic barium on 0.003-inch 
aluminum foil to a thickness of about 0.5 mg/cm’. A 
thin coating of aluminum was evaporated on top of 
the barium to protect it from oxidation. Four to six of 
these barium films were irradiated in a stack, with 
aluminum absorbers suitably interposed to obtain 
various alpha-particle energies below the 42-Mev 
maximum energy of the beam. 

The alpha beam was monitored by measurement of 
the At*" activity produced by the Bi**(a,2n)At™ 
reaction in a bismuth foil incorporated in the stack. 
The excitation function of this reaction has been 
measured.* In one experiment the alpha beam was 
also measured more accurately by means of a calibrated 
ion collector'®; this gave substantially the same result’ 
as the bismuth monitor. 

18 W. Rubinson, J. Chem. Phys. 17, 542 (1949). 

4 E. L. Kelly and E. Segré, Phys. Rev. 75, 999 (1949). 


1®R. H. Schuler and A. O. Allen, Rev. Sci. Instr. 26, 1128 
(1955). 











(p,pn) AND (p,2p) 

The target foils were dissolved in HCl, and after 
addition of 10 mg of Ce and 10 mg of La carrier, the 
same chemical separations were performed as in the 
high-energy proton experiments. An aliquot of the 
target solution was removed for barium analysis by 
flame photometry. The measurements and cross section 
calculations were performed in the manner described for 
the proton irradiations. 


RESULTS 


The cross sections for the (p,pm) and (p,2) reactions 
on Ce are given in Table I and are illustrated graphi- 
cally in Fig. 1. All the values given are averages of 
two determinations and the errors given are the devi- 
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Fic. 1. Cross sections for the formation of Ce and La‘ by the 
interaction of Ce! with high-energy protons. 


ations from the averages. The cross sections for the 
(a,n) and (a,p) reactions on Ba"* are given in Table II 
and illustrated in Fig. 2. Here the values given are 
averages of between two and four determinations (with 
their standard deviations), except the data at 29 Mev 
which are based on only one experiment. Errors in 
these determinations arise from a number of sources. 
Errors in relative monitoring of proton beams by use 
of aluminum foils amount to only a few percent at a 
given energy. The absolute value of the Al*’(p,3pn) 
cross section was taken as 10.5 mb at the proton 
energies used (0.4 to 3 Bev),'*” and is uncertain by 


16R, L. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 
(1954) ; 98, 1871 (1955). 

17 Cumming, Swartz, and Friedlander, Bull. Am. Phys. Soc. 
Ser. IT, 1, 225 (1956), and private communication. 
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Fic. 2. Cross sections for the formation of Ce™ and La™ by 
(an) and (a,p) reactions of Ba™*. The dotted curve represents 
the sum of the (a,m) and (a,p) cross sections. The dashed curve 
is the total cross section for capture of a particles by Ba'* com- 
puted according to reference 20 for rp =1.5X10~* cm. 


about +10%. Uncertainties in counting efficiency, 
backscattering, air and window absorption, self-absorp- 
tion, and self-scattering were estimated to be about 
+15%. Errors arising from the resolution of decay 
curves may be as large as 10%, and the chemical yield 
determinations were accurate to about 5%. As a result 
of all these sources of error it is believed that the 
reported cross sections are accurate to about +25%. 
However, the ratios ¢p, »n/@p, 2p ANd Ga, n/a, p are Subject 
only to the last two sources of error mentioned and 
should be reliable to about +12% as indicated in the 
last columns of Tables-I and II. 


DISCUSSION 
0.4-Bev Data 


From the data presented, the most clear-cut deduc- 
tion about the dominant mechanism of (,pm) and 
(p,2p) reactions can be made at the lowest energy 
investigated, 0.4 Bev, where meson effects are unim- 
portant. Here a value of about 1.6 was found for the 


TABLE IT. Cross sections for the production of Ce'' and La™! 
by the bombardment of Ba™* with helium ions.* 


Kinetic 

energy aCeltl oLa™ 

(Mev) (mb) (mb) aCe /gLall 
19.3 95+ 6 40.34 0.3 2.4+0.3 
25.5 798 279 +27 2.9+0.3 
29.0 685 223 3.0+0.4 
36.0 427+ 3 124 + 1 3.4404 
41.0 296+25 67.6+ 3.9 4.4+0.5 





* The errors given for the cross sections are standard deviations of the 
individual determinations. The errors in the last column represent the 
estimated 12% uncertainty in the absolute values of the cross-section 
ratios. 
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ratio @», pn/¢p,2p; this is not compatible with a pure 
evaporation mechanism. An excited Ce’? nucleus is, 
as shown in Table II, at least 2.4 to 4.4 times as likely 
to evaporate a neutron as a proton, the value depending 
on the excitation energy. Actually these numbers are 
probably lower limits for the ratio of evaporation 
widths. As shown by Eisberg ef al.,!* (a,p) reactions in 
this energy range appear to take place partially by a 
direct interaction mechanism; the same is presumably 
true for (a,m) reactions to roughly the same extent, so 
that after subtraction of these contributions the ratio 
of evaporation-controlled (a,m) and (a,p) cross sections 
would presumably be greater than the experimentally 
measured ratio. Furthermore, because of the high 
Coulomb barrier for a particles, the cross-section ratio 
could not be measured at sufficiently low energies to 
exclude some competition of the (a,2m) with the (a,m) 
reaction. According to Wapstra’s mass tables,!* the Q 
values for (a,m), (a,p), (@,2m), and (a,pm) reactions on 
Ba™* are 7.6, 9.2, 13.3, and 16.3 Mev, respectively. 
Thus, even at 19-Mev bombarding energy, (a,) might 
be depleted somewhat by (a,2m), whereas (a,pm) or 
(a,np) can hardly be significant because protons must 
be emitted with a few Mev kinetic energy. The effect 
of this competition from (a,2m) processes cannot be 
large up to ~25 Mev; otherwise the sum of the (a,p) 
and (a,m) cross sections could not be so nearly equal 
to the total a-particle capture cross section at 25 Mev 
(see Fig. 2), which was computed according to con- 
tinuum theory” for a radius parameter ro= 1.5X 10-¥ 
cm, 

Comparison with the Ba™*(a,m) and Ba™°(a,p) reac- 
tions makes it thus appear that the (p,pm) and (p,29) 
reactions of Ce do not, at 0.4 Bev, predominantly 
proceed through evaporation from a Ce"? compound 
nucleus. The value for the ratio oy, pn/¢p, 2» Which would 
be expected from a pure knock-on mechanism may be 
estimated from the recent Monte Carlo calculations of 
intranuclear cascades by Metropolis ef al.4 These 
authors investigated 796 cascades initiated by 460-Mev 
protons incident on Ce™®, and found 8 cascades leading 
to Ce® and 6 leading to La’*® with residual excitation 
less than 10 Mev. These may be considered the (p,p) 
and (p,2~) knock-on products, respectively. Thus the 
calculation gives for pure knock-on production a value 
of (8+2.8)/(6+2.4)=1.3+0.7 for the ratio @p, pn/o >», 2p- 
However, the Monte Carlo calculations do not support 
a pure knock-on mechanism. Some cascades were found 
to result in Ce and Pr™® nuclei with excitations that 
might result in evaporation to Ce™® and La™*. The 
probability that any given one of these excited nuclei 
would indeed result in Ce or La! as an end product 


18 Eisberg, Igo, and Wegner, Phys. Rev. 100, 1309 (1955). 

8 A. H. Wapstra, Physica 21, 367, 385 (1956). 

J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 352. 

21 Metropolis, Bivins, Storm, Miller, Friedlander, and Turke- 
vich, Phys. Rev. 110, 204 (1958). 
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was estimated for the particular excitation energy 
involved from the experimental data for (a,m) and 
(a,p) reactions on Ba™* (see Fig. 2). Thus, in addition 
to the knock-on (p,pm) and (p,2p) products (8 and 6, 
respectively), there are 7.8 (p,pm) and 1.9 (p,2p) 
products by an evaporation mechanism. The over-all 
calculated oy, pn/op,2p ratio is (15.8+4.0)/(7.942.8) 
=2.0+0.9, which agrees within the errors with the 
experimental ratio of 1.58+0.19 measured at 0.4 Bev. 
Thus, with the aid of the cascade calculations, one may 
conclude that, at this bombarding energy, (p,pm) and 
(p,2p) reactions proceed by a mixture of pure knock-on 
and knock-on followed by evaporation, with the latter 
mechanism contributing of the order of 50% of the 
(p,pn) and 25% of the (p,2p) cross section. 

Whereas the experimentally determined ratio of 
Tp, pn tO Gp, 2 is thus reasonably well reproduced by the 
cascade calculations of Metropolis e a/.,”" the magni- 
tudes of the cross sections are not. The calculations 
predict o», px=28+7 mb and o,2,=14+5 mb, to be 
compared with the experimental values of 86.2+1.6 
mb and 54.4+4.6 mb, respectively. This underestimate 
of (p,pn) and (p,2p) cross sections by factors of about 
3 is a general feature of the calculations by Metropolis 
et al."; as already pointed out by these authors, it 
may be the result of the neglect of a diffuse nuclear 
boundary in the model used for the calculations. 
Whether refinements in the model would also change 
the predicted relative contributions of knock-on and 
evaporation mechanisms to the cross sections is not 
clear. 


Energy Dependence 


As may be seen from Table I and Fig. 1, both the 
Ce?(p,pn) and Ce™?(p,2p) cross sections drop sharply 
(by factors of 2.8+0.2 and 3.50.7, respectively) as 
the proton energy is raised from 0.4 to 1.0 Bev. With 
further increases in incident energy to 3 Bev, the 
(p,pm) cross section stays almost constant, whereas the 
(p,2p) cross section decreases by another factor of 
3.7+0.7. In other words, the ratio op, pn/op, 2» increases 
monotonically with energy in the energy range investi- 
gated. 

Qualitatively, it is easy to see why the (,pm) and 
(p,2p) cross sections should decrease as the incident 
energy is raised. Although the total elementary p-p and 
n-p collision cross sections increase with increasing energy 
above 400 Mev,” this increase is due to the onset of 
pion production, and the elastic p-p cross section has 
actually been found to decrease”?'; the elastic p-n 
cross section is likely to decrease also. As a consequence 
of the increased total nucleon-nucleon cross sections, 
the mean free path of a proton in nuclear matter 
becomes smaller and therefore the probability that an 
incident proton makes one and only one collision in 

2 Chen, Leavitt, and Shapiro, Phys. Rev. 103, 212 (1956). 


*3 Smith, McReynolds, and Snow, Phys. Rev. 97, 1186 (1955). 
* Cork, Wenzel, and Causey, Phys. Rev. 107, 859 (1957). 
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traversing a Ce nucleus decreases. Furthermore, a pure 
knock-on mechanism for (p,pm) and (p,2) reactions 
requires in general an elastic encounter, and thus a 
decrease in the elastic nucleon-nucleon cross sections 
would further lower the (p,pm) and (,2p) cross 
sections. Inelastic nucleon-nucleon collisions (e.g., 
ptpoptnte, ptn-ptnt+e, ptn—-ptptr, 
etc.) can lead to “p, pn” or “p, 2p” products only if 
all three collision products escape from the nucleus 
without depositing more than ~10 Mev of excitation. 
This is very unlikely, especially since the pions have 
large scattering cross sections. 

It is not so easy to rationalize the observed increase 
in the ratio ¢», »pn/@p,2» With increasing proton energy. 
One might try to interpret this increase in terms of 
elementary cross sections by postulating that the ratio 
of elastic to total cross section decreases more rapidly 
with increasing energy for p-p than for n-p collisions. 
This effect is qualitatively very reasonable, since some 
n-p interactions take place in the isotopic spin state 
T=0 whereas pion production presumably occurs 
primarily® for T7=1. However, this explanation does 
not appear to be sufficient to account quantitatively 
for the observed results. Measurements of elastic p-p 
scattering at 2.0, 2.2,% and 4.4% Bev indicate ratios 
of elastic to total cross section no less than 0.3. Thus, 
since the total p-p and p-m cross sections are about 
equal in this energy range, one would have to assume 
no pion production at all in -p collisions to come even 
close to the experimental @», pn/@p,2» ratio. This is, of 
course, unreasonable. Alternatively one has to postulate 
that processes other than simple elastic coliisions con- 
tribute to the observed reactions, especially the (p,pm) 
reaction, at the higher energies. The situation then 
becomes much too complex for even qualitative 
reasoning without detailed computations. 

*5 See, e.g., Dzhelepov, Satarov, and Golovin, Doklady Akad. 


Nauk S.S.S.R. 104, 717 (1955). 
26 Barge, Barton, and Smith (private communication). 
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For a more quantitative comparison with the 
cascade-evaporation model of nuclear reactions one 
may turn again to the calculations by Metropolis e¢ al.” 
which include a study of 563 cascades initiated by 
1.8-Bev protons incident on Ce'*®. The results can be 
compared with the 2.2-Bev data; however the com- 
parison suffers from very poor statistical accuracy due 
to the small number of calculated events. With the 
same criteria used as for the 0.46-Bev cascades one 
finds 3 and 1 cascades, respectively, leading to (p,pn) 
and (p,2p) by pure knock-on, one of the (p,m) cascades 
being accompanied by 7° emission. In addition there is 
one cascade among the 563 studied which leads to Ce'° 
at about 30-Mev excitation and would thus contribute 
~0.6 Ce® nucleus and ~0.2 La"* nucleus by evapo- 
ration. Thus the computed ratio is ¢>», pn/¢»,2p= (3.6 
+1.9)/(1.2+1.1)=3+43, a result which is, of course, 
not very meaningful although compatible with the 
experimental value of 5.0+0.6 found at 2.2 Bev. The 
absolute values of the cross sections deduced from the 
cascade calculations are o», px=9+5 mb and o52,=3 
+3 mb, again a factor of 2 or 3 smaller than the 
experimental values. Within the rather large errors, 
the energy dependence of the cross section appears to 
be reasonably well reproduced by the Monte Carlo 
calculations.”! 
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Application of the Spin-Flip Dispersion Relations to the Minami 
Ambiguity for the Pion-Nucleon Scattering* 


S. J. LiypENBAUM AND R. M. STERNHEIMER 
Brookhaven National Laboratory, Upton, New York 
(Received February 13, 1958) 


The dispersion relations for the spin-flip amplitude of the pion-nucleon scattering in the forward direction 
have been applied to the Minami phase shifts obtained from the Fermi set in a calculation similar to that 
of Davidon and Goldberger for the Fermi and Yang phase shifts. The Minami phase shifts were found to 
be in disagreement with the requirements of the dispersion relations. The same calculation was also carried 
out for a new set of phase shifts, which is obtained by applying the Minami transformation to the Yang 
phase shifts. These phase shifts are also incomgatible with the dispersion relations. 





I. INTRODUCTION 


T has been recently shown by Davidon and Gold- 
berger! and by Gilbert and Screaton? that the dis- 
persion relations for the spin-flip amplitude* of the 
pion-nucieon scattering can be used to show that the 
Fermi set of phase shifts for the pion-nucleon scattering 
is in agreement with the requirements of causality, 
whereas the Yang set disagrees. In particular, it has 
been shown in reference 1 that the Fermi set of phase 
shifts satisfies a straight-line relationship involving the 
spin-flip amplitude which is required by the dispersion 
relations, whereas the Yang phase shifts do not. 
Furthermore this straight-line relationship can be 
extrapolated to give the renormalized unrationalized 
coupling constant f*. The Fermi set of phase shifts 
yields f?=0.10, which is in reasonable agreement with 
other determinations.‘ On the other hand, the Yang 
set of phase shifts yields a negative value of f?= —0.11, 
which is not physically meaningful. 

It has been pointed out by Davidon and Goldberger! 
that their calculation is essentially equivalent to the 
polarization experiment proposed by Fermi’ to dis- 
criminate between the Fermi and the Yang phase 
shifts. 

Although the Yang set of phase shifts was therefore 
essentially eliminated if one accepts the principle of 
causality, another general ambiguity, namely the 
Minami ambiguity in the phase shifts, remained.* The 
Minami phase shifts for a state of total isotopic spin T 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Lf C. Davidon and M. L. Goldberger, Phys. Rev. 104, 1119 
(1956). 

2W. Gilbert and G. R. Screaton, reported by A. Salam, Pro- 
ceedings of the CERN Symposium on High-Energy Accelerators and 
Pion Physics, Geneva, 1956 (European Organization of Nuclear 
Research, Geneva, 1956), Vol. II, p. 176. See also Phys. Rev. 104, 
1758 (1956). 

3M. L. Goldberger, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956); R. Oehme, Phys. Rev. 100, 1503 (1955); 
A. Salam, Nuovo cimento 3, 424 (1956). 

4G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956); 
U. Haber-Schaim, Phys. Rev. 104, 1113 (1956); S. J. Lindenbaum, 
Annual Review of Nuclear Science (Annual Reviews, Inc., Stanford, 
1957), Vol. 7, p. 317. 

5 E. Fermi, Phys. Rev. 91, 947 (1953). 

6S. Minami, Progr. Theoret. Phys. (Japan) 11, 213 (1954). 


and total angular momentum J are obtained from the 
corresponding Fermi phase shifts by interchanging the 
phase shifts for ]=J—} and /=J+4, where / is the 
orbital angular momentum. In the following, the 
Minami phase shifts will be denoted by primes (6’), 
whereas the Fermi phase shifts will be unprimed (6). 
Thus for the T= 4 state, we have 


8’ (2S, T=$) =6(72Py, T=3) =Sa1, (1) 
8 (?2Py, T=$) =6(7S;, T=$) =5s, (2) 
5’ (*Dy, T=3) =6(2 Py, T= §) =5;3, (3) 


where 5; is the usua: (Fermi set) s-wave phase shift for 
T=%, and 53:, 53; are the Fermi p-wave phase shifts 
for T=}, ?P; and *P;, respectively. The choice of the 
absolute sign taken in Eqs. (1)-(3) preserves the sense 
of the Coulomb interference for the transformed set 
of phase shifts. ‘ 

It has been pointed out by Hayakawa, Kawaguchi, 
and Minami’ that the only differences between the 
predictions of the Minami phase shifts and those of the 
original Fermi set appear in the polarization of the recoil 
nucleon. 

One may also expect that the spin-flip dispersion 
relations will in fact distinguish between the Minami 
phase shifts and the Fermi phase shifts, since the 
polarization depends on the spin-flip amplitude. 

Another possible set of phase shifts, which we will 
call the a’ set, can be obtained by applying the Minami 
transformation to the Yang set. 

In the present work, both the Minami phase shifts 
and the a’ phase shifts have been tested against the 
requirements of the spin-flip dispersion relations and 
found to be in definite disagreement with them. There- 
fore one can conclude that the only set of phase shifts 
compatible with™the causality requirements is the 
Fermi set. 

Of course, one might remark here that the Minami 
phase shifts have been considered a physically less 
plausible set than the Fermi set, due to the fact that 
the momentum dependences of the various phase shifts 


7 Hayakawa, Kawaguchi, and Minami, Progr. Theoret. Phys. 
(Japan) 11, 332 (1954); 12, 355 (1954). 
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SPIN-FLIP 


at low energies were not the usual ones expected for a 
short-range potential interaction, and also the fact that 
a d-wave resonance was hard to understand physically, 
whereas a p-wave resonance followed from general 
strong-coupling meson theory. 


II. CALCULATIONS FOR THE MINAMI 
PHASE SHIFTS 


The derivative of the spin-flip amplitude with re- 
spect to sin@ at 0=0 (@=scattering angle in the center- 
of-mass system) is given by (#/uc)#*as,1, where 


» U(l+1) 


Gai™ 2, ——— (70+ — g®40-); 5, (4) 
~~ a 

where 4 is the pion momentum in the center-of-mass 
system in units of uc (u=pion mass), 6;, and 6;_ are the 
phase shifts for orbital angular momentum / and total 
angular momentum J =/+-} and /—}, respectively ; the 
subscripts 3 and 1 refer to total isotopic spin T= 3 and 3, 
respectively. 

In the following, we shall neglect the small and 
unimportant contributions due to the T=} state. For 
the Minami phase shifts, the spin-flip amplitude a; is 
given by 

a3(8’) == (219°) "4 — e284 3(1 — e233) J, (5) 
where we have used Eqs. (1)-(3), and it has been 
assumed that the d-wave phase shifts for the Fermi set 
are zero. For comparison with Eq. (5), a; for the Fermi 


phase shifts is given by 
a3(5) = (21%) 


A(q®Hesg2Sn), (6) 


It has been shown! that the dispersion relations lead 
to the following equation: 


y=f?+Cx, (7) 

where x, y, and C are defined by 
x=y(1+ye/7)", (8) 
y=}x{Re(as)—yLIs(y)+413(—7) J}, (9) 


(10) 


i as) 
phir es, 
3m; 7’ 


where y is the laboratory total energy of the pion in 
units uc?, yp=u/(2M) (M=nucleon mass), and J;(y) 
is the following principal-value integral : 


m(ds) 


(11) 





I;(y)= . 
1 y'(y'—7) 


The values of y have been calculated, using Eq. (5) 
for a3(6’). For the phase shift 63, we used Orear’s 
formula,® 6;= —0.11%. For 633, the expression obtained 


8 J. Orear, Phys. Rev. 96, 176 (1954); 100, 288 (1955). 
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by Anderson’ was employed : 
——/ 1.9427— ‘) 
0.248 \ 0.9427 J 





(12) 


H* cotd;3= 


where ¥ is the center-of-mass pion total energy in 
units yc?. 

It is useful to write a;(6’) as the sum of two parts, 
Q3q(6') and d3g(8’): 


A3q(0 )= (214%) 
dap (0) =3(2i9*)-*(1 


For zero kinetic energy T,, both the real and imaginary 
parts of a3_(5’) diverge, as a result of the #* denominator. 
Thus for y—1, # is given by 


(1—e?*s), (13) 
(14) 


— e?ibas) | 


A=(2(y—1) }}M/(M+u)=1.230(y—1).  (y-1) (15) 
With’ 6;= —0.11%, one obtains 
Ref a3a(6’) ]=0.0727 (y—1)-, (16) 


Im[asa(8’) ]= — 0.0098 (y—1)-4. (17) 
Since the divergence of Im[a3.(8’) ] is less strong than 
(y—1)~?, the integral J;(—~y) is obviously convergent, 
and a detailed argument shows that the principal-value 
integral J;(y) is also convergent. However, y will, 
of course, diverge as a result of the divergence of 
Re[_a3.(6’) |. It may be noted that there is no divergence 
for a3g(8’), since 6,3« 7° as 7-0. 

The integrals J;(y) and J;(—~y) were evaluated 
by approximating the functions y~! Im[asq(4’)] and 
y~! Im[asg(8’) ] by a series of straight lines, generally 
with intervals of 0.2 in y. However, in the region from 
y=1.0 to 1.2, where y~! Im[a3.(8’) ] diverges, we used 
an approximation of the form b(y—1)~*, where 6 is a 
constant [see Eq. (17) ]. At y=2.2, Im[asg(8’) ] has its 
maximum and varies rapidly with y, corresponding to 
the resonance behavior of 633. For this reason, intervals 
of y of 0.1 were used between y=2.0 and 2.4. The 
integrals were extended up to y=3.2, corresponding to 
T,~300 Mev. Above 300 Mev, the phase shifts 6; 
and 633 are not well known at present. However, the 
contribution of the region T,>300 Mev is expected to 
be small, since the integrand decreases essentially as 
y~* for large values of y. 

The upper curve in Fig. 1 shows the resulting values 
of y as a function of x. As discussed above, y becomes 
infinite at y=1, which corresponds to x=0.930. Calcu- 
lated values of y not shown in the figure are: y=0.074 
at x= 1.030 (y=1.1) and y=0.416 at x=0.980 (y=1.05). 
It is clear that this curve cannot be extrapolated to 
x=0 to give a finite value of f°. Moreover, Eq. (7) 
predicts a linear behavior of y, with constant slope C, 
which is obviously not satisfied in Fig. 1. It can thus 


*H. L. Anderson, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956). 
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Fic. 1. Plot of y vs x for the Minami phase shifts. The solid 
curve represents y. The dashed curve marked (433) gives the 
contribution to y due to the phase shift 43; alone. 


be concluded that the Minami phase shifts are incom- 
patible with the requirements of the dispersion re- 
lations. 

We note that the preceding results essentially depend 
on the fact that the Minami set gives a p phase shift 
5’ (?P,, T=$) which behaves as 4 for #0, instead of 4° 
as is expected for a p wave scattered from a short- 
range potential. Since the dispersion relations were not 
derived from the assumption of a potential, it appears 
that they essentially predict that a p phase shift must 
increase at least as rapidly as 4° at low energies. 

Since the # dependence of 6; is the determining factor 
in the preceding results, it is of interest to consider the 
evidence in favor of the Orear expression for 6; which 
has been used above. Several previous phase shift 
analyses of the experimental data from low energies to 
~200 Mev have yielded values of 5; generally com- 
patible with the Orear expression.” Recently two experi- 
ments have also been performed at relatively low 
energies (T,~20 Mev; 7~0.47), one with 10-35 Mev 
positive pions in a hydrogen diffusion cloud chamber, 
by Alston e¢ al." at Liverpool, the other with 19-Mev 2— 
in a hydrogen bubble chamber, by Nagle, Hildebrand, 
and Plano’® in Chicago. The Liverpool results" give 
53= — (0.130.035)4, which is in good agreement with 
Orear’s prescription®: 6;= —0.117. The Chicago meas- 
urements’? yield a value of 26,+6;=(0.230.04)4, 
which is also in good agreement with Orear’s value 
0.214 obtained by means of 6,=0.167. From these 


10See Mukhin, Ozerov, Pontekorvo, Grigoriev, and Mitin, 
Proceedings of the CERN Symposium on High-Energy Accelerators 
and Pion Physics, Geneva, 1956 (European Organization of 
Nuclear Research, Geneva, 1956), Vol. II, p. 204, and J. Orear, 
Proceedings of the CERN Symposium on High-Energy Accelerators 
and Pion Physics, Geneva, 1956 (European Organization of 
Nuclear Research, Geneva, 1956), Vol. II, p. 233. 

1 Alston, Fidecaro, von Gierke, Evans, Newport, and Williams, 
Proceedings of the CERN Symposium on High-Energy Accelerators 
and Pion Physics, Geneva, 1956 (European Organization of 
Nuclear Research, Geneva, 1956), Vol. IT, p. 236. 

12 Nagle, Hildebrand, and Plano, Proceedings of the CERN 
Symposium on High-Energy Accelerators and Pion Physics, Geneva, 
1956 (European Organization of Nuclear Research, Geneva, 1956), 
Vol. II, p. 238. 
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results, it appears that Orear’s expressions for 6; and 6; 
have been adequately verified at low energies, at least 
down to ~20 Mev (#~0.47). Nevertheless, it does not 
seem to be absolutely ruled out that 53; could be pro- 
portional to 4° at very low energies, while going over to 
Orear’s values at somewhat higher energies. From the 
point of view of the dispersion relations, this would 
have the consequence that Refa;_(6’)] and hence y 
remain finite at y=1 (x=0.930), and therefore the 
curve of y vs x could be extrapolated to «=0 to yield a 
finite value of f*. However, even if this were the case, 
it is likely that the plot of y vs x would have a strong 
curvature and would not extrapolate to the correct 
value of f* (=0.1). In this connection, since the 
divergence of Re[a3.(6’) ] at y=1 masks the behavior 
of the part of y which is due to a3g(4’) (arising from 433), 
it is of interest to obtain the y vs x plot derived from 
da3g(6’) alone (by setting 6;=0). In this case, even with- 
out any detailed calculations, it can be seen from the 
following argument that Eq. (7) would predict a nega- 
tive value of f?, of the order of —3 times that given by 
the Fermi phase shifts. 

The amplitude a3s(6’) is given by Eq. (14). The 
phase shift 53; involved in the Fermi amplitude a,(6) is 
quite small. Thus for the expression obtained by 
Anderson,’ 


7® cotds;= — (0.0415—0.007759?)"', (18) 


|6s,;| has a maximum of 5.5° at T,=225 Mev. In the 
approximation in which 43; is neglected, a comparison 
of Eqs. (6) and (14) shows that 


d33(6') = — 3a3(6). (19) 


Since C, J;, and y are directly proportional to a3, we 
have 


C’=—3C; 


where the primed quantities refer to the Minami phase 
shifts, while the unprimed quantities refer to the Fermi 
set. Upon substituting (20) into Eq. (7), one obtains 


ft=—3f', (21) 


which gives f’?~—0.3. 

The actual plot of y(6s3) vs « is shown in Fig. 1 
(dashed curve); here (533) is the part of y which is 
due to 633 alone [a3g(6’) ]. It is seen that y(533) has a 
considerable curvature and extrapolates to f?= —0.29, 
as expected from the previous arguments. Of course, 
it should be emphasized that (63s) is only a part of the 
complete y, and therefore no definite general conclusions 
can necessarily be drawn from (633) alone. However, 
it is obvious that at the higher energies, y is almost 
entirely determined by the contribution of 63; alone 
[ie., y~y(bss) for y22]. As we have already noted, 
the high-energy part of y [which is ~y(é33) ] has an 
intercept yielding a negative f*. Hence it is clear that 
even if one varies the possible momentum dependence 


Is) (ay) =—313(+y); y' = —3y, (20) 


- 
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of the 5; phase shift, in a manner compatible with the 
experimental data, one cannot obtain a straight line 
with an intercept giving the correct value of f?. As was 
discussed above, with the use of the Orear phase shifts 
for 53, the resulting curve of y vs « (see Fig. 1) is in very 
marked disagreement with the dispersion relations. 

In Fig. 1, the squares adjacent to the curve of y(633) 
indicate the order of magnitude of the uncertainties 
introduced by the numerical calculations of Re[ap(’) ] 
and the integrals over Im[ a3g(8’) |. The uncertainties 
in the complete y (upper curve) are of the same order 
of magnitude. 

It may be noted that the effect of the T=} state 
(amplitude a;), which was neglected by Davidon and 
Goldberger! in obtaining Eqs. (7)-(10), has been 
evaluated for the Minami phase shifts, using Orear’s 
prescription of 5;=0.16%. The contribution of the Fermi 
p-wave phase shift 5,; was neglected, since it is probably 
very small compared to that of 6,, and since there is 
not much information on the values of 6,3. With the 
inclusion! of a, one still obtains an equation of the 
form of (7) for y vs x, provided that C and y are re- 
defined as follows: 


I as Im(a3) — Im(a;) 
| | (22) 


a 
C=— 


3m J; 7 
y= }x{Re(as)—y[Is(v)+4/3(—7) +3/1(—Y) J}, (23) 


U 


where 
Im(a;) 


1 @ 
n(-n=- f dy’ 25! . 
we; v'(y'+y7) 


Thus y differs from Eq. (9) by an extra term 3/;(—y) 
in the square bracket. The integral /,(—~) of Eq. (24) 
was evaluated both for y=1 and y=3. The resulting 
change of y due to J,;(—v) is given by 


(24) 








Ay=—4}yxli(—v), (25) 
and has the values +0.0015 at y=1 and +0.0080 at 
y=3. These corrections are of the order of the accuracy 
of the calculations (see Fig. 1) and can be safely 
neglected. 


Ill. a’ PHASE SHIFTS 


As mentioned in the introduction, there exists a set 
of possible phase shifts which can be obtained by 
applying the Minami transformation® to the usual 
Yang phase shifts. These phase shifts will be called the 
a’ set and are given by 


a’ (*S, T=}$)=an=x—5a, (26) 
a’ (?Py, T=}) =as=5s, (27) 
a’ (?D,, T= $) =a33=x— das, (28) 


where as, a@31, and a3; are the Yang phase shifts, which 
are in turn given in terms of the Fermi phase shifts, 
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Fic. 2. Plot of y vs x for the a’ phase shifts. The solid curve 
represents y. The dashed curve marked y(a33) gives the contribu- 
tion to y due to the phase shift a3; alone. 


53, 531, 533, and the angle x defined by 


2 sin2633+sin263; 
tanx=- . 
2 €082533+c082631 





(29) 


where the sign of sinx is the same as that of 2 sin26,; 
+sin263;. Equation (26) shows that the large Yang 
phase shift as; becomes an s-wave phase shift for the a’ 
set, and a3; becomes a d-wave phase shift. Hence, in 
this set, there are both s-wave and d-wave resonances. 

In a calculation similar to that of Sec. II for the 
Minami phase shifts, we have applied the spin-flip 
dispersion relations to the a’ set. In similarity to Eq. (5), 
the spin-flip amplitude for the a’ phase shifts is given by 


a3(a’) = (2i9*)-"[1 —e?434-3(1—e%#933)], (30) 


which shows that the p-wave part (involving 63) is the 
same as for the Minami amplitude: 


(31) 


@3q(a’) _ @34(8'), 


where d34(6’) is given by Eq. (13). This result arises, 
of course, from the fact that the s-wave phase shift 
5; is the same for the Fermi and the Yang solutions. 
Figure 2 shows the results of the calculations. As for 
the Minami set, we have presented two curves. Using 
the values of Orear for 63, one obtains the solid curve, 
which represents the complete function y. Of course, 
the divergence of y at «=0.930 (y=1) implies that the 
a’ phase shifts are in disagreement with the dispersion 
relations, The dashed curve of Fig. 2 shows the part of y 
due to a3 alone [y(as3) ], which would extrapolate to a 
negative value of f? (=—0.052). As in Fig. 1, the 
squares adjacent to the curve of y(qs3) indicate the 
order of magnitude of the uncertainties of the numerical 
calculations. Both curves have rapid variations (two 
maxima and two minima) in the region of the scattering 
resonance (x= 2.0 to 2.8). This behavior is in disagree- 
ment with the straight-line relationship predicted by 
the dispersion relations. As discussed above, the reason 
for considering the part y(as3) is that the divergence of 
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the complete y at y=1 is due to the phase shift 6; alone. 
If 5; were proportional to #* in a narrow region near 
7=0 (while going over to —0.114 at higher energies), 
the divergence of y would be removed. However, as 
Fig. 2 shows, the spin-flip dispersion relations would 
still be violated by the a’ phase shifts, because of the 
rapid variations of y near the resonance and the fact 
that a straight-line relationship with the correct coup- 
ling constant could not be obtained. Thus’ it can be 
concluded that the a’ phase shifts are inconsistent with 
the spin-flip dispersion relations. 


IV. CONCLUSIONS 


We have applied the spin-flip dispersion relations® for 
the pion-nucleon scattering to the Minami phase shifts 
derived from the Fermi set and to a set of phase shifts 
(a’) obtained by applying the Minami transformation® 
to the well-known Yang phase shifts. It has been shown 
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that the Minami and the a’ phase shifts both give 
a divergence (at y=1) in the curve of y vs x, in definite 
disagreement with the straight-line behavior deduced 
from the dispersion relations. The divergence of y at 
y=1 arises from the fact that 6; is proportional to 4 
at low energies (6;=—0.11%).® In addition to the di- 
vergence, the curve of y vs x for the a’ phase shifts 
has rapid variations in the region of the resonance. 
From these results, one can conclude that both the 
Minami and the a’ phase shifts are incompatible with 
the dispersion relations. 

The fact that the Yang, Minami, and a’ phase shifts 
are all in very marked disagreement with the require- 
ments of the spin-flip dispersion relations, while on the 
other hand the Fermi set is in agreement, makes it 
almost certain that the Fermi set is the only correct set 
and is also the unique solution for the pion-nucleon 
scattering at low energies up to ~ 300 Mev. 
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A quantitative study of y+» decay is presented using the techniques of dispersion theory. The dis- 
cussion is based on a model in which the decay occurs through pion disintegration into a nucleon-antinucleon 
pair, the latter annihilating via a Fermi interaction to produce the leptons. The weak vertex contains 
effectively both axial vector and pseudoscalar couplings even if one adopts the point of view of a universal 
axial vector and vector Fermi interaction. The pion-nucleon vertex which enters our model is also calculated 
using dispersion techniques. Under the assumption that this vertex is damped for large momentum transfers, 
we obtain a result for the pion lifetime largely independent of the detailed properties of the vertex and one 
which is in very close agreement with experiment. The precise prediction of our theory depends on the energy 
dependence of the complex phase shift for nucleon-antinucleon scattering in the 'Sp isotopic triplet state. 


I. INTRODUCTION 


HE main interest in the problem of pion decay at 

the present time concerns the experimental ab- 

sence of the modes r—e+y! and r—e+7+7.? Beyond 

this, however, one would also like to understand 

quantitatively the mechanism of the observed decay 
mode m—u+ v. 

This process is customarily described in terms of 
virtual dissociation of the pion into a nucleon-anti- 
nucleon pair, the latter annihilating via the yu-capture 
Fermi interaction to produce the lepton pair. Only the 
axial vector and pseudoscalar Fermi couplings can 
contribute here. The former is of special relevance, since 
it and the vector coupling now appear to dominate in 
the other Fermi interactions: u and 8 decay. Further- 
more, a universal axial vector coupling would imply a 
(1937) L. Anderson and C. M. G. Lattes, Nuovo cimento 6, 1356 


2 Cassels, Rigby, Wetherell, and Wormald, Proc. Phys. Soc. 
(London) A70, 729 (1957). 


suppression of —e+ v decay relative to r+» decay 
by a factor of ~10~. 

It is possible that the physical picture described above 
has to be extended to include also Fermi couplings of 
hyperon pairs with leptons, although at the present 
time there is no experimental evidence for 8 decay of 
hyperons. In any case, if only to sharpen the problem, 
we want to see to what extent the simple picture based 
on an axial vector u-capture coupling can be reconciled 
with the known rate for y+» decay. 

It is necessary here to make precise what is meant by 
our assumption that the coupling is axial vector. What 
we assume is that the Fermi interaction Lagrangian 
contains only nonderivative axial vector (and vector) 
covariants. In the yw-capture reaction, however, the 
nucleons involved are surrounded by clouds of pions, 
pairs, etc. This means that the S-matrix element will in 
general contain terms which simulate Fermi interactions 
with derivative nucleon couplings. When reduced to the 
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standard form with no derivatives, the matrix element 
will contain a pseudoscalar covariant, in addition to the 
basic vector and axial vector terms. Moreover, the 
coupling “constants” will in fact be scalar functions of 
the momentum transfer. These matters are discussed 
more fully in another paper,’ where it is made apparent 
that, in particular, the effective pseudoscalar coupling 
coefficient may be appreciable at the momentum trans- 
fer involved in » capture. Likewise, for pion decay it 
plays a decisive role in the model to be discussed here. 

As in reference 3, the discussion here is based on the 
use of dispersion-relation techniques. In the approxima- 
tion ultimately adopted, the pion decay rate is expressed 
in terms of the (complex) phase shift for nucleon- 
antinucleon scattering in the ‘So isotopic triplet state. 
The essential assumption which has to be made here is 
that the nucleon-pion vertex function vanishes for infi- 
nite momentum transfer. If this is so, our final expres- 
sion for the pion decay rate, although not free of ap- 
proximations, is at least unambiguous. 

The phase shift in question is not at present known 
with any experimental accuracy. It is not possible 
therefore to quote a definite theoretical result based on 
the present model. For a wide range of possibilities, 
however, our expression for the pion decay rate is not 
sensitive to the detailed properties of the phase shift 
and the calculated pion decay rate is in surprisingly 
close agreement with experiment. We may note here 
that in a perturbation-theoretic treatment*® of pion 
decay one encounters (for axial vector coupling) a 
logarithmic divergence, so that the result is quite 
ambiguous. A similar calculation for pseudoscalar coup- 
ling leads to a quadratically divergent result which is 
naturally totally meaningless. 

For definiteness of writing we assume throughout the 
validity of the two-component neutrino theory, though 
this is not really relevant to the discussion. 


II. DISPERSION RELATIONS FOR = DECAY 


The quantum field theory of unstable states is not a 
well understood subject and we shall not contribute to it 
here. But there seems to be little doubt how to proceed 
where we are willing to treat the weak interaction re- 
sponsible for the decay in lowest order. 

We begin by deriving a general formula for the decay 
of a negative pion into u meson and neutrino. Loosely 
speaking, we are interested in the S-matrix element 
(uv “out” |). In spite of the fact that the state |) is un- 
stable, we apply the customary formalism of field 
theory® and write 


(uv “out’’| r)=i(2r)5 (put p,— px) 


X(ulF,(0)|r)(1+-ys)u(p,), (1) 


3M. L. Goldberger and S. B. Treiman (to be published). 

4M. Ruderman and R. Finkelstein, Phys. Rev. 76, 1458 (1949). 
5S. B. Treiman and H. W. Wyld, Phys. Rev. 101, 1552 (1956). 
6 Lehmann, Symanzik, and Zimmermann, Nuovo cimento 1, 205 
(1955). 
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where we have introduced the source of the neutrino 
field, f, according to 


i) 
Yu—Wo= fr. (2) 
OX, 


The neutrino is described by the Dirac spinor u(p,). 
Now /f is assumed to be proportional to the small 
coupling constant g linking uw and » to the nucleon (or 
perhaps more generally, baryon) fields. Since we have 
exhibited the weak link explicitly, we now turn off the 
8 coupling so that the state |) really exiscs. 

Inserting normalization factors for convenience, let us 
now write out the spinor coefficient of (1+-y5)u(p,): 


I= (Pyo/m,)*(2p +0) Ku | fr | w) 


Puo i 
-i(“) acevo (7.(0)J (x)),.{0) 


my 


Puo ' a 
-i(™) [drevre mo my| Go) I)4|0), (3). 


Ms 


where J is the source of the charged meson field, 
(u?—{_])y, and the second line follows by making the 
usual contraction on the state |). The third form of 
(3) follows from translation invariance. We can use 
momentum conservation to replace p,—p, by p» 
Finally, using the identity 


(fo(x)J(0)), =[fo(x),J (0) 0(x) +I (0) fel(x), (4) 


where 6(x) is the step function (which vanishes for x9 <0 
and is unity for x»>0), we may write 


Puo , ‘hy x 
m=i(—) fax esr -0(a)ul LF), 10) 0). (5) 


My 


We have dropped the second term in Eq. (4) since it 
makes no contribution to physical pion decay. The 
remaining discussion is based on Eq. (5). 

It follows from invariance principles that IN must 
have the form 


M= FL (put pr)? il pu)yeva( put pr)a. (6) 


Actually, since SW is ultimately going to be contracted 
with the spinor (1+-ys)«(p,), the y:p, term above may 
be dropped; and further, we may set W(p,)y-p, 
=im,t(p,). The reason then for displaying the factor 
(put p,)x is that when we later make the explicit as- 
sumption about the axial vector character of the lepton 
coupling with nucleons, the factors will come out in a 
natural way. 

We now show that SM, or more precisely, F, satisfies a 
dispersion relation.’ This is most easily seen by choosing 
a coordinate system in which the wu meson is at rest. By 





7 See the Appendix for a more general derivation. 
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virtue of the masslessness of the neutrino, we may 
express 31 in this frame as 


m=i f dx exp[ivo(xo—n-x) ]0(x0) 
X(u|Cf-(x),J(0)J|0), (7) 


where n is a unit vector in the (irrelevant) direction of 
p,. Since |x| >n-x by virtue of the causality condition 
[ f»(x),J (0) ]=0 for x?—«,?>0, and since x9 is restricted 
by 6(xo) to positive values, we see that NM (vo) defines a 
function which is analytic in the upper half of the 
plane. Thus we may write a dispersion relation for MN, or 
better, for the function F defined in (6), in the form 





on ImF (—m,2—2m,»’) 
F(—m2—2mn)=— f dv! . el 


T Vx 


(8) 


vy — Yvon ie 


This may be written in terms of the invariant 


E=(p, tp») as 


oo . bert) 
r@=- f OF Saerene 


mat, (9) 
t’+i—ie 


T Vw 


We are of course making a definite assumption about 
the behavior of F at infinity; if we were to encounter a 
divergent integral we would in the usual way have to 
write a dispersion relation with a subtraction. Unless 
there were some value of ¢ for which F is known, for the 
present purposes we would be defeated. This is because 
we require for the w decay rate the value of F at a single 
point, namely ¢=(p,+ ),)?=p,°=—m,’. Since this is 
just a number, we cannot tolerate the presence of any 
unknown constants. In the specific model which we shall 
adopt, no subtractions are necessary if the lepton- 
nucleon coupling is axial vector. 

The imaginary or, better, absorptive part of F may 
be computed by going back to Eq. (5); we write 
I= D+iA and identify A, the absorptive part, with the 
contribution from the term } in 6(xo)=3+4e(xo). We 
then find, after inserting a sum over a complete set of 
states and carrying out the space-time integrations, 


A =1(pyo/m,)? Lalu! fr|mn| J |0)5(pr— pr— py) (10) 


(the three-vector part of the 6 function must, with our 
normalization, be regarded as a Kronecker 6 function). 
In order to maintain the proper reality conditions at all 
stages of approximation, it is convenient to write the 
sum over states |) as one-half the sum over “out” plus 
“in” states. We shall not write this explicitly but it will 
be assumed from now on that the sum has this meaning. 

We evidently cannot hope to evaluate (10) com- 
pletely, so we must resort to physical arguments to 
select the important, and tractable, intermediate states. 
We need consider only states of zero baryon number; 
and the least massive of these is that consisting of three 
pions (states containing two pions, or two K particles, 
cannot contribute if parity is conserved in the strong 
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interactions). In fact, however, we want to explore the 
possibility that only the baryon-antibaryon states are 
important, in particular the state consisting of neutron 
and antiproton. We have no quantitative argument for 
throwing out other states of comparable or smaller mass. 
One may, for example, try to argue that pion-pion 
scattering is weak so that (3m|J|0) might be expected to 
make a smaller contribution than (mp|J|0). States with 
even more pions are so complicated that we can have no 
rational feelings about them. As far as baryon pairs 
other than n—® are concerned, their importance de- 
pends in part on whether they are directly coupled to 
the leptons. If so, they may be expected to make 
contributions comparable in magnitude to that coming 
from the n— state and the amplitudes would interfere. 
Even if hyperon pairs are not directly coupled to leptons, 
they are indirectly coupled in the sense that through K 
meson transfer they may convert to nucleon pairs. In 
the latter case, no direct hyperon-lepton interaction, the 
hyperon pair states may be relatively unimportant. 

We shall proceed then on the assumption that only 
the intermediate state |p) need be considered. This is 
the state which has been considered in earlier investiga- 
tions, and retaining just this state provides us at least 
with a definite model which can to a certain extent be 
evaluated and compared with experiment. 

The relevant term in (10) involves the product 
(u| f,|npnp|J\0). The first factor involves the weak 
link; on general invariance grounds, it must have the 
form 


a folnp)= 


Puotopo 


m 





; 
) U(p){iayxys— (n+p) rvs} u(n) 
XU(pu)ivays; (11) 


where we have included only those terms which are 
relevant for pion decay and where the assumption that 
the basic Fermi interaction is axial vector is made 
apparent by the structure of the iepton factor. The 
coefficients a and 8 are, in general, functions of the 
momentum transfer (n+ )*. The term containing the 
coefficient b simulates a pseudoscalar coupling, though 
it in fact has its origin in radiative corrections of the 
basic axial vector coupling. The only experimental 
information concerning the coefficients a and b can at 
present come from w-capture measurements and would 
concern values of the argument (n+)? of order m,’. 

A discussion of these coefficients is given in reference 
3. It is shown there that a is very likely a slowly varying 
function of momentum transfer, at least for small 
momentum transfer. We shall make the perhaps drastic 
assumption that, even for the large momentum transfers 
involved here [—(n+p)*>4m"], it retains effectively 
its u-capture value: a=a(m,?)=ga, where we identify 
ga with the Gamow-Teller coupling constant of 8 decay. 

As for the coefficient 6, we take the result of reference 
3: for small momentum transfer, 


bl (n+p)*]= —V2GF(—m,*)[(n+p)+m2}', (12) 
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where G is the pion-nucleon coupling constant and 
F(—m,*) is just the effective pion-decay coupling 
coefficient defined in Eq. (6) and evaluated at the 
momentum transfer of free pion decay. The relation (12) 
is based on the assumption that d satisfies a dispersion 
relation with no subtractions and no additive constant. 
This represents the major assumption of the present 
discussion. Again, we shall assume the validity of (12) 
even for the large momentum transfers involved here. 

The superficially unwarranted assumptions concern- 
ing the — dependence of a and 6 for large & have, in fact, 
been investigated in reference 3. We have found that a 
more exact treatment does not modify our numerical 
conclusions qualitatively. 

Next we turn to the matrix element (mp|J|0). For 
definiteness assume that |p) is an “out” state. (The 
distinction between “in” and “out” was of no conse- 
quence in our discussion of (u| f,| mp) since we ultimately 
set @=g4=constant.) This vertex has been studied by 
us in detail in connection with the problem of nucleon 
structure.’ We content ourselves here with quoting the 
main results and trying to make them plausible. We 
note first that since J is a pseudoscalar, the intermediate 
state |mp) must have zero angular momentum and odd 
parity. Imagine that we are in a coordinate system where 
n+p=0. The state in question is evidently the ‘Sp 
isotopic triplet. It is evident from invariance considera- 
tions that the matrix element must have the form 


(nopo/m*)Knp | J\0)=iK[(n+p)* }i(n)yeu(p). (13) 


We shall assume, as appears quite reasonable, that the 
function K(£) is analytic in the complex £ plane, cut 
from — (3m,)* to — ©. Now the exact behavior of K for 
large & is not known. It has been shown,’ however, that 
the proper vertex function, which is very closely related 
to K, does approach zero for >. The precise relation 
is as follows: 


(np | J\0)= (¢+m,")Ap.(€)a(n)iysu(p) f(£), 


where A,.(£) is the exact pion propagation function. 
The function f(¢)--0 as —$>~ ; thus K will show the 
same behavior provided the product £4,,(£) is finite in 
the limit. This limit is in fact Z;~', where Z; is the usual 
meson wave-function renormalization constant. If Z; is 
not zero then we may conclude that our function K 
approaches zero as —§>. 

Now in general, for real ¢, K() is a complex function 
and we may write the self-evident formula 


eiv(-®) 
,  cosle(—8)] 


where the argument of ¢ has been written as —€ for 
later convenience. We now assume that K(£) can be 


ReK (é), 


i 
8 Federbush, Goldberger, and Treimarm, (to be published). 
9 Lehmann, Symanzik, and Zimmermazin, Nuovo cimento 2, 425 
(1955). 
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extended to a function analytic in the cut ~ plane and, 
further, that it satisfies a dispersion relation with only 
one subtraction, namely, 











+m,’ 
K(@)=K(-m2)-( ) 
T 
ImK (—#’) 
xf de 
(3m,_)? (¢’—m,?) (’+£—ie) 
E+m,’ 
=K(—m,)—(~ ) 
tan[ ¢(¢’) ] 





xf ReK(—¢£’)dé’. (14) 
(3my)*(£’— m,")(¢’ + £—i€) 


The ‘‘—ie” has been inserted to conform with the “out” 
boundary condition on the state | mp). 

To proceed further we must of course identify the 
phase ¢. If we assume that all matrix elements con- 
necting the one-pion state to states other than | mp) are 
negligible, it turns out that 


Re(e* sind) 
i, O(té— m’), 
1—Im(e* sind) 


where 6 is the complex phase shift for »— scattering in 
the 'S» state and is a function of the center-of-mass wave 
number (}£—?’)!. This result may be understood in the 
following way. Note first that if 6 is real then g=6; and 
one has a familiar-looking result, namely, that the matrix 
element is a real number times e®, where 6 is the phase 
shift for the final state. Actually this form would be 
expected only if the interaction responsible for the 
process n+p were weak. Now the matrix element 
(np|J|0), aside from irrelevant kinematic factors, is just 
equal to —iS,5,., where S,5,, is the S-matrix element 
for the rather unusual process of a x~ meson.converting 
into a neutron and antiproton. From (10) it is evident 
that we are concerned with the above matrix element 
only for such weird + mesons that the process is in fact 
allowed by energy-momentum conservation; i.e., we 
have 6(p.—p,— p,) =5(n+p—p,). Since the conserva- 
tion laws are satisfied we may utilize the formal prop- 
erties of the S-matrix in the usual way. In particular, 
we write S in terms of the real reaction matrix Q. Only 
one angular momentum and parity combination is in- 
volved here, namely 0~ ; and the matrices are labeled by 
the particle symbols, x, 34, ---mp, ---. Next we write 
Q=Qo+0Q’, where Qo is defined as having no matrix 
elements connecting to the one-pion state. We then 
write 
(=< 
ane 
1—iQo—i0’ 
where the second equality may be verified by expanding 
the first form of S, appropriately symmetrized, in 
powers of Q’ and then regrouping. If, finally, we assume 


(15) 





tan[ ¢(é) ]= 


) =[(1+S)Olans, (16) 
np, x 4 
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that all the matrix elements of Q’ are negligible except 
that connecting and np, we have 


San+~inP|J|0)=—(14 Son nian (17) 


Now we know that Q’n5,, is real and $(1+S)n5,n5 is 
simply e* cosé, where 6 is the complex phase shift for 
n—p scattering in the '\S state. The important point to 
notice is that we do not have to assume that Q’n5,- is 
weak to obtain this result, so that (17) isa generalization 
of the usual result and is valid provided that the ele- 
ments of Q’ connecting m to states other than mp are 
weak. Since tang=ImK/ReK, we have 


Im(e* cosé) 
tang=— A 
Re(e* sind) 





which is equivalent to the result of Eq. (15). 

We now return to the dispersion relation (14), where 
of course the lower limit of the integral is now (2m)°. It 
may be shown that the solution of (14) is given by 


&+m,* 





K(&)=K(—m,’) exp| —( 





¢(t’) | 18) 


xf a zy 
amt (t’—m,*) (f+ £—ie) 


Note that since only tang is defined experimentally, ¢ 
itself is undefined to within additive multiples of 7. But 
on physical grounds we suppose that tang—0 for 
t’—4m? and we take ¢(4m’)=0. If, as would appear 
reasonable, there is always some absorption at all wave 
numbers (6 always complex), then clearly for all wave 
numbers | ¢|<2/2. We shall assume this to be true. 
Moreover, if K is to vanish for infinite momentum 
transfer—as must be assumed in the present discussion 
—it is necessary that ¢ approach a positive limit as 
te, 

We are now ready to put the pieces together to finally 
effect the evaluation of (10). Substituting (11) for 
(u| f»|mp) and (13) for (mp|J|0), and carrying out the 
sum over spins and integration over phase volume 
implied in (10), we find 


1 
A(t) = ——(ma—}éb) ReK (é) 
4dr 





&+4m’\! 


From this and Eq. (12), we thus have 


; | 
+m, 
4m? 3 
). (20) 





1 v2 
ImF()=— —| me. +—GF (—m,?*) 
4r 2 é 





e+ 
xReK()( 


AND S. B. 


TREIMAN 


For the dispersion relation (9), which we rewrite 





1°  ImF(—£) 
F(-mi)=- f &——, a) 
T /4m? t—m,* 
we require 
§--m,” 
ReK (— §)=V2G cos¢(£) exp| (“—) 
Tv 
e e(y) 
xf dy — -|, (22) 
> )(y— -m;') 


where we have used the fact that K(—m,*)=v2G. A 
principal-value integration is implied here. 

It is convenient now to introduce as variable the 
center-of-mass wave number & for nucleon-antinucleon 
scattering. Let 


t=4(k+m’), 


Finally, for algebraic convenience, let us set the pion 
mass equal to zero in the above expressions (this 
introduces no appreciable error). Collecting all our 
results, we obtain 


y=4(k2+-m?). (23) 








m J 
F(0)=——v2Gg4 ; (24) 
29? 1+ (G/41) (2J/r) 
s=f dk heats , cose (k) “lS dk’k' o(k’) 
o + 





x(~ ——~—— —)|. (25) 
Kk m? 


III. NUMERICAL ESTIMATES 


Let us first write down the expression for the pion 
decay rate w. In the standard way, one finds 


1 m2 fm? m,2\? 
mint M 2) 
2x* mM, mM, m,? 
C J . 
x(= ) eamary(— : —). (26) 
4n 14+G2, /Qn? 


If we take G?/4a4=15, and if we adopt for g4 the value of 
the Gamow-Teller coupling constant in 6 decay (there 
is as yet no experimental justification for the latter, but 
aside from small corrections, it is implied by the notion 
of a universal Fermi interaction), we then find from the 
known pion lifetime that 


J 
(—_) ~o1s 
14+-GJ/29?7 exp 


On the theoretical side, provided only that J> 5, so 
that we can neglect the unit term in the denominator of 
Eq. (27), we obtain a result independent of J (i.e., 


(27) 
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independent of the details of the nucleon-antinucleon 
scattering); namely, we obtain the value 0.10. This is 
rather surprisingly good agreement with experiment. 
One sees here the decisive damping effect of the de- 
nominator in Eq. (27). 

We remark that the expression for F(0) which one 
obtains in perturbation theory is precisely given by 
Eq. (24) if one neglects the damping term in the 
denominator and if one sets g=0 in Eq. (25). In this 
case the integral over k in Eq. (25) of course diverges 
logarithmically. 

In the present discussion, what we require for good 
agreement with experiment is of course that the integral 
of Eq. (25) shal! be finite, i.e., that the pion-nucleon 
vertex function vanish for infinitely large momentum 
transfer; and thai the value of J be large compared to 
(G*/2x")' = 75. We cannot argue in detail the cor- 
rectness of our assumptions. No one can really be 
confident about a conjectured behavior of a complex 
phase shift for very large energies. It is our general 
feeling that even in the face of the opening up of ever 
newer absorptive channels with increasing energy, the 
real part of the 'So phase shift will remain finite, so that 
damping of the nucleon vertex will persist. The argu- 
ment is that the wave function will ultimately stay out 
of the region of annihilation. 

If, as we are hoping, the behavior of ¢ for large wave 
number & is such as to guarantee fairly rapid con- 
vergence, the main numerical contributions to J would 
come from small values of &. In this low-energy region a 
two-parameter scattering length approximation for 
n—p ‘So scattering seems reasonable, and we now turn 
to this simplification. As stated, the approximation 
presumably makes little sense at large wave numbers, 
but the final result may be numerically reasonable. This 
will be especially so if the integral J is in any case large, 
since then the pion decay rate does not depend on J. 

The 'So n—p scattering amplitude / is related to the 
complex phase shift 6 by 


f=(e* sind) /k. (28) 


We now introduce two positive constants, a and 6, and 
we suppose that 


tand=k(a+ib). (29) 


Then, from (15), 


tang=ka/(1+b). (30) 


The 'So n—p scattering and absorption cross sections, 
a, and ag, are related to the parameters according to 


a+ 
o.= 4, (31) 
(1+-2b)?+ ka? 


b 1 
cS 
k/ (1+kb)?+ ka? 
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Let us now define 


yO 1 1 
1(k) =~ f iv’ ¥ ou) (——_-___.). (33) 
r J, Ke Rm? 


Even with our simplified expression (30) we have not 
been able to carry out this integration in closed form for 
the general case. We instead consider two limiting 
possibilities (in the following discussion we set m=1, 
which means that the parameters a and 6 are expressed 
in units of the nucleon mass). 


1. a<b 


In this limit we can set tan g~ ¢ (the approximation 
is in fact not unreasonable even for a as large as 6), and 
we find 

2a - * 
exp/ (k) =C(a,b) exp| _ -( — -) ino, (34) 
rb\ PR—1 
where 
2a/ 1 
-(— )Cbe+6 ins}}. (35) 
+1 


T 


C(a,b) =exp 





As for cosy we need make no approximations and we 
have 
1+kb 


( pralehatinatigpstliguempisdonintatomprianace 


Qg=- ° (36) 
[(1+4b)2+ ba}! 


As a numerical example, if we take a=5=3 we find 
J=1.7. 


2. a>b 


We carry out this approximation to lowest order in 
b/a and we further suppose that a>1. We then find 


2b/ @ 
——- (. —) Ina| (0-1) 
ra\a—1 


2b/ Ra? 
. -(——) In(ka) . (37) 
wa ka?+1 


exp/ (k) = (a+1) exp 





Xexp 





In the extreme limit a>) where we can completely 
ignore b/a, we can carry out in closed form the subse- 
quent integration for J [see Eq. (24) ]. In this limit 

J=(a—1)"{1—(a@—1)—' tan“(a@?—1)4}. (38) 
Thus for da and a>>1, J is inversely proportional to a. 
As an example, for a=3 we find J =0.28. 

It is evident from this brief discussion that for a large 
range of possibilities concerning the 'So phase shift, the 
integral J is appreciably larger than (G?/2z)~", in which 
case our result for the pion decay rate does not depend 
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much on J. The actual low-energy behavior of the phase 
shift should become known in time. 


APPENDIX 


In the derivation of the dispersion relation for F(p,”) 
which we have sketched in the text, explicit use was 
made of the vanishing of the neutrino mass. In fact this 
last condition is not required, as can easily be shown by 
an extension of the discussion given in the text. Rather 
than doing so, we indicate instead an alternate deriva- 
tion in which the assumption is made at the outset that 
the leptons emerge from a point, with axial vector 
coupling. 

We begin with Eq. (5), which we rewrite for ease of 
reference : 


Puo i 
=i —") f dx e-1>»-=6(x)(u|[F.(2),J(0)]|0). (Act) 
My 


We now introduce the explicit assumption that f, is 
given by 
F(x) = fobuirrys Vet yxvbn(2).. 


The constant fg is the product of the unrenormalized 
Fermi coupling constant and wave-function renormal- 
ization constants. We now replace y, by a free-field 
operator, since we work to lowest order in the weak 
coupling. Then Eq. (A-1) may be written 


M=Vy(pr)a(Py)ivays, (A-2) 


where 


Valpe)=ife f ae e~*P x *(0|[By(x),J (0) ]|0)0(x), (A-3) 


AND 3. 'S. 


TREIMAN 


and p, stands for p,+),. The effective vector operator 
B(x) is defined by 
By(x)=¥>p(x)iyxvn(x). (A-4) 


Since there are no vectors other than p, which enter 
into (A-3), it is clear that V,(p,) may be written 


Vilpr) = (px),W (7), (A-5) 
and 
ifs 
W(pe)=— f dxeires 
X(0|[p.-B(x),/(0)]|0)0(«). (A-6) 


Since we have to do here with the Fourier transform of 
the vacuum expectation value of a completely retarded 
commutator, it follows in the standard way that W(p,’) 
may be written in the form 


W(p.2)= { i.e 
+p,’ —ite(Pes) 


where {—>0, and p(o’) is evidently proportional to the 
imaginary part of W(—o’). 

It is clear from our definitions that except for trivial 
factors, W(p,") is identical to F(p,”) defined in Eq. (6). 
Having made the identification, we can of course 
evaluate F(p,*) by any method we choose; and the 
procedure followed in the text seems to be the most 
convenient for the present purposes. 





(A-7) 
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The dispersion relations derived by Chew et al. are used to carry out a covariant calculation of the form 
factors for the charge and magnetic moment of the proton. Root-mean-square radii of 0.64 10™ cm for 
the charge distribution and 0.45 10~" cm for the magnetic moment distribution are found on the assump- 
tion that the proton has a point core and that the coupling constant is f*=0.08. Recoil terms tend to reduce 
the rms radii obtained from the static model. The higher-order mesonic corrections do not alter the quali- 


tative behavior of the perturbation results. 


¥. INTRODUCTION 


HE Stanford experiments'? on elastic electron- 

proton scattering have begun to reveal such 
information on the structure of the nucleon as the 
spatial distribution of both the charge and the magnetic 
moment. 

The important question in connection with the 
electron scattering experiments is whether or not the 
deviations between the observed scattering cross 
sections and those expected for a point charge are due 
to the failure of quantum electrodynamics (i.e., break- 
down of the Coulomb law at short distances) or to the 
effects of finite size, or both. Our present attempt is to 
attribute the deviations to the effects of finite size and 
to examine whether or not the rough features of the 
proton can be determined by the pion cloud surrounding 
the nucleon core. More precisely, we wish to examine 
what the dispersion relations, which were derived by 
Chew et al.,* give for the form factors or the root-mean- 
square (rms) radii of the charge and magnetic moment 
in electron-proton scattering. The perturbation parts 
(modified Born approximation) are computed exactly 
in terms of the P-wave renormalized coupling constant 
f*, The correction parts are expressed in terms of 
weighted integrals over the P-wave phase shifts, where 
only the P-wave phase shift 53; (J = 3, /=}) is retained 
under the assumption that the (3,3) state dominates 
the dispersion integral. 

The covariant dispersion relations of Chew ef al. were 
adapted by Okubo‘ to the calculation of the anomalous 
magnetic moment of the nucleon. A similar procedure 
was further applied to the calculation of the neutron- 
electron interaction.’ The effects from the meson- 
current part alone are considered here as in reference 





* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). This 
summary contains a list of references to earlier literature. 

*E. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956). 

3 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1337, 
1345 (1957). I am grateful to the authors for preprints and com- 
munications. 

4S. Okubo, Nuovo cimento 4, 542 (1957). The author is indebted 
to Dr. Okubo for a preprint and subsequent communications. 

5K. Tanaka, Phys. Rev. 109, 578 (1958). The notation of this 
paper will be used with k=c=y=1, where yu is the meson mass. 


5, and no attempt is made to take into account the 
contribution from the core, the assumption being that 
it does not have an appreciable extension.* Previous 
studies on the neutron-electron interaction indicated 
that the large contribution from the nucleon core 
necessary to secure agreement with experiments was 
reduced by about 45%, compared to that required in 
the static model,*~’ so that there may be some justifi- 
cation for this view when one is interested in the rough 
features of nucleon structure. 

In most work so far, the experimental differential 
cross sections for electron-proton scattering at various 
energies were fitted with phenomenological distributions 
of charge and magnetic moment (or current), and from 
these distributions the rms radii were obtained. Re- 
cently, Salzman examined this work from the viewpoint 
of the Chew-Low’ form of the Yukawa-type theory and 
found that the first approximation of the static model 
with an extended core is in agreement with the electron- 
proton scattering up to a few hundred Mev.’ This 
approach is noncovariant and difficulties with the cutoff 
function appear in the calculation. 

In this paper, the recoil corrections and the higher- 
order mesonic corrections to the first approximation of 
the static model are estimated by performing a co- 
variant calculation where the aforementioned difficulties 
do not appear. Since our present results are a direct 
consequence of current field theory, it is of interest to 
present rms radii calculated from dispersion theory for 
comparison with those obtained phenomenologically. 

In Sec. 2, the formalism is outlined and the rms radii 
are defined. In Sec. 3, the quantities are evaluated, the 
numerical results are given, and the errors are esti- 
mated. In Sec. 4 the results are discussed. 


2. FORMALISM 


The scattering matrix element describing the elastic 
"scattering of a nucleon by an external electromagnetic 
field A,(x), to the first order in the electromagnetic 
field, may be written’ (suppressing the spin and isotopic 


6S. B. Treiman and R. Sachs, Phys. Rev. 103, 435 (1956). 
7G. Salzman, Phys. Rev. 105, 1076 (1957); 99, 973 (1955). 
8 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570, 1579 (1956). 
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spin indices of the nucleon) as 


patil (— ~) f sao ju (pr))A4(2) 
Xexpl—i(p2— 





pi) x], 


where j, is the nucleon charge-current 4-vector 
independent of x, and p; and p>» are the initial and final 
four-momenta of the nucleon. Carrying out the inte- 
gration leads to 


S=—i(m?/E,E2)\(ti( po) ju(pi))A s(pe— pr), 


where A,(p2— i) is the Fourier transform of A,(x). 

It has been shown from the assumptions of Lorentz 
invariance, current conservation and the Dirac equa- 
tion of the nucleon, that the nucleon charge-current 
density j, (2,1) has the form’ 


ju(2,P1)= (pe) juu(pr) 
=itt(p2)(eyst+diulypgrrr])u(pr), (2) 
where g=f2—; is the momentum transfer, and ¢ and 


u are invariant functions of g’. Substitution of Eq. (2) 
into Eq. (1) gives 


(1) 





(1-)Q* 





NIE POINT SEE 


TANAKA 


S= (m?/E\E2)*(ii( po) (€A uu 
+4ivlA wage ])u(pr)). (3) 


From considerations of Lorentz invariance, causality, 
charge independence, and the fact that the nucleon is a 
Dirac particle, Eq. (3) has been derived in references 
4 and 5 where the invariant functions « and w are 
defined as 





r(q°)}, (4) 
(2x)* 
e 
p=——G(¢’). (5) 
(2x)* 


In the references above, only the contribution to the 
S-matrix element from the meson-current corresponding 
to the interaction of the physical nucleon with an 
external electromagnetic field A,(q) were taken into 
account. Further, it was assumed that the dispersion 
integral representations for pion-nucleon scattering 
which were derived on the meson mass shell are also 
valid off the mass shell. The invarjant functions D(q’) 
and G(q*) depend on the square of the momentum 
transfer g= p2— p; and are given as® 





ea 1 1 
D(q)=—ir lef aof dy f dt 
VS Sa So [Ott met 1-14 (1—2y(1—y)q* 


1 Ce) 
+-f dx ImB™ (x,q*) Fao f yf a 
us 


(m+1)? 


and 


mi? (1—1) 


(1—2)0° 


Jecrrremnmnmanioreves - (6) 
[02+ m? + (2—m? ~1)t+14 (1-0 y(1—y)g" sh 





@ 1 1 
G(q?)=4ir |-s° f ao f ay fa sionies 
» | eo Jo My [OP m*#+1-1+ (1—12y(1—y) gq? 


(1-1) {Ima (xg?) — mt ImB™ (x,q*)} 





+-[ def ao] af a (7 
am f of fia [O°-+-m?e+ (x— Farge R 


(m+1)? 


The renormalized pseudovector coupling constant f/f is 
related to g, by f*=g*/4m?=g,?/16rm?. The four- 
momenta k; and k» of the virtual mesons interacting 
directly with the external electromagnetic field are 
absorbed in the invariant functions. 

The invariant functions « and u may be expanded in 
powers of g’ as follows: 


@ 


= > (—1)"e,9"", (8) 
n=0 
and 
w= D (—1) "ung". (9) 
n=0 


The coefficients of the expansion e, and yw, are the 





9L. L. Foldy, Phys. Rev. 87, 688, 693 (1952). 


parameters. introduced by Foldy? which characterize 
the internal structure of the particle. In the particular 
case above, €o may be identified as the electric charge 
of the Dirac particle, and yo as its anomalous magnetic 
moment resulting from the meson cloud of the nucleon. 
The remaining parameters represent higher moments 
of the distribution of internal charge and magnetic 
moment. The point charge of the core will be added to 
€9 to yield the charge e for the proton, i.e., e9-=e; but 
because of the assumption that the charge of the core 
has no appreciable extension, no core contribution will 
be added for the remaining parameters. 

Under the assumption that the external fields are 
slowly varying, the invariant functions D(q’) and G(q’) 
are expanded in terms of g’. Then, after rearrangement, 
Eq. (3) becomes 
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fae OER (10) 


OF 


where $,,=[0A,(x)/dx,—0A,(x)/dx,], O is the 
D’Alembertian Saiisae! and the numbers e, and up, 
are expressible in terms of D™ and G™, the nth 
derivatives of D and G with respect to gq’, as 


(—1)" 2 
€.=—— * rpm (0) — mG" (0) ], (11) 
n! (2m)4 
and 
(=a) 0 
ta = ——— —G6"" (0). (12) 


n! (2z)! 


The ¢, and u, for the proton and neutron receive con- 
tributions of equal magnitude but opposite sign as a 
consequence of the r; dependence of D and G. 

The charge and magnetic form factors F; and Po, 
respectively, on which the differential cross section for 


elastic electron-proton scattering depend, may be 
defined as 
=e, =eF, (13) 
pb=pole= (e/2m)xF 2. (14) 


In Eq. (14), « is the anomalous magnetic moment of 
the nucleon in nuclear magnetons. The functions F; 
and Fy, are relativistic generalizations of the form 
factors appearing in a phenomenological treatment of 
the scattering in which F,", for instance, is defined as 


eF Ph = f p(n) exp(iq-r)d*r, 


where p(r) is the charge density within the nucleon. It 
is a function of the radius vector r from the center of 
the nucleon, and one usually assumes a specific form 
for it. The function F; is introduced to take account of 
the spread-out charge and the Dirac magnetic moment 
and F» to account for the spread-out Pauli or anomalous 
moment. 

In order to define the mean-square radii, (r*)., and 
(r°)m, of the charge and magnetic moment, respectively, 
in the present covariant calculation, we use Eq. (2). 
If we substitute Eqs. (13) and (14) into (2) and make 
a nonrelativistic reduction using” 


x 
u(p)=N(p) 3 
op 
(:2) 
E+m 
where V (P) is the normalization factor and x is the 


 Yennie, Lévy, and Ravenhall, Revs. Modern Phys. 29, 144 
(1957). The following nonrelativistic reduction may be found in 
this review article along with references to earlier literature. 
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2-component Pauli spinor, then an expression for the 
nucleon charge-current density j, results. In the center- 
of-mass system when |q|<m, m being the nucleon 
mass, the components of j,= (j,ip) which we obtain are 


poe(Xo*X,)[ Fi — F\+2«F:) ], 
j~(¢/2m) (X.*ieX qXi)[FitKF 2], (16) 


(g¢°/8m*) ( (15) 


where X, and X, are the spinors for the initial and final 
states, respectively." 

The functions F defined in Eqs. (13) and (14) are 
now expanded in terms of q’, the coefficient of the ex- 
pansion being related to the rms radii of the distribution, 
L.e., 


F,,2(¢*) = —$q°(r*)1, 2+ ee, (17) 


(nam frhsner, 


where fi(r) and fo(r) are the densities of charge and 
magnetic moment, respectively." For sufficiently low 
momentum transfer, only terms of order up to g’ need 
be considered. Then it follows from Eqs. (15) to (18) 
that 


(18) 


pme(Xs*X1)(1—Fg*(r")en), (19) 

j~[e(1+-«)/2m](X*ieXqX1)(1—3q%(r?)m), (20) 
where 

(7° on =(7*) 1+ (fm?) (1+ 2x), (21) 

(P°) m= Lr?) u(r*)2 J/ (+x). (22) 


For the neutron, the second term on the right- -hand side 
of Eq. (21) is replaced by 3«/2m’. 

It follows from Eqs. (8), (13), and (17) that the mean- 
square radius (r*),; may be calculated from 


(r*), = 6€1/€0. 


Similarly, from Eqs. (9), (14), and (1 
radius (r’)s is 


(23) 


7) the mean-square 


(r*)2= Ou1/po. (24) 


The definitions of the parameters on the right-hand 
sides of Eqs. (23) and (24) are given by Eqs. (11) and 
(12). The mean-square radii (r’),, and (r),, in the static 
model’ are obtained in the limit as m— © in the 
right-hand side of Eqs. (23) and (24), respectively, 
except that the number 6 in Eq. (24) is replaced by the 
number 10; i.e., 


(r’)en= lim (r*),: =6 lim (€1/€0), 
(9?) n= lim (r?)o= 10 lim (1/p0). 


1 We define the spatial distribution of charge as the Fourier 
transform of the expression in square brackets in Eq. (15). This 
is not unambiguous. However, the ambiguity is unimportant (see 
reference 10). 
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3. EVALUATION OF THE FORM FACTORS The first terms refer to the perturbation terms or 
renormalized Born approximation and the second terms 
refer to the remaining correction terms. The numerical 
factor of Eq. (25) is (%/uc)*=1.957 X10-** cm’. 


The anomalous magnetic moment yo and the second 
moment ¢; of the charge distribution have been evalu- 


ated in reference 5. The numerical magnitudes when : 
S We now proceed to calculate the second moment of 
f?=0.08 are 4 “is a oie 
the magnetic moment distribution u;=4,?+1°. From 


po(2m/e) = (40? +-mo°) (2m/e)=73(1.57+1.37) nm, (25) the definition of w, given in Eq. (12) and the functions 
D and G given in Eqs. (6) and (7), one obtains for 4,” 














and and u:° when n=m: 
‘e= ey / ef? 7? 2F( 1—7)8 
€,/e= (e+ €1°)/e ware —| de bee enn (27) 
= 73(0.0187 —0.0035) (1.957 10-2" cm?), (26) Gem), (f—nt+n)? 
en - 1 2f(1—2)3 ImB@ (x) 1 n2t(1—2)8 ImA@ (x) 
pio =Ts f asl f dt -{ dt 
962? mY (m1)? 0 [P+ (an—1—n)itn? Yo [P+ («an—1—n)t+n} 





: t(1—t) ImA@™ (x) 
+12f di———_ | (28) 
0 nilP+(an—1—n)i+n] 
The integration of Eq. (27) yields 


2m f? 2 8 \cos!(4n!) 
wr(—) =r] 7-6n-+ —+ 5-80 +30 Inn+ (s- 26n+ 28n?* ~6#-— | 
€ 3n 4 (4n—n?)! 





(29) 


f? 
= 13—(3.775) (1.957 X 10-26 cm?). 
3r 


Changing the variable of integration in Eq. (28) from x to the meson laboratory energy v, by the substitution 
x=2mv+m’+1, yields® 


en ® v 2 1+3vn! \ \In[v+(v?—1)!] 
wre f in| [++ —3 In(m?-+2mv+1)+ (69—- ) —| ImB~ (rv) 
48x J; ni(v—1) v—1 n'(v?—1) (v’—1)! 











1 2y v+3n! 
"ant ——— —- ——_-- -— 5 inlet #0) ImA‘ soy 1a| —1+3 In(m?+2mv+1) 
ni(v’—1) v—1 ni(r—1)(°— 
| Ima ’(v) ent pr” 
—--—— ; Inlet =1")) fre f in| rer wanieaen = In(m?+2mv+1) 
(v?—1) ni 48° J, y—1 





3 
“| ImBC ot |44——— 3 In(m? +2mr+1)+ (67 —) 


3 yn +*—1)4] 
+2(—6+12- ) 
) y—1 


2("-—1 (v’—1)! 





In[v+(v?—1)*] 


In[v+(v?—1)!])ImA~ =] 
(v’—1)! 


ImA@ 0) +12 » in? +2mv+1)— (2?—1)— 
(v?—1)! ni 


Higher-order terms in m have been neglected in Eq. (30). When » is expressed in terms of the total center-of-mass 
energy w and w is expanded in powers of 1/m, the final result is® 


2m 1 7% dw sin*ss[ Re 2m Rw \In[w+(w*—1)*] 
w(—)=--—f —i- +2 n(m-+u)+ (—"—2ur¢ ) 
e “— fl at 3 21) (#1)! 


wr 








1,8 8 
+-| he athe a 1) Infw+ (w*—1)*] | 
m « 


= 73(0.0219) (1.957 10-26 cm?). (31) 




















APPLICATION OF DISPERSION 


Equation (31) was obtained under the assumption that 
the (3,3) state dominates the dispersion integral. This 
procedure is expected to yield reasonable results as was 
the case when it was used to determine the energy 
dependence of the phase shifts for S-wave meson 
nucleon scattering.” 

One obtains (r*), from Eqs. (23) and (26). Similarly 
(r*)» is obtained from Eqs. (24), (25), (29), and (31). 
The mean-square radii are obtained from Eqs. (21) and 
(22) by substitution of these values of (r*), and (r’)s 
and the value of uw» from Eq. (25). In order to exhibit 
the effect of the correction terms, the perturbation 
results are also given in Table I. It should be noted that 
the perturbation results are calculated exactly. 

The procedure used here is identical to that used in 
references 5 and 12, and therefore the limitations and 
errors discussed previously are also valid here. 

If the coupling constant is increased from the f?=0.08 
used above to f?=0.1, the rms radii (r’).,! and (r*)n4 
are increased by about 15% and 10%, respectively. On 
the other hand, an error of 25% in €,° causes an error 
of only a few percent in (r*).' because its contribution 
to eis about 20% of that from ¢,”. Also an error of 25% 
in w° gives rise to an error of a few percent in (r*) 4 
because of the factor (1+«) in the denominator. A 
further error of about 10% was introduced in keeping 
only the lowest order term in g’ in the expansion in Eq. 
(16).7 It appears, therefore, that the rms radii computed 
here are subject to an error of the order of 20%. 


4. DISCUSSION 


The structure of the proton that is revealed may be 
characterized in the lowest order by its rms radii of the 
distributions of charge and magnetic moment on which 
the form factors depend. We have performed a co- 
variant calculation of these form factors or the rms 
radii, using dispersion relations in order to understand 
the qualitative features of the high-energy electron- 
proton scattering experiments at Stanford. The present 
calculation is a direct consequence of current field 
theory, provided that certain assumptions that were 
discussed previously are valid and further that the 
assumption of a point core is acceptable.® 

The experimental results indicate that rms radii 
20.6X 10~" cm are required for agreement.? Our result 
appears reasonable although the rms radius of the 
magnetic moment is somewhat low. One should not, 
however, overlook the statement by Hofstadter et al. 
that a model with a small magnetic moment distri- 
bution cannot be made to fit the experiment.!? In order 
to be consistent, the magnetic moment that was calcu- 


2K. Tanaka, Phys. Rev. 108, 1629 (1957). The integrals in 
Eq. (31) were evaluated as in this reference. 
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TABLE I, Root-mean-square radii for the distribution of charge and 





Complete result 


0.64 
0.45 





(en)? 
((7?)m)* 


lated within the present framework was used rather 
than the experimental value of 1.79 nm for the proton. 
Referring to Eqs. (21), (22), and (25), we note that as 
a result the (r’)., was overestimated and (r’),., was 
underestimated. 

That (r’)., is larger than the perturbation result may 
appear surprising because the correction terms are 
known to decrease the neutron-electron interaction.*® 
The explanation lies in the large magnitude of the cor- 
rection term of the anomalous magnetic moment on 
the right-hand side of Eq. (21). The effect of x also 
appears in the decrease in magnitude of (r?)m. The 
higher-order mesonic corrections do not change the 
qualitative behavior of the perturbation results as 
indicated in Table I. 

It would be interesting to compare the perturbation 
values (r*),;? and (r*)2” with the corresponding values 
obtained for the static model’ by Salzman. The value 
(r*),? = (0.47X10-" cm)? is* smaller than the value 
(0.55X10-" cm)? obtained for the static model. Since 
the second moments of charge for the proton and 
neutron receive contributions of equal magnitude but 
opposite sign from the meson-current part, the reduced 
neutron-electron interaction results in a reduced rms 
radius for the proton, as can be seen from Eq. (23). 
The value (r*).?=(0.63X10-" cm)? obtained in the 
covariant calculation here using the definition of the 
static model (r*),?=10¢,”/e is much smaller than the 
value (0.97X10~-)? cm? obtained for the static model. 
The recoil terms thus tend to reduce the rms radii 
obtained from the static model. 

For a quantitative understanding of the structure 
of the nucleon, the nucleon core must be taken into 
account. Its contribution to the structure of the proton 
presumably is not as large as that of the pion clouds, 
since a qualitative understanding of nucleon structure 
is obtained from the pion cloud.” 
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18 The lowest-order covariant perturbation calculation and also 
the Chew-Low static model calculation indicate that the con- 
tribution from the nucleon current or core is smaller than the 
contribution from the pion current, and that its inclusion improves 
the agreement with experiment. 
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Contribution of Three-Body Forces to the Binding of Hyperfragments* 
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The potential energy of A in the hypertriton due to two- and three-body pion-exchange forces is estimated. 
The contributions from the two types of forces are found to be of the same order of magnitude, thus indi- 
cating that the three-body force produces the binding of A in the hypertriton, The role of the three-body force 
in the binding of other light hyperfragments is briefly discussed. 





HE forces that give rise to the binding of A in 
nuclear matter have been attributed to the ex- 
change of both and K mesons. Although, as has been 
pointed out by Henley,” the lowest order diagrams that 
contribute to pion-exchange A-nucleon and A-two- 
nucleon charge-independent forces are of the same order, 
only the effects of two-body forces have been considered 
in most treatments of the interaction between A and 
nucleons. The purpose of this note is to examine the role 
of three-body pion-exchange forces in the binding of 
hyperfragments. 

We shall use the fixed-source pion-hyperon Hamil- 
tonian for A and 2 with spin } and same parity® to 
calculate the lowest order three-body potential between 
a A and two nucleons. Only diagrams in which at least 
one pion appears in all intermediate states will be 
considered. As has been shown in LR, the contribution 
to the A-nucleon potential from diagrams in which there 
are intermediate states with no pions present is con- 
siderably overestimated when the kinetic energy of the 
baryons in these states is neglected. The contribution 
from such diagrams has been included in LR by using a 
second order nondiagonal potential that converts a A 
into a 2, and we shall therefore omit them entirely. The 
calculation of the potential is straightforward. We 
obtain for the contribution from the eight diagrams of 
the type given in Fig. 1: 


V sp= —u(f?/4) (h?/42r) (2/39) 21-22 
X {01° @2[ A1(v,w)+A 2(v,w) cos’O ]+ A3(0,w)Si2 1 
+A4(v,w)Sy2 2+As5(v,w) sin’OS 12 3+A6(v,w) 
X cos6[(v/w)Si2, 1+ (w/0) S12, 2—(a?/vw)Sy2 4 ]}. (1) 


Here, the +; and @; are the isotopic spin and spin 
operators of the two nucleons; v, w, and x denote, re- 
spectively, the two A-nucleon and the nucleon-nucleon 
separations‘; @ is the angle with vertex at the position 
of the A and sides along v and w; the Sj», ; have the form 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

1 For example, see N. Dallaporta and F. Ferrari, Nuovo cimento 
5, 111 (1957); D. B. Lichtenberg and M. H. Ross, Phys. Rev. 107, 
1714 (1957). 

2 E. M. Henley, Phys. Rev. 106, 1083 (1957). 

3 For example, see D. B. Lichtenberg and M. H. Ross, Phys. 
Rev. 107, 1714 (1957). This paper will be referred to hereafter 
as LR. 

4 We use the pion Compton wavelength as a length unit through- 
out this paper. 


of the usual tensor operator Sj. for two nucleons, with 
x replaced by x;: 


X1=V, 
Xo=W, 
X3= (vXw)/|vXw|, 
X4=—X; 


and the A, are given by: 








2e-”(1—2w) 
A,(v,w) =— —Ko(v) 
u 
2e-"(4+w+w") 
——_—_—_—__———-K(v)+Sym.., 
uty 
e-"(4—10w—w*) 
Pc peek sla! 
w 
e~" (16+ 2w+3w*) 
+ - K,(v)+Sym., 
e~”(1—5w) e*(1—») 
A3(0,w = —_______K ,(v) — ——_—_K(w) 
2w* v 
e~"(4—2w—w*) i (2+40+2") 
— —_—__—__——-K(r) -——_—_——_K (wv, 
2p Qe 
Ag (v,w) =A 3(W,?), 
o~(i—w) 
A,(v,w) =—————K0(2) 
2? 
e~”(4+2w+w*) 
——_—_—_———K,(v)+Sym., 
2w*y 
e~” (2—8w—w") 
A,(0,w) = — ——Ke(») 








2w* 


e~”(8—2w+w*) 
——_——K,(v)+Sym., 
2u sy 





where the symbol “Sym.” means that the expression is 
to be symmetrized with respect to v and w. 

It is interesting to note that the potential is inde- 
pendent of the spin orientation of A. At large distances 
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it is effectively the product of two two-body potentials 
each of which has unit range. For small distances it 
becomes singular, and we adopt repulsive cores for 
v, w<0.5. 

To compare the strengths of the two- and three-body 
forces, we shall estimate the potential energy of A in the 
hypertriton due to the nontensor part of each potential, 
neglecting the variation of the A wave function over the 
deuteron and the distortion of the deuteron. We denote 
by U; the potential energy due to the two-body force 
when the A and nucleon are in the state with spin 7; by 
Uj, the potential energy due to the three-body force 
when the two nucleons are in the state with isotopic 
spin j and spin &. We then have 


= Ui [oven e(v)W(x)dr, (2a) 
> Un= [von .(0,w,0)W(x)dr, (2b) 
jk 


where Voz,-(v) is the central part of V,, as given by 
Dallaporta and Ferrari’; V3z,-(v,w,@) is the nontensor 
part of V3, in Eq. (1); ¥(«) is the normalized wave 











N 
N g a 
N at 
Fic. 1. Type of diagram con- ‘ Law 
tributing to lowest order three ei 
body pion-exchange potentiai be . - 
tween A and two nucleons. be 
N 7 N 
A 


function of the deuteron; and dr is a six-dimensiona' 
volume element. 

The integrand in Eq. (2b) decreases somewhat more 
slowly, for increasing values of both v and w, than the 
one in Eq. (2a). Thus, at least for this simply described 
hypertriton, V3s,. has a longer effective range than 
Vop,c. We have evaluated the integrals in Eqs. (2) by 
expanding the integrands in products of power series in 
x, v, and w and integrating out from the repulsive cores. 
Using the values (/?/4a) = (#?/4a) =0.1 for the coupling 
constants, we obtain 


U p= —65 Mev, 
U,=—34 Mev, 
Uy=Uy=—17 Mev; 


Uoo and Uy; are repulsive, but they play a role only 
when relative p-states (or higher odd states) of the two 


T 
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nucleons become effective. The uncertainty in the 
numerical values, arising from the approximations made 
in the evaluation of the integrals, is estimated to be less 
than fifteen percent. 


For the hypertriton, Uo; is to be compared with® 
Uop o=4(3U0t+-U,)=—115 Mev. (3) 


Taking the results at their face value, we see that the 
contributions from the two types of forces are of the 
same order of magnitude, thus indicating that the 
three-body force produces the binding of A in ,H*.* 
However, we have made only a crude attempt to ap- 
proximate the structure of the hypertriton. The bound- 
ary condition at the cores has been ignored completely, 
an approximation which probably leads to an overesti- 
mate for the strength of both potentials. Also, we have 
neglected the tensor terms in Eq. (1), some of which 
may be important because they have nonvanishing 
matrix elements even for s-state nucleons. A rough 
estimate of the effect of these terms indicates that they 
increase the contribution to the potential energy from 
the three-body force. 

Finally, we note that for 4H‘, ,He*, and ,He’, three- 
body forces contribute a higher fraction of the potential 
energy than they do for ,H*, because for all these 
hyperfragments we have 


Uor, xoznU 0, (4a) 


Usp, n= }n(n—1)Uq, (4b) 


where » is the number of core nucleons. If the tensor 
terms, which contribute only for triplet-state nucleons, 
are included, Eq. (4b) has to be modified. 

The results, which we believe to be at least qualitative, 
indicate that a more detailed analysis—including the 
three-body force—of the structure of the light hyper- 
fragments is desirable in order to obtain quantitative 
information regarding the spin dependence of the two- 
body force. 
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§5R. H. Dalitz, Reports on Progress in Physics (The Physical 
Society, London, 1957), Vol. 20, p. 163. The expression in Eq. (3) 
applies when the two-body A-nucleon force is more attractive in 
the singlet state. If the attraction is stronger in the triplet state, 
the expression of interest is U2g,2=2U1. 

* We assume that the contribution to the binding of A in the 
hypertriton due to the exchange of K mesons is of the same order 
of magnitude as (or smaller than) the contribution due to the 
exchange of pions. 
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Comparison of +p and =n Systems* 
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Assuming that the nuclear interactions between =~n and E+ are charge-symmetric, the effect of the 
Coulomb potential in the 2+ system on the binding energy and wave function of a possible bound state of 
the 2*p system is calculated. Using a phenomenological square-well potential the binding energies, ¢, and 
e_, of the 2*p and 2~m systems are determined. In particular, it is found that the limiting condition, e, — 0, 
implies that €_ is 0.38, 0.47, 0.62 Mev when the square-well range parameter, b, equals 1.4 10", 1.0 10-5, 
0.6X 10 cm respectively. If the 2~n interaction determines ¢_ to lie in the small but finite region 0 <e_<e_, 
then the 2~m system is bound and the Z+p system unbound. Conversely, if 2+ is bound, then «_>e.. A 
brief discussion of the experimental situation with regard to these hyperon compounds is given. 





IL. INTRODUCTION 


STUDY of the interactions of hyperons with 

nucleons is of fundamental importance in under- 
standing the nature of these new baryons. Since the 
hyperons have such short lifetimes, ~10-" sec, the 
accumulation of data on the scattering of hyperons by 
nucleons is necessarily an exceedingly slow process. The 
existence and study of bound states of A° hyperons with 
nucleons has furnished a considerable amount of in- 
formation about the A°-nucleon interaction. It is clear 
that a similar investigation of 2-nucleon bound sys- 
tems, if they exist, would be of interest. 

The classification scheme of Gell-Mann! and Nishi- 
jima? implies that the only possible “stable” compounds 
of = hyperons are a + hyperon with one or more 
protons and a =~ hyperon with one or more neutrons.* 
A compound containing for example a 2+ hyperon and 
a neutron would disintegrate rapidly, ~10~* sec, via 
the exothermic reaction =++n— A°+ . Several au- 
thors‘ have discussed the binding energies of the 2~n 
and =* systems from the field-thoretic point of view. 
Making several plausible assumptions and approxima- 
tions, they conclude that the 2~m system and possibly 
also the 2*p system may be bound with very small 
binding energies. 

Experimentally, one event® has been found which was 
interpreted as the decay from rest of a 2+ compound. 
While profile’ measurements and energy-momentum 
balance considerations agree very well with this in- 
terpretation, there still remains a probability of the 








* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1M. Gell-Mann, Phys. Rev. 92, 833 (1953); and M. Gell- 
Mann and A. Pais, in Proceedings of the International Conference 
on High-Energy Physics (Pergamon Press, London, 1955). 

2 T. Nakano and K. Nishijima, Progr. Theoret. Phys. (Japan) 
10, 581 (1953) and K. Nishijima, Progr. Theoret. Phys. (Japan) 
13, 285 (1955). 

3 W. Holladay, quoted by R. G. Sachs, Phys. Rev. 99, 1573 
(1955). 

4D. B. Lichtenberg and M. H. Ross, Phys. Rev. 107, 1714 
(1957). 

5 F, Ferrari and L. Fonda, Nuovo cimento 6, 1027 (1957). 

6 Baldo-Ceolin, Fry, Greening, Huzita, and Limentani, Nuovo 
cimento 6, 144 (1957). 


order of 2% that this event was produced by a K~ 
meson rather than by a 2+p compound.’ 
A =~n compound can only decay via the reaction 


yn — n+n+n-4+(117—e) Mev. (1) 


By analogy to the decay characteristics of the lightest 
A° hyperfragments, a 2+~ compound is expected to de- 
cay predominantly via the emission of a x* or x® meson, 


that is, 
rtp ptntnt+ (110—e,) Mev (2) 
Dtp—> pt+p+r+(116—«,) Mev. (3) 


The event reported in reference 6 is of type (2). From 
the experimental point of view, reaction (2) provides 
the most readily identifiable 2-compound event. Among 
the known particles, only a K~ meson or a 2*+p com- 
pound can give rise to an event in which a slowly 
moving particle disintegrates into a proton and an 
energetic w+ meson (~100 Mev). Hence, if such an 
event were seen in a situation wherein the K~ meson 
hypothesis can be ruled out a priori, the existence of a 
+p bound state would be conclusively demonstrated. 
Such an unambiguous possible source of 2*p com- 
pounds does exist in the following sequence of events. 
A K~ meson comes to rest, is captured inside a nucleus 
and produces a 2+ hyperon. The 2+ hyperon then 
picks up a proton on the way out of the nucleus to 
form a =+p compound. Perhaps about 1000 + hy- 
perons produced by K~ mesons captured at rest in 
nuclear emulsion have been examined by the world’s 
emulsion groups without the detection of a 2*p com- 
pound via reaction (2). This indicates that if the 2+p 
compound is stable, the probability® of its formation 
and subsequent decay via reaction (2) is much less 
than 1%. 

Reaction (3) cannot easily be distinguished from 
some types of nonmesonic decay or of 2° mesonic decay 


™W. F. Fry, Proceedings of the Padua-Venice Conference on 
a Particles, 1957 (Suppl. Nuovo cimento, to be pub- 
lished). 

8 More precisely, it is the probability of decay via reaction (2) 
into a proton that has sufficient energy to make a visible track 
that is the relevant quantity. In nuclear emulsion this corresponds 
to a proton kinetic energy greater than about 0.3 Mev. 
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of a A°® hyperfragment with Z=2. Reaction (1) cannot 
easily be distinguished from the decay of an ordinary 
> hyperon into one neutron and a m meson, except 
in those special cases in which the x~ meson is followed 
to the end of its range so that its energy can be deter- 
mined with great precision. An additional complication 
in the case of reaction (1) is that analogously to the 
behavior of an ordinary =~ hyperon, a 2~n compound 
that comes to rest will be absorbed by the nucleus that 
captures it into an atomic orbit long before it has a 
chance to decay via reaction (1). Hence the method of 
measuring the m~ energy with great precision to dis- 
tinguish a >~m compound from a =~ hyperon can only 
be applied to decays in flight, but in such cases there 
is a considerable uncertainty in the =~ or 2~n velocity 
at the point of decay which will in most cases render 
the separation of 2~» decays from =~ decays impossible. 

This discussien illustrates that in order to detect a 
>-n compound, or a =*p compound that decays via 
reaction (3), a great deal of painstaking measurement 
on the track of the suspect particle must be carried out 
in order to determine its charge and mass. Swami’ has 
made a start in this direction on a limited number of 
events superficially classified as 2~ hyperons, with in- 
conclusive results as to the existence of a 2~ compound. 

A priori, there is a finite probability that the =* 
system be unbound and the =~m system be bound. 
Consequently, a careful comparison of these two sys- 
tems from a phenomenological point of view seems 
warranted. If charge symmetry is assumed for the 
>-hyperon—nucleon interaction, as will be done in this 
note, the wave functions of the 2+ and =~n systems 
differ only through the presence of a repulsive Coulomb 
potential in the =+p system. The purpose of this note 
is to determine theoretically the effect of this repulsive 
Coulomb potential on the binding energy and wave 
function of the 2*+p system. In particular, the extent of 
the energy region in which the =~» system is bound 
and the =*p system is unbound is determined. 

Section II describes the mathematical problem and 
the physical approximations made. Section III contains 
the solution to the problem in the limit that the =*p 
binding energy approaches zero. Section IV gives the 
+p wave function and binding energy for a particu- 
larly simple special case that corresponds to the =*p 
binding energy having the value 0.014 Mev. Section V 
contains some further discussion and conclusions. 


II. MATHEMATICAL PROBLEM 


We assume that the =-nucleon interaction can be 
represented by an attractive, static, central potential, 
which is the same for =~» as for =*p except for the 
Coulomb potential. For definiteness the =~» potential, 


®M. S. Swami, doctoral dissertation, University of Wisconsin, 
1957 (unpublished), 
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V_(r), is taken to be a square well: 
V_(r)=—Vo, r<b 
=0, 


(4) 
r>b. 


The parameters V» and b are related to the binding 
energy e_ of the lowest state of the 2~m system by the 
well-known formula” 


x. cotx_b=—v7_, (5) 
where 


y= (2u_/h*) €, 
p_=M3-M,/(M:z-+M,). 


c= K_?— 7’, 
K_?= (2y_/h*)Vo, 


For the =+p system we assume a potential V,(r) of 
the form 


Vi(r)=—Vote’/d, 


=¢/r, r>b. 


r<b 
(6) 


To avoid the unphysical singularity of the Coulomb 
potential at the origin, and to approximate crudely the 
effect of the smeared-out charge distributions of the 
proten and =* hyperon, the 1/r increase of the Coulomb 
potential has been cut off at the boundary of the square 
well. With these assumptions the problem is to deter- 
mine the relationship between e,, the binding energy 
of the lowest state of the =*p system, and ¢_ for various 
values of b. Of particular interest is the value of e in 
the limit «,—>0. Analogous to the nucleon-nucleon 
interaction, b is expected to be small ~10~%, and Vo 
large, >e®/b. As a result the major contribution of the 
Coulomb potential arises from its effect on the asymp- 
totic form of the 2*p wave function in the region r> 6. 
Hence the differences between ¢, and «_ should be in- 
sensitive to the precise method of rcunding off the 
Coulomb potential in the region r<b. 

To determine the dependence of ¢, on Vo and 5, one 
must solve the Schrédinger equation 


— (h?/2n,)VWt+V,QW=—ey, (7) 


where V(r) is given by Eq. (6), and u4,=Ms*M, 
(Mz++M,)." Before proceeding in this manner, we 
can obtain an order of magnitude estimate of e_—e, 
using first-order perturbation theory. The normalized 
ground-state =~ wave function is simply” 


1 2y } 
ry -|( )( ~)| sinkr, 
dar 1+vyb 
K 1 2y ; 
Meade» 
K/\\4r/ \i4y0 


See, for example, R. G. Sachs, Nuclear Theory (Addison- 
Wesley Publishing Company, Cambridge, 1953), Chap. 3. 

1! Hereafter we shall not distinguish between uw, and w_, u-p, 
= 524.49 Mev=u. Similarly K?2K,?=K*. This simplification 
introduces a negligible error since », and w_ differ by 0.34%, 


r<b 
(8) 
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(The subscript (—) has been suppressed on the symbols 
y and x.) Then the first-order change in energy due to 
the additional potential 


Vi(r)—V_(r)=e/b, 
=e/r, 


r<b 
(9) 
r>b, 


is 


ab=4n f (rn) [V4(r)— V_(r) Jr’'dr 
0 


dy “ ni 
re vy ere 
K 


2 27 
+—(—~ )erret—ni(—208)} (10) 
K?\1+-yb 





where —Ei(—-x) is the exponential integral functicn.” 
In the energy region e_ near zero, xb=a/2, and yb and 
y/« are small compared to 1. Then 


AE~ye+ 2ye[ — Ei(—2yb)]. (11) 


If we equate AE of Eq. (11) to «_, and solve for the 
value of y_ or e_ that satisfies the resulting equation, we 
obtain the value of the =~» binding energy, @, such 
that e, has the limiting value of zero binding energy. 
For the values 2=1.410-", 1.0X10-", and 0.6 10-" 
cm, this procedure yields ¢_=0.43, 0.54, and 0.76 Mev 
respectively. As will be seen in the next section, these 
perturbation theory results differ from the exact results 
for e_—e, in the limit e, ~ 0 by 20%. 


III. EXACT SOLUTION IN THE LIMIT e, —0 


The solution of the Schrédinger equation for the 2*+p 
system is somewhat different from the standard Cou- 
lomb field problems discussed in books on elementary 
quantum mechanics. In this case we wish to determine 
the lowest energy eigenvalue for a bound state, where 
the total potential consists of the superposition of an 
attractive short-range potential and a repulsive, long- 
range Coulomb potential. Since the Coulomb potential 
drastically modifies the form of the wave function in 
the external region, r>6, the matching of the loga- 
rithmic derivative of the internal and external solutions 
at the point r=6 introduces complications. 

For an /=0, bound state solution, Eq. (7) can be 
written in the form 


2 
(nh.)"+ (at )ird)=0, r<b, (12) 
Db 


r>b, (13) 


2 
(rps)"— (—+1) (r+) =0, 
Dr 


12 Jahnke-Emde, Tables of Functions (Dover Publications, New 
York, 1945), p. 1. 
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where 
K?=(2y/h?)Vo,  v4?=(2u/h*)e,, 


1/D=pe?/h?=1.940X 10" cm™. 
For r<b, 
C, sinkyr 
¥+(r) =———_, 
r 


y= K*—y,3—2/Db, 


(14) 


where 


(15) 


and C; is a normalization constant. The logarithmic 
derivative of y,(r) at r=b<, i.e., the limit asr approaches 
b from within, is simply 


1 dy,| 
= a Ky. cotk,b—-. (16) 
V4 dr \r abe b 
In the external region, let 
¥+(r)=e77+"g(r). (17) 
Equation (13) becomes 
d’g dg 1 
p+ (2-1) -[1+—|pmo, (18) 
dp? dp 74D 


where p=2y4r. Equation (18) is the second-order dif- 
ferential equation for the confluent hypergeometric 
function,” with the particular parameters c= 2, and 


a=1+(1/y,D). (19) 


Since we seek a bound-state solution, we require the 
asymptotic condition that 


lim y,(r) =0. (20) 


Morse and Feshbach"™ discuss at length the properties 
of the solutions of Eq. (18). It is easily seen from their 
discussion that the unique solution of Eq. (18) that 
satisfies the boundary condition (20) is 





¥+(r) =coe~7+"U (a! 2 |p), (21) 
where 
eg x u l—a 
U2(a|2\p)= f cm(+*) du. (22) 
(a) +o p 
Asymptotically, 


€-7+"U2(a|2|p) — e***(2y4r) e774" 3 0. = (23) 


The other independent solution of Eq. (18), Ui(a!2\p), 
has the property 


e-7+"U(a| 2| p) > (2y4r)* et, (24) 


which violates the boundary condition of Eq. (20). 

13See for example P. Morse and H. Feshbach, Methods of 
Theoretical Physics (McGraw-Hill Book Company, Inc., New 
York, 1953), Chap. 5, p. 551. 
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The problem that remains is to match the loga- 

rithmic derivatives of y, in the two regions r>b and 

r<b at the point r=d. From Eq. (21) it follows that 


1 dy,_| 1 dU2\} 
--1,+( it. *) (28) 
Pe ry r=b»y, U2 dr jr=b> 


The dependence of y, or e, on the parameters Vo and 6 
is contained implicitly in the equation obtained by 
equating the right-hand sides of Eqs. (25) and (16). 
The evaluation of (dU 2/dr)/U: at r=by, is not simple. 
It has been carried out only in the limit as e,, y, — 0. 
This limiting value for e, is the most interesting, since 
it determines the relationship between V» and 6 such 
that the 2*+p compound has zero binding energy. By 
applying this same relationship between V» and 3, for 
various values of 6, to the 2~n system, the correspond- 
ing, nonvanishing binding energies of the 2~n system 
are obtained. An outline of the evaluation of the loga- 
rithmic derivative of U, is given in Appendix A. The 
result is, in the limit y, — 0, 





1 dy,| 1 2/1, 
aia on (26) 
WV, dr r=by, et D Ny 
where 
ie du 
n= { en (uted Du) . (27) 
0 u 
he f e7 (ut2b/Du) dag, (28) 
Then y 
1 dy, 1 dy, 
r - (29) 
V4 dr r=be< V5 dr r=b, 
implies that 
k, cotk,b= — (2/D)(1,/12). (30) 


Since (2b/D)<«1 for b~10~" cm, the integrals 7; and 
I, can be evaluated by expanding /, and J, as power 
series in 26/D, which we shall call 6. Keeping all 
terms of lower order than &, we obtain 

I, 6—(0. 5772+Iny 6) ( (1+8) 


A Brmtermecieetin mee (31) 
Iz 1—8+25(0.5772+Inv/8)_ 


Since we have assumed that V» and 6 are the same for 
the +p and ~n systems, it is easy to expand x, cotx,b 
in terms of y_, 5, and D, ignoring terms of order 
(y—/x_)*K1. In the limit y, — 0, we obtain 


ky Cotk,b& —y_(1+4y_b)—1/D. (32) 
Hence, equating Eqs. (32) and (30), 
1 24h 
—y-(1+4$7-b)-——= -—(-). (33) 
D DNI, 


uM See for example, W. Grébner and N. Hofreiter, /ntegraltafel 
(Springer-Verlag, Berlin, 1950), Part II, p. 166. 
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TABLE I. Values of the binding energy €_, and y_ = (2ue_/h?)}, 
of the 2-n system, for several values of the square-well range 
parameter 5, in the limit that the binding energy, e,, of the 2*p 
system is zero. 





b(10-4 cm) 7 (10!? cem™) «. (Mev) 
1.40 1.015 0.384 
1.00 1.122 0.468 


0.60 


Equation (33) can be numerically solved for y_ as a 
function of 6. The results are given in Table I. The 
values of b were chosen to cover an a priori reasonable 
set of values for the range of the 2~n effective potential. 
The exact calculation reduces the difference between 
@_ and e«, as compared to the first-order perturbation 
result. If the 2~m interaction can bind the 2~m system 
with a binding energy less than the values of @ listed 
in Table I for a given value of 6, then the 2*+p system 
will be unbound. We postpone further discussion of 
these results until Sec. V. 


IV. ILLUSTRATIVE EXAMPLE OF &*p BOUND 
STATE WAVE FUNCTION 


In this section we censider the solution of Eq. (18), 
for the =*+p wave function, in a particularly simple 
special case; namely for a=2, or (1/7,D)=1. This 
choice of y, corresponds to the 2*+p system being bound 
with a binding energy, e,=0.014 Mev. Since the pa- 
rameter a is an integer, the general soiution of Eq. (18) 
can be found by quadratures. Again letting 


¥.(r) =e 7+"g(r), 


Eq. (18) with a=2 becomes 


pg’ (p) + (2—p)g’ (p) — 2g=0. (34) 
One solution of Eq. (34) is 
£1(p) =e? =e77+". (35) 


The second independent solution is then easily found 
to be 
e? 


po)=Aer —to=A| +——e f — ipl. (36) 
p 


. 4 


The solution that satisfies the boundary condition 
¥+—> 0 at infinity, is 


¥+=€~7+"go(p). (37) 


Using this solution in the external region, one can 
easily evaluate [ (dy,/dr)y_] at r=b. Equating internal 
and external logarithmic derivatives, one obtains a 
relationship between Vo and 6 for this particular 
choice of y,(=1/D=1.94X10" cm™'), namely 


1 1 1 
—-+x, cot«h,b= —- 
b b [1+6e' Ei(—8) ] 





++, (38) 


where 6= 26/D. 
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TABLE II. Values of the 2m binding energy «_, for several 
values of the square-well range parameter 6, in the special case 
€,=0.014 Mev. 











5b (10-8 cm) e. (Mev) e_—e, (Mev) 
1.4 0.415 0.401 
1.0 0.500 0.486 
0.6 0.656 0.642 








Assuming charge symmetry, and neglecting terms 
~7+6 and (y_?/x_), the left-hand side of Eq. (38) can 
be expressed in terms of y_ and 6, and one obtains 





e’ Ei(—8) ) 39) 


2 
y—-(1+}7-b) = ——( 
1+6e'[Ei(—6) ] 


D 


Table II lists the values of e_ obtained from the solution 
of Eq. (39) for several values of the square-well range 
parameter 0. 

As seen from a comparison of Table II and Table I, 
¢_ increased by ~0.032 Mev as e, increased from 0 to 
0.014 Mev. 

It is instructive to compare the asymptotic properties 
of the wave function ¥, of Eq. (37) with that of y_. 
Whereas y_ has the simple form 





y_=Ce~?-"/r, r> b, (40) 
y, has the form 
1 1 
Vv; + | —+1n(3.562y,0)], b<rK— (41) 
2y47 27+ 
and 
1 1 
a dion ’ a (42) 
(2y41)* y+ 


Special solutions of the type given by Eq. (37) for 
the =*p bound state wave function may be of use in 
developing theories for the probability of 2*p forma- 
tion and for the probability of 2+ decaying via reaction 
(2) into a proton that has sufficient energy to make a 
visible track in nuclear emulsion.* 


V. DISCUSSION AND CONCLUSION 


We have seen that if the 2~m interaction binds the 
=-n system with a binding energy e~ less than the 
values é_ listed in Table I, then the 2+ system will be 
unbound. The values of @ increase as the choice of the 
range parameter 6 of the attractive 2~m potential de- 
creases. Clearly our choice of a square-well potential is 
only a device to simplify the calculations, but the order 
of magnitude of the effect of the Coulomb potential 
should not be altered significantly by a more compli- 
cated and more realistic choice for the =~» potential, 
provided its effective range of interaction lies in the 
region (0.6-1.4)X10-" cm. The region in which =~n is 
bound and 2+ is unbound is quite small, but since the 
most plausible estimates of the 2~m binding energy from 
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field theoretic calculations fall approximately in this 
region,*® the possibility that only the =~» is bound 
cannot be overlooked. On the other hand, if confirma- 
tion is forthcoming for the existence of a bound +p 
compound,®? then the values of @ listed in Table I 
can be used as lower bounds to the 2~n binding energy. 

Another parameter with which one can estimate the 
size of the region in which only D~n is bound is the value 
of the depth of the potential, Vo. That is, one can ask 
the question, by what percentage must Vo be increased, 
for each value of 6, so as to make ¢«_ increase from 0 to 
¢_? From Eq. (5) it is easy to show that 


8 
(xoy=(4n)|14+—-8)| (43) 
us 


neglecting terms ~ (y_b)*<1. It then follows that the 
percentage change in V» necessary to increase e_ from 
0 to & is 12, 10, and 7% for b=1.4K10~", 1.0X10-%, 
and 0.6X10-" cm respectively. This result again illus- 
trates the small but non-negligible region involved. It 
is hoped that a continued and rigorous search for 2*p 
and 2~n compounds will resolve these questions in the 
near future. 
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APPENDIX A 
Evaluation of ((dU2/dr)/U2 |r => in the limit 7. — 0. 


e**-@ a u l—a 
Us(a\2|0)=—~— [ eouwes(1+") du, (22) 
T'(a) Yo p 


where a=1+(1/y4D), p=2ysr=2r/D(a—1), andr>6. 


Equivalently, 
eter D x 
we 
l'(a— 1) 2r 0 


1 l—a 
x(: —— ) du. (44) 


are 
(Du/2r)(a—1) 
As y4— 0, (a—1)=1/7,D— @. Hence, for 
Du/2r>n>0, 


U2(a|2|2y4r)= 





(45) 


l—a 
) —e/Du as aw, 


1 
(+ 
(Du/2r)(a—1) 
Choose a parameter NV equal to Dn(a—1)/2r, such that 
1K N<«K(D/2r)(a—1). (46) 
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Then by breaking up fo” in Eq. (44) into two parts, In an analogous way, it is easy to show that 
So’ and J,”, one can show that dU. 


1 
ia 2| 274 r) = —+ —-U, 


|e 'e(a| 2} mn | (— -)| dr r 
l'(a—1) 2r 
eet 
2r 
-f exp| — (+ ) jou 
0 Du 


(49) 


4 a du 
cae J eo eter Du) . 
r(a—1)r * 





The result of Eq. (26) follows directly, since the quo- 





<ne?*"?(1+4+nD/2r). (47 aahe 
v bins sel pes tient of Eqs. (49) and (48) yields 
Since in the limit a— *, » can be made arbitrarily 
small without violating Eq. (46), Eq. (47) implies that (— 1 dU; ‘) ee da 1 2 f (50) 
eer D D U 9 dr r=b>y 1¥+-70 b DI, 
U2(a! 2 | 2y4r) — sabe): artcemmeeedbision x f e ut2r/Du) dy. (48) 
r+ T'(a— 1) 2r where J; and J, are defined in Eqs. (27) and (28). 
REVIEW VOLUME 110, NUMBER 5 JUNE 1, 1958 


PHYSICAL 


Enumeration of the True Observables in Gauge-Invariant Theories 


James L. ANDERSON 
Department of Physics, Stevens Institute of Technology, Hoboken, New 


(Received February 14, 1958) 


Jersey 


By making use ot invariance arguments, we shall show that the total number of true observables which can 
serve as “coordinates” in a gauge-invariant theory is NY —2n where N is the number of field variables and n 





is the number of arbitrary functions needed to specify an element of the gauge group. 


INTRODUCTION 


T has long been known that, in electrodynamics, the 
Euler-Lagrange equations of motion for the four- 
potentials are not of the Cauchy-Kowalewsky type. As a 
consequence, only certain functionals of the four-po- 
tentials have the property that their values at any time 
are uniquely determined by the equations of motion. 
Indeed, only the two independent components of the 
transverse part of the four-potentials and functionals 
thereof have this latter property. The same situation 
obtains in the general theory of relativity where, again, 
only two functionals of the ten g,, have the above- 
mentioned property. In what follows, we shall refer to 
dynamic variables whose motion is uniquely determined 
by the equations of motion as “true” observables. A 
unique state of the system is then specified by giving, at 
some instant of time, values of the true observables and 
their first time derivatives. In a sense, these true 
observables are the physically meaningful “coordinates”’ 
of the system. 

The existence of fewer independent true observables 
than field variables is due to the particular invariance 
properties of the theory. In both electrodynamics and 
general relativity, we have invariance under what we 
call a gauge group, that is, a group whose elements are 
specified by one or more arbitrary space-time functions. 


In electrodynamics, the gauge group is just that group 
which is usually referred to as the gauge group and re- 
quires one arbitrary function to specify an element. In 
general relativity, the gauge group is that of all continu- 
ous coordinate transformations, and hence an element 
of the group is determined by four arbitrary functions. 

The particular manner in which a gauge group acts to 
restrict the number of independent true observables in a 
theory has been worked out in the canonical form of the 
theory.' We shall not go into the details here except to 
say that the existence of the gauge group leads to a 
number of relations, called constraints, between the 
canonical variables. As a consequence of the existence of 
constraints, only certain variables, namely those which 
have vanishing Poisson brackets with the constraints, 
are true observables. The constraints themselves, of 
course, have this property; however, we do not treat 
them as true observables, since they always have the 
value zero throughout the motion. 

One of the chief drawbacks to the canonical formalism 
is the difficulty of discovering, except in the simplest of 
cases, what are the true observables. Such information 
is not only necessary for the classical theory, but is 
essential to its quantization. With the advent of the 





1J. L. Anderson and P. G. Bergmann, Phys. Rev. 83, 1018 
(1951). 
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recent quantization schemes of Feynman and Schwinger, 
attention has turned to the problem of the true ob- 
servables in the Lagrangian formalism. In this paper we 
shall discuss how these observables arise in this formal- 
ism and shall determine how many independent true 
observables there are. Finally, we shall use the electro- 
magnetic case to illustrate our remarks. While the 
answer to how many independent true observables there 
are is already well known for both the electromagnetic 
and gravitational cases, we feel that a re-examination of 
the true observables in a different formalism might shed 
light on the problem of their determination. 


ENUMERATION OF TRUE OBSERVABLES 


In our discussion we shall consider a system described 
by N field variables, dr, and invariant under a group, an 
element of which is specified by arbitrary space-time 
functions. The infinitesimal change in the gr under the 
gauge group is given by 


dor= criMt' p—bi*Or, uf", 


P=1,2,---,N;+=1,2,---,#; w=1, 2, 3,4, (1) 


where the cr,“ and 6,“ determine the group structure and 

the é are m arbitrary functions, the descriptors of the 

transformation. In what follows, we shall assume that 

the field variables can be divided into two groups, ¢; 

with j=1, 2, , wand ¢4 with A=N—n, N—n+1, 
, N, such that? 


cai=0, c;*X0. (2) 


In general, the field equations are derivable from 
a variational principle with a Lagrangian density 
L(@r,¢r,,). The field equations are then of the form 


wa 
O¢r, 7, 


It follows then, asa consequence of the Bianchi identities 
for the theory, that the coefficient of ¢a,44 in (1), 
namely @L/d@r,40¢3,4=A" is a singular matrix. In 
fact, we have the equation 


crfAT4=0. 





(3) 


(4) 


Thus, the » linear combinations of the field equations, 
cr#L'=c;AL’, are free of all second time derivatives. As 
a further consequence of the Bianchi equations, these 
equations are also free of first time derivatives of the ¢;. 
In principle then, at least, we could solve these n 
equations for the ¢; as functions of the @4 and their first 
time derivatives. If the ¢; are then substituted into the 
remaining field equations, L4, we shall obtain a set of 
N—n equations for the ¢4 which contain no higher than 


2 These assumptions apply in both the electromagnetic and 
gravitational theory. In the general theory, we shall assume that 
it is always possible to bring the ¢r into this form by an extended 
point transformation of the field variables. 
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second time derivatives in the variables.’ It thus appears 
that the ¢; are completely unphysical variables since for 
all practical purposes they disappear from the theory 
and, hence, are not to be found among the true ob- 
servables of the theory. 

Let us now focus our attention on the N—n field 
equations L4 from which the ¢; variables have been 
eliminated. We shall now show that even these equa- 
tions are not of the Cauchy-Kowalewsky type. To this 
end we remark that, because of the invariance properties 
of the theory, we can require that all solutions satisfy 
non-gauge-invariant equations. (These equations serve 
to separate physically different solutions from those 
which appear different due to the particular choice of 
gauge employed.) In particular, these equations can be, 
within broad limits, quite arbitrary functions of the ¢ 
and their first and second time derivatives. However, 
this would leave us with a total of N—n+n=N 
equations for the N—n quantities $4, 44. Because of the 
arbitrariness in the choice of gauge conditions, we must 
conclude that the N—w field equations are not inde- 
pendent of each other, but rather that there must exist 
relations between them. 

From the above argument we see that in reality there 
are only N — 2n field equations which actually determine 
the motion of the system. Hence, the system is described 
by just this many physical “coordinates” which we have 
called true observables. Initial conditions are then given 
by specifying values for these coordinates and their first 
time derivatives, in all 2(N—2m) space-time functions. 


ELECTROMAGNETISM 


Since we are interested in the consequences of the 
gauge invariance of the theory, we shall not attempt to 
do things in a Lorentz-covariant manner. The La- 
grangian of the theory is given, using vector notation, by 


oA : 
- f|x(— +¥6) ~400 xa) ae, 
at 
The infinitesimal gauge transformation is 
dp=§, SA=VE. 


The equations of motion are 


; <(~+80)+0% VxA=0, 
t 


oA 
v-(—+v6) =(). 
at 


The last equation is indeed free of time derivatives of ¢, 
the scalar potential. If we go over to Fourier transforms, 
we find that, upon elimination of ¢ from the first three 


and 








’ That these equations contain no more than second time 
derivatives follows that the fact that the ¢; contain only first time 
derivatives of the ¢4 while the L4 contain no higher than first 
time derivatives of the ¢,. 








TRUE OBSERVABLES 
equations, 
@A, kk-A, 
——————~—kxkXA,=0. 
or k? 


A short calculation readily verifies the fact that the 
coefficients of Ay form a singular matrix. If we introduce 
longitudinal (lo) and transverse (tr) components of Ax, 
we see that the equation for A” is identically zero, while 
those for A‘ are just the usual wave equations. Thus, 
only the transverse field with its two independent 
components is a true observable, which verifies our 
equation V—2n=4—2X1=2. 
GRAVITATION THEORY 

The situation in gravitation theory is, of course, much 
more complex than for the electromagnetic field. How- 
ever, the essential features are completely parallel. 
Here V=10, n=4 so that V—2n=2; again there are 
only 2 independent true observables. In the equations 
which are free of second time derivatives, first time 
derivatives of the g,, do not appear so that they play 
somewhat the same role here as did the scalar potential! 
above. They are noi true observables nor can any true 
observable depend upon them. The elimination of four 
more nonphysical variables is still an unsolved problem. 
Our work suggests that a possible approach would lie in 
solving the equaiions free of second time derivatives for 
the gy as a function of the g,, and their time derivatives. 
Substitution back into the remaining equations might 
result in equations which would suggest just what are 
the true observables. 


FOUR-LEG REPRESENTATION 


During an informal discussion, Belinfante pointed out 
that our assumptions concerning the transformation 
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properties of the field variables do not apply to the four- 
leg representation of general relativity. In the face of an 
infinitesimal! rotation, the four-legs 4,4) transform ac- 
cording to 


5h, a)" = Ea) h*, £(a)(8) = — €(8)(a)3 


there are no terms containing derivatives of the de- 
scriptors &a)(s) In this case some of our previous argu- 
ments are no longer valid. 

It is still true that the coefficient of the Aya) 44 is a 
singular matrix and, indeed, has six null vectors, this 
being the number of arbitrary functions needed to 
specify a transformation. Hence, there will be six linear 
combinations of the field equations which do not depend 
upon second time derivatives. However, we can no 
longer conclude from the Bianchi identities that these 
six equations will be free of first time derivatives of six of 
the four-legs. Hence, it will, in general, be impossible to 
eliminate six four-legs from the field equations as we did 
previously for the other cases, and our argument which 
showed that there were » more relations between the 
field variables breaks down. Thus, the most that we can 
conclude is that no more than 16-6 independent true 
observables can be constructed from the four-legs. 
Arguments from the canonical formalism then show 
that 16-6 is exactly the number. If we include the 
general coordinate transformation group, this number is 
reduced to 16-6-2X4=2 as before. 
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It is suggested that quantization of the generally covariant field equations be carried out in an associated 
six-dimensional flat space, and that the corresponding eight-rowed spinor be identified with an elementary 
baryon. It is possible to associate with the new dichotomic variable two (nonorthogonal) states, one of 


parity and one of strangeness. 





INTRODUCTION 


ay ake unsuccessful attempts have been made to 
quantize forms of field theory which are gener- 
ally covariant. In this note there is suggested an ap- 
proach in which the quantization is carried out in an 
auxiliary six-dimensional flat space which may be 
associated with curved spacetime. Spinors in this space 
are eight-rowed; a tentative connection will be pro- 
posed between these spinors and an eight-rowed algebra 
which also seems natural for describing strangeness 
and composite baryons. We do not, however, want to 
emphasize the particular formulation adopted in this 
note; we are primarily investigating the possibility 
that the requirements of general covariance may pro- 
vide a suggestive frame for describing facts which are 
now correlated in terms of strangeness and (in a more 
speculative way) by the idea of composite particles. 


COMPOSITE PARTICLES 


Composite particles have been proposed for their 
possible heuristic value in suggesting qualitative cor- 
relations and fundamental symmetries. In the follow- 
ing, some considerations on the possible foundations 
of such a model will be presented. 

Composite particles may be constructed by adding 
either K-bosons or A-fermions to a nucleon core. In the 
first picture (a), the K is a building block and the A 
is composite : 

A=N+K. (a) 


In the other picture (b), A is fundamental and K is 
composite : 


K=N+A. (b) 


The conservation of strangeness is the conservation of 
the K’s in model (a) and of A’s in model (b). We are 
here concerned with the second model, (b).!~* 

Assume that there are (ignoring electric charge) two 
basic baryons: NV and A (with their antiparticles). 
Assume that all other particles may be exhibited 


1. Fermi and C. N. Yang, Phys. Rev. 76, 1739 (1949). 

2 R. Finkelstein, Phys. Rev. 88, 555 (1952). 

8S, Sakata, Progr. Theoret. Phys. (Japan) 16, 686 (1956). 

4M. A. Markow, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Pub- 
lishers, Inc., New York, 1956). 
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according to the scheme of Sakata.* 
r=N++N, T=1 
K=N+A, T=} 
(c) 


2=N+N+A, T=1 
=E=N+A+A, T=}. 
Since the A is a charge singlet and the N a charge 
doublet, such combinations contain states with the 
observed values of the isotopic spin, 7. 
With this model the basic reactions involving the 
baryons may be correlated.® For example, the reactions 
A-> pt (p-+n), 
(p- +n) — w+, 
may be compared by assuming that both processes 
are first order Fermi reactions. The internal wave 
function of the pion system (p~m) cancels out and the 
observed decay rates are compatible with the same 
Fermi coupling constant for (pA,mp) and (np,yu).? 
Similar remarks in the frame of the usual theory have 
also been made.*:? However, in the usual theory, a 
decay like (d) is not described by a convergent calcula- 
tion. The composite model provides a reasonable cutoff 
and by means of it the experimental data may perhaps 
be utilized to give some suggestions about the tensor 
symmetries of the nonlocality. 


(d) 


THE ELEMENTARY BARYON 


As a possible basis of the Sakata scheme (c), the 
following model is now proposed. There is a single ele- 
mentary baryon, H, which may exist in two eigen- 
states, A and B, with strangeness 0 and — 1 respectively. 
These eigenstates belong to a new wave equation with 
eight solutions: A and B, and the antiparticle solutions, 
A and B. 

It is possible now to build baryons and mesons ac- 
cording to (c) from particles A and B if these are 
identified with nucleons and lambdas respectively.’ 


5S. Tanaka, Progr. Theoret. Phys. (Japan) 16, 631 (1956). 

®N. Dallaporta, Nuovo cimento 1, 962 (1955). 

7M. Gell-Mann, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1957 (Interscience Pub- 
lishers, Inc., New York, 1956), Vol. IX, 36. 

§ M. Gell-Mann, Phys. Rev. 106, 1296 (1957), and J. Schwinger, 
Phys. Rev. 104, 1164 (1956), suggest that the bare baryons con- 
sist of four doublets. It is possible to associate A and B with 
two doublets instead of with a singlet (A) and a doublet (N). 
However, there seems to be no advantage in this alternative 
procedure. A hyperon, H, with eight components does not have 
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Then the strong interactions must conserve A and B 
numbers separately, while the weak interactions, which 
violate the conservation of strangeness, must permit 
transitions between the states A and B. In such a pic- 
ture the properties of all the baryons are reducible to 
the properties of H. 

Since the lambda is a singlet and the nucleon a 
doublet, the preceding identification leads to an asym- 
metry between the states A and B. Such a model has 
in its favor the fact that the properties of all the baryons 
and mesons may be reducible to properties of H; on 
the other hand, its incompleteness is shown by the 
asymmetry just mentioned as well as the failure of the 
model to provide two nucleon states. Nevertheless the 
viewpoint to be adopted here is that the connection 
between an H, an elementary baryon, and the Sakata 
scheme is sufficiently interesting to justify the study of 
possible formal principles which necessitate the intro- 
duction of an H, described by an irreducible eight- 
component wave function. 


PARITY AND STRANGENESS 

It appears that the strangeness and the parity can- 
not be assigned simultaneously unless the strangeness 
vanishes. For this reason it has been suggested by Pais® 
and by Watanabe’*' that strangeness and parity anti- 
commute. It is possible to accommodate this postulate 
by extending the Dirac algebra to the 8X8 case. Fol- 
lowing Watanabe, one may introduce the following 
matrices: 


Yu 0 Y5 0 . 
r=( : ), r= ( ), 

a ae 0 5 

0 V5 vy, 0 
(2) HC) 

M208 O %% 

1 0 
o=(, _) 

0 —1 

where the y, are four-rowed and Hermitian. In an 


arbitrary representation these matrices satisfy the in- 
variant commutation rules: 


H=i0 0 -P+mI,, 


(',,T'»)4 = 25,», u=1,2,3,4 
(I,,P),=0, i=1, 2,3 
(X,P);=0, — (Q,P)_-=0, (2) 


(X,I,)-=0, (Q,T,)-=9, 


nlianeicitatina (X,Q),=0. 


enough degrees of freedom, with either procedure, for a repre- 
sentation of all the observed baryons. 

9A. Pais, Proceedings of the Seventh Annual Rochester Con- 
ference on High-Energy Nuclear Physics, 1957 (Interscience Pub- 
lishers, Inc., New York, 1957), Vol. IX, p. 36. 

10S. Watanabe, Nuovo cimento 6, 187 (1957). 

1S. A. Wouthuysen, Proc. Acad. Sci. Amsterdam 41B, 54 
(1958). This paper, which contains a 6-dimensional representation 
of the equation (yypy+ime™™)y(A,x)=0, is formally related 
to that of Watanabe. 
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Eigenstates of chirality (handedness) are characterized 
by the equations 


X$=¢9, (3) 
or 
X= —®, 
Eigenstates of achirality satisfy 
OV=¥, 
or (4) 
QvV=-—vW. 


These eigenstates are mutually exclusive since (X,Q)+ 
=(. Solutions of (4) but not (3) may be assigned defi- 
nite parity. Solutions of both (3) and (4) are steady, 
since both X and Q commute with the Hamiltonian. 
Therefore free particles preserve handedness, or parity ; 
however, interactions will cause transitions. 

Watanabe’s formalism may now be adapted in the 
following way. It is assumed that the elementary 
baryon is identified as A or B depending on whether 
it is an eigenstate of Q or X respectively. It is then 
possible to assign a parity (strangeness) to A(B) but 
not to B(A). The states A and B are of course not 
orthogonal. When the parity is given, the expectation 
value of the strangeness vanishes and vice versa. In 
the limit of vanishing rest mass, the pure chiral particle 
becomes identical with the neutrino of Lee and Yang, 
and others. 

Strangeness of a composite structure now appears as 
the number of B (chiral) particles, while heavy particle 
number means the total number of H particles. It is 
understood that antiparticles must be subtracted in 
the usual way. In the weak interactions some of the 
particles change their type; in strong interactions they 
do not. 

The A and B solutions are characterized as the eigen- 
states of operators, Q and X, which are defined in an 
invariant way. A wave function of the elementary 
baryon, H, is in general eight-rowed; it therefore does 
not correspond to the spin representation of the 
Lorentz group. 


INTERACTIONS 


Eight-rowed spinors provide a representation of the 
six-dimensional rotation group. Since the bosons are 
now being regarded as composite, all interactions are 
between spinor fields; the bosons are represented by 
two spinor factors. The general Fermi-type invariant is 


6 
> g-(aE,*b)(cE,%d), E,7=C-T,’. (5) 


a, b, c,d are eight-rowed spinors; C is the product of 
the pure imaginary matrices only; (@E,%b) is the p 
component of a tensor of rank co. 

There are two completely antisymmetric forms as 
well as one which is completely symmetric.’ The com- 


2. Finkelstein, Phys. Rev. 109, 1842 (1958). 
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pletely antisymmetric forms are 


C,=1, C;=-—1, Co=C2=C3=C.=0, (6a) 


and 


Co= 1, C.=—-}, C;=—i, Ci:=C.=C;=C,=0. (6b) 


We shall not discuss these further at the present time. 

The four spinor factors, according to the identifica- 
tion suggested in the preceding paragraph, all refer to 
different states of the baryon. These interactions there- 
fore cannot be responsible for decays involving leptons. 
An argument for treating baryons and leptons sepa- 
rately is the apparent conservation of light and heavy 
particles separately. On the other hand, the near 
equality of the Fermi constants for slow reactions with 
and without leptons suggests that a unified treatment 
is possible, and in particular that the slow rates are 
related to the nonconservation of parity. With the 
leptons, parity conservation is broken down by the 
neutrino; with the baryons by the B particle. 

The form (5) is conventional, but other interactions 
also deserve investigation.” 


GENERAL COVARIANCE 


We shall now try to describe another motivation for 
the extended Dirac algebra. The tractable forms of 
elementary particle theory neglect gravitational fields 
and violate the principle of general covariance. Any 
theory which is only Lorentz-covariant is of course 
valid only in inertial frames. 

An attempt has been made to expand the Lorentz 
group by enlarging the class of all equiva'ent observers 
to include all with uniform acceleration."* The group of 
transformations to which one is thereby led is C,*, the 
group of proper conformal transformations in space- 
time’® ; this is a fifteen-parameter group which contains 
nonlinear transformations. It is possible to find a 
six-dimensional linear homogeneous representation of 
this group, in fact the six-dimensional rotation group 
(Og). It is perhaps interesting to examine equations of 
motion and quantization conditions which are invariant 
under Og. 

On the other hand, although C,* is wider than the 


13Tn particular, it is possible to regard associated production 
as a single elementary process. In a composite theory one then 
has a six-particle vertex. Thus +++ — A°+K* becomes (pi) 
+n — A°+(pA°). There are two ways to introduce such inter- 
actions: 


(Wil V2) (Wala) (Vos), 
(Wil 2) (sl yas) Vovevs), 


in the four-dimensional language, without violating parity con- 
servation; and there are similar terms which do not conserve 
parity. In such a formulation, beta processes could perhaps be 
understood as second order, with four virtual particles in the 
intermediate state. This formulation would have the advantage 
that the strong interactions are of first order and the weak ones 
of higher order. From this viewpoint the beta interactions would 
have more nonlocality than the strong couplings. 

“4 E. L. Hill, Phys. Rev. 72, 143 (1947). 

15S, A. Bludman, Phys. Rev. 107, 1163 (1957). 
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Lorentz group, it is still much narrower than the 
group of general relativity and there seem to be no 
reasons for attaching special significance to it. We 
therefore ask if general covariance can be reinstated, 
i.e., if the fundamental equations can be expressed in a 
form which holds good for all systems of coordinates. 
It is well known that Dirac’s equation can be written 
in generally covariant form for curved spaces, and much 
effort has been devoted to the quantization of coupled 
fields in curved spaces. So far, however, this approach 
has not proved fruitful. 

The only successful quantizations have been carried 
out in flat spaces. For this reason efforts have even been 
made to approach the quantization of the gravitational 
field by reinterpreting the g,, as a tensor field a in flat 
space.'® This approach has not been carried very far, 
however. It is not known whether the difficulties are 
purely mathematical, or whether there would be con- 
flict with experiment if the mathematical problems 
could be solved. 

We wish to attach special significance to two aspects 
of this situation: (a) the equations to be quantized are 
nonlinear and are covariant under nonlinear coordinate 
transformations; (b) on the other hand, the successful 
applications of quantum theory have been made to flat 
space where the equations of motion are covariant under 
orthogonal transformations of Cartesian coordinates. 
In view of this situation let us try to combine the two 
requirements : 


(a) general covariance of the classical equations of 
motion; 

(b) covariance of the quantum equations of motion 
under linear orthogonal coordinate transformations only. 


We have already seen one example in which this 
procedure is possible: The transformations connecting 
uniformly accelerated observers are nonlinear; yet it is 
possible to find a linear orthogonal representation of 
this group by transforming to six (hexaspherical) co- 
ordinates and to quantize in the space of these co- 
ordinates. It will now be shown that the coordinate 
group of general relativity can be similarly linearized 
by transforming to normal coordinates. It is then sug- 
gested that the quantization be carried out in the space 
of the linearized transformations. 


NORMAL COORDINATES 


Let the coefficients of connection be I’ ;,‘. The differen- 
tial equation of a path is 


dx’ 
—+T;,“— —=0. (7) 
ds? ds ds 


s, called the affine parameter, is arbitrary up to a linear 
transformation. 
Let C be a path through a point Po and s an affine 


16S. N. Gupta, Revs. Modern Phys. 29, 334 (1957). 
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parameter of the path which is zero at Po. Let x‘ be any 
set of coordinates and 


dx' 
e=( -) . (8) 
ds 0 


Then normal coordinates are defined by" 
y'= F's. (9) 


Consider an arbitrary transformation of the x‘. This 
induces a transformation on the y': 


dx'\’ 
yi = gis! = aut s’, 
ds 0 


s’=, (10) 
Cre) 
ds e Ox? J o\ ds . 
Hence : 
y’ =a,'y?, (11) 


Ox” 
a,'= ( ) ‘ (11a) 
Ox? 0 


Hence we have: when the coordinates of a space are 
subject to an arbitrary analytic transformation the 
normal coordinates determined by the x’s and a point 
undergo a linear homogeneous transformation with 
constant coefficients.'? These remarks hold in a general 
space, Riemannian or not. When there is a metric, the 
paths are geodesics, and s is a distance measured along 
a geodesic. 

The matrices |\a,‘)| then provide a representation of 
the group of arbitrary analytic transformations. Al- 
though this group on the four y' is itself not orthogonal, 
it is isomorphic to the orthogonal group in six dimen- 
sions. This may be seen as follows. 

The y' may be interpreted as the homogeneous co- 
ordinates of a three-dimensional point. Then the trans- 
formation (11) may be interpreted as a projection, 
which carries lines into lines in three dimensions. One 
gets a six-dimensional representation of this trans- 
formation by introducing (Pliicker) line coordinates: 
These are six homogeneous coordinates which satisfy a 
single quadratic identity. This correspondence will now 
be described in detail; however, the components of an 
arbitrary antisymmetric tensor of the second rank will 
be substituted for the line coordinates. 

Let L” be the components of such a tensor in the 

17L. P. Eisenhart, Non-Riemannian Geometry (American 
Mathematical Society, New York, 1927), p. 61. 
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y'-space ; then 
(12) 


, , | j 
€ijeL SD hd |2p'| jn" L™, 


where |a,'| is the determinant of the transformation 
\|ap'||. Choose |ap'|=1. Then €;j..7L*' is an absolute 
invariant. (If L“ is of the form y'p’— y’p', this invariant 
vanishes. In general, however, L’ cannot be represented 
in this way, and this invariant does not vanish.) Then 


L?L4+ L3L 44+ [8L%4= invariant. (13) 
Put 
L®= Y)+7iFY?, L%= Y*+i¥4, L* ss Y5+i¥, (14) 
[4=Y!-iy?, [Ma Y—iY4, L4*=Y'—iV*, 
Then 
6 
> (¥*)*?=invariant. (15) 
uel 


To every four-dimensional linear transformation |(a,' 
on the y' there is a corresponding six-dimensional 
linear transformation on the L” and hence on the Y*. 
The transformation on the Y* however, is orthogonal 
because of Eq. (15). Hence the fifteen-parameter uni- 
modular group on the y' (t=1---4) is isomorphic to 
the fifteen-parameter orthogonal group on the Y* 
(u=1---6). 

One concludes that the group of generally covariant 
coordinate transformations may be mapped on the 
orthogonal group in six dimensions. One can at the 
same time attempt to map the generally covariant field 
equations onto the associated Euclidean space (£s), 
and carry out the quantization procedure for the equa- 
tions of motion which are so obtained. This Euclidean 
space is uniquely associated with the actual four- 
dimensional manifold. If the use of this space is an 
essential part of the quantization procedure, then the 
irreducible representations of the orthogonal group, Og, 
have special significance also. We note in particular that 
the spin representation is eight-rowed and suggest that 
it be associated with the fundamental hyperon. If this 
conjecture should have some validity, then one may 
ask whether the equations of elementary particle theory 
could be obtained by mapping the generally covariant 
classical equations onto E¢. Information would be lost 
in this projection but the complete classical description 
contains detail which is not relevant to the quantization. 

Our severe restriction on the coordinate group of 
the quantum space is a speculation which could only be 
justified a posteriori. If correct, however, it would 
perhaps provide an accessible connection between the 
requirements of general covariance and elementary 
particle theory. 
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High Electric Field Effects in 
n-Indium Antimonide 


M. GLICKSMAN AND M. C. STEELE 


RCA Laboratories, Princeton, New Jersey 
(Received April 4, 1958) 


ULSED current-voltage measurements have been 
made on a single crystal of m-InSb at 77°K up toa 
current density of 10* amp/cm*. In order to avoid 
heating, the data were taken with 1-usec pulses at a 
repetition rate of 1 cps. Beyond about 210° amp/cm? 
the current increased rapidly for small further increases 
in voltage. The electric field at the threshold was about 
200 volts/cm for no applied magnetic field. Hall effect 
measurements (also taken under pulsed electric fields) 
at 7000 oersteds showed that the initial carrier concen- 
tration of about 2 10"* cm~ was increased by a factor 
of ten in going from the onset of the rapid current in- 
crease to the highest current attained. 

Figure 1 shows the current-voltage characteristics and 
Ru, the Hall coefficient, at 77°K. Ry is plotted as a 
function of the voltage in the presence of the 7000- 
oersted field. From constant-current lines in Fig. 1 and 
the requirement of constant carrier concentration, the 
magnetoresistance ratio, Ap/po, can be calculated. These 
results are shown in Fig. 2. For currents higher than two 
amperes, Ry began to decrease rapidly, so that Ap/po 
would no longer have the usual significance. 

There are three mechanisms that might have ex- 
plained these results. The first is the possibility of 
impact ionization of donors having an activation energy 
near the center of the forbidden energy gap. The second 
is minority-carrier injection at the contacts. The third 
is impact ionization across the forbidden gap with the 
resultant creation of electron-hole pairs. On the basis of 
similar measurements made at 232°K the first possibility 
was ruled out. The second one was abandoned because 
of the good shapes of the current and voltage pulses and 
the results in the presence of the magnetic field. Hence 
the third mechanism, that of electron-hole pair creation, 
remains to explain the data. To our knowledge this is 
the first detailed report! of such an effect in a bulk 
semiconducting crystal (i.e., no junctions). 

The large decrease in Ap/po shown in Fig. 2 (for 
constant electron density) is tentatively attributed to 
both the decrease of mobility of the hot electrons and 
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Fic. 1, Current-voltage characteristics and Hall coefficient at 
77°K. The voltage was measured across a distance of 0.254 cm 
along the crystal. The cross sectional area was 2.34 10-3 cm?, 


the possible significant change in the distribution func- 
tion of the electrons in the presence of strong electric 
and magnetic fields. A detailed experimental study of 
the effect over a wide range of magnetic fields might 
reveal detailed features of such changes in the distribu- 
tion function. 

From the data in Fig. 1 it is possible to compute vq, 
the drift velocity of the electrons, in the presence of the 
7000-oersted magnetic field. Such calculations show that 
vg exhibits saturation at a value of about 2.4107 
cm/sec for electric fields greater than 150 volts/cm. 
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Fic. 2. Magnetoresistance ratio as a function of current at 77°K 
for H = 7000 oersteds. The current was in the [110] direction while 
the transverse magnetic field was in the [001 ] direction. 
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All the qualitative features exhibited in Figs. 1 and 2 
have been reproduced in another sample of the same 
crystal. Experiments in progress are designed to detect 
the band-gap recombination radiation which should be 
present once the threshold is passed.* 


1In pulsed electric field measurements on n-germanium, J. B’ 
Gunn fy Electronics 2, 87 (1956) ] has reported a sudden increase 
in current at 6.3 X 104 v/cm, which he believed due to ionization of 
electron-hole pairs. The possibility that this effect was due to 
injection of minority carriers is not eliminated by his observations. 

* Note added in proof.—After this Letter was written, we learned 
that A. C. Prior [J. Electronics and Control 4, 165 (1958) ] has 
reported current-voltage characteristics in InAs at room tempera- 
ture similar to those reported here. 





Correlations Suggesting the d-Shell Con- 
figuration and a Magnetic Exchange 
Mechanism in Iron Group Metals 


E. O. WOLLAN 


Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received March 28, 1958) 


HE results of a recent neutron diffraction study of 
the antiferromagnetic properties of iron group 
trifluorides,! when correlated with those of other anti- 
ferromagnetic systems having rhombohedral or hexago- 
nal symmetry, suggest that the alignment of the spins 
along the c axis of the crystal is a unique property of the 
d-shell configuration. For cobalt in such antiferromag- 
netic systems this spin orientation appears to be a 
unique property of the Co** ion. By association one is 
led to the conclusion that the ions in hexagonal cobalt 
metal exist with the usual d-shell configuration of Co** 
as the ground state. With this suggestion, it was thought 
profitable to pursue the consequences of assuming that 
in the other iron group metals the same situation ob- 
tains. The d-shell configurations of the trivalent ions are 
shown in Table I. In view of the success of the orbital 
approach? to magnetic exchange in the perovskite® and 
trifluoride type compounds, the scheme of occupation 
shown in this table suggests some interesting ideas, 
which will be discussed below. 

It appears now that the orbital properties deduced 
from crystal field theory‘ are well suited for correlating 
these indirect magnetic exchange phenomena. On this 
basis the d levels of an ion in octahedral surroundings 
are split into a lower triplet /2, and an upper doublet e, ; 
the fs, orbitals are of the type d.,, dy, and dz, which 
point along the face diagonals of a cube, and the e, 
orbitals are of the type d.* and d,*_,: which, taken 
together, form a nearly symmetrical octahedral orbital 
system pointing along the cube edges. In the case of a 


TABLE I. Trivalent ion d-shell configurations. 








Fe#* 


Cr+ Cott 
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Fic. 1. Partial schematic representation of orbital arrangement in 
a body-centered cubic structure. 


compound of the perovskite type, the e, orbitals overlap 
the oxygen ions which lie near the midpoints of the cube 
edges and constitute the intermediary in the indirect 
magnetic exchange. Now when one uses the spatial 
properties of these orbitals and their respective electron 
occupations as shown for the trivalent ions in Table I 
and correspondingly for other ionic states, all the 
magnetic structure data in the perovskites and tri- 
fluorides can be accounted for on the basis of three types 
of exchange situations. These situations are governed by 
what appears to be the general principle that whenever 
an electron of an anion # orbital is excited into an 
overlapping orbital of a neighboring magnetic cation, the 
p electron enters (a) with its spin parallel to that of the 
magnetic ion when its overlapping orbital is empty and 
(b) with its spin antiparallel if its overlapping orbital is 
half filled. 

It is interesting now to investigate the possibilities of 
the orbital approach to the magnetic properties of the 
transition metals. This approach leads to some very 
striking results, which depend on (a) accepting the 
d-shell ground-state configurations in the metals as that 
appropriate to the 3+ ion, for which the evidence is 
that presented above, and (b) assuming a crystal field 
splitting of the d shell similar to, but presumably smaller 
than, that observed for crystalline compounds. 

With these assumptions one can account for the 
common magnetic properties of the 3d metals. The 
two most striking cases of bec. iron and bec. chromium 
will be treated here. Figure 1 shows part of the /2, 
orbitals of the metal ions on one face of a cube, and it 
shows the octahedral e, orbitals of a body-centered ion. 
There are three such cube faces associated with each 
metal ion, which is assumed to be 34-. There are thus 
left over as “itinerant” electrons just three electrons 
per ion. Let us place one of these electrons at each 
orbital meeting point. If this electron makes alternate 
exchanges between the six orbitals at the meeting point, 
we will have the following situation for iron for which 
all orbitals (Fe**+) are half filled. On the assumption 
that an electron which is promoted into an excited 
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state of the 3+ ion via a half-filled orbital prefers to 
enter with its spin opposite to that of the magnetic 
ion, then every exchange between orbitals in iron will 
be ferromagnetic. When these same arguments are ap- 
plied to chromium with the e, orbitals empty and 
with the corresponding assumption that an electron 
promoted into an empty orbital goes in with spin 
parallel to the ion spin, then all the exchanges between 
chromium ions on one sublattice are ferromagnetic and 
all the exchanges between the ions of one sublattice and 
those of the other are antiferromagnetic. This gives just 
the structure observed.® 

Additional support is found in considering the mo- 
ment values observed in the iron group elements. In 
iron the exchanging electrons always enter the ion or- 
bitals antiparallel to the spin of the 3+ ion. With an 
average of three itinerant electrons per ion, the average 
moment of iron on a simple statistical picture comes out 
close to the observed value of 2.2 uz. The low moment 
of chromium (0.4 wg) can be reasonably explained, and 
the high transition temperature (7 y~475°K) for a low- 
moment ion becomes understandable. On a similar basis 
the observed moment values of the other metals can be 
reasonably accounted for. 

If the basic concepts presented here prove to be valid, 
there are obvious important consequences to the theory 
of metals. Further details will be discussed in a forth- 
coming publication. 

1 Wollan, Child, Koehler, and Wilkinson (to be published). 

2 J. B. Goodenough, Phys. Rev. 100, 564 (1955). 

3 E. O. Wollan and W. C. Koehler, Phys. Rev. 100, 545 (1955); 
W. C. Koehler and E. O. Wollan, J. Phys. Chem. Solids 2, 100 
OTE. Orgel, J. Chem. Soc. 4756 (1952) ; J. D. Dunitz and L. E. 
Orgel, J. Phys. Chem. Solids 3, 20 (1957). 

Shull and M. K. Wilkinson, Revs. Modern Phys. 25, 100 
3 has been assumed that an exchange transition that is blocked 


because the adjacent orbital has already been filled from another 
atom will take place from the d band to the s band. 





Evidence for Dislocation Breakaway 
in Pure Aluminum* 
RouN TRUELL AND RAYMOND BAYER 
Metals Research Laboratory, Brown University, Providence, 
Rhode Island 
(Received March 7, 1958) 


COUSTIC attenuation and velocity measurements 
made in aluminum, while under deformation and 
as deformation proceeds, produce information about the 
size and changes in size of dislocation loop lengths as 
well as dislocation density changes in the material. In 
addition the attenuation recovery or the rapid decrease 
in attenuation as a function of time yields information 
about the transient or “time effects” as well as informa- 
tion about the point defects which pin the dislocations 
again when deformation is stopped. 


THE EDITOR 

In recent experiments a tensile test specimen! of pure 
aluminum (99.995%) produced in “‘almost single crys- 
tal”? form was subjected to tensile pulling while attenu- 
ation-strain and load-strain measurements were made. 
The results of these experiments are contained in curve 
(a) of Fig. 1, where the data points shown are for three 
separate tests or “pullings” which were made on the 
same specimen. Between the first and second tests the 
specimen was annealed at 350°C for one hour and slow 
cooled in the furnace; between the second and third 
tests the specimen was not annealed. As seen from 
Fig. 1(a) the points fell remarkably close to a single 
curve. 

It is the purpose of this letter to call attention to the 
very rapid increase in acoustic attenuation at low 
strains (especially below 0.02%) and to point out that 
this effect has been observed only in the high-purity 
almost single-crystal sample; it is not observed for 
example in much less pure [Fig. 1(b)] commercial 
aluminum (about 99.8%). It is proposed that this rapid 
attenuation increase at very low strain is an example of 
“dislocation breakaway” and that the effect is caused by 
an increase in dislocation loop length arising when the 
dislocations free themselves from relatively weak pinning 
at low strains. Under a biasing stress the dislocation 
loop will lie in a displaced or bowed out position, and it 
will, under the influence of the ultrasonic wave, vibrate 
around this displaced position with a longer loop length 
than it had before breaking away from the weak pinning. 
It is assumed that relatively strong pinning is provided 
by uetwork intersections while relatively weaker pinning 
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Fic, 1. Attenuation-strain behavior for high-purity single- 
crystal aluminum (a) and commercially pure 1100 polycrystalline 
aluminum (b). Curve (a) represents three separate tensile tests as 
indicated on curve. 
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is provided by point defects such as impurities, or 
groups of vacancies and interstitials. If, as assumed 
above, the weaker pinning is broken at very low stresses, 
thereby allowing an increase in the loop length, the 
attenuation will be strongly affected since the loop 
length L enters the attenuation as the fourth power. 
The ratio of loop lengths (Lafter/Lbefore) Would have to 
be about 1.7 in order to account for the observed at- 
tenuation change. The attenuation is also affected by 
the dislocation density A which may increase rapidly at 
low strains in very pure materials; the attenuation, 
however, is proportional only to the first power of the 
dislocation density **: 


axAL\, 


It seems extremely unlikely that this observed at- 
tenuation increase in the pure material could be caused 
by an increase in A alone because the same specimen 
produced essentially identical attenuation-strain be- 
havior on each of three different tests whether annealed 
or not. If the dislocation density increased during 
deformation by the same amount during each tensile 
test and returned to the same initial value after each 
test, it would be most surprising. Yet this would be 
necessary if changes in A alone were to account for the 
observed attenuation changes. Moreover, in order to 
have changes in A alone account for the observed 
attenuation changes, it would be necessary that A 
increase by a factor of ten or more before the strain 
reached 0.06%; the largest part of this change would 
have to occur while the strain was below 0.01%. The 
reason for setting ten as a factor is simply that the 
initial attenuation value cannot be caused entirely by 
dislocation damping. In fact it can be argued that at 
least half of the initial measured attenuation should 
arise from causes other than dislocations, and it is 
believed that actually much less than half of the initial 
value is dislocation loss. With 0.02 db/usec taken as the 
initial attenuation value, the ratio of attenuation in- 
crease from initial value to the value at 0.06% strain is 
about ten, hence the argument for approximately a 
factor of ten, and probably more, in the increase in A 
needed to account for the attenuation change at these 
low strains during each of the three tests if changes in A 
alone were to cause the effect. On the other hand, it is 
reasonable to expect that after the dislocation loops are 
torn away from the weak pinning, the defects return to 
the dislocations during recovery in such a way as to give 
very nearly the same attenuation value as was initially 
observed—this effect has been observed many times in 
less pure materials.’ In the purest aluminum the re- 
covery did not return exactly to the initial attenuation 
values; with initial values of 0.05 db/usec in one case 
and 0.06 db/ysec in another case, the recovery after a 
period of ten minutes brought the attenuation back to 
0.07 db/usec and 0.07+ db/usec, respectively. After a 
considerably longer period and after annealing, the 
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attenuation returned to the initial value to within 
0.01 db/usec. 

Unfortunately it was not possible in this experiment 
to settle the matter by measuring Av/» with high- 
precision velocity measurement equipment because the 
present equpiment is not portable and cannot be taken 
to the testing machine. Nevertheless it seems that the 
main part of this effect is much more likely to be caused 
predominantly by a sudden increase in the loop length 
at low strains than it is by a corresponding change in 
dislocation density. 


* The work described here was supported by the U. S. Air Force 
through the Air Force Office of Scientific Research. 

1 We are indebted to Dr. W. L. Fink, Dr. E. G. Haney, and the 
Alcoa Research Laboratories at New Kensington, Pennsylvania 
for providing us with this specimen. 

* The reduced section of the sample, the part under deformation, 
was between seven and eight inches long and one inch in diameter. 
The sample actually consisted of two sections of single crystal, one 
about 5 inches long and the other about 3 inches long with a grain 
boundary through the section of the crystal and one or two other 
relatively small grains near this boundary. For the purposes of this 
experiment the sample can be considered a single crystal. 

* Hikata, Truell, Granato, Chick, and Liicke, J. Appl. Phys. 27, 
396 (1956). 

* A. Granato and K. Liicke, J. Appl. Phys. 27, 583 (1956). 

5 A. Hikata and R. Truell, J. Appl. Phys. 28, 522 (1957). 





Predicted Intervalley Scattering 
Effects in Germanium 


WILLIAM SHOCKLEY 
Shockley Semiconductor Laboratory of Beckman Instruments, 
Incorporated, Mountain View, California 
(Received April 3, 1958) 


EINREICH and White! have reported a relaxa- 

tion time r(i. s.)=1.3X10~-" sec for intervalley 
scattering in m-type germanium at 78°K based on 
observation of the acoustoelectric effect. This time lies 
in a range accessible to direct observation by methods 
such as those suggested below. 

We let K represent mobility perpendicular divided by 
mobility parallel to the axis of rotation of the elliptical 
energy surface.? Then the corresponding diffusion con- 
stants are 


D,= KD,=3DK/(2K+1)=3kTKy/q(2K+1), 


where » and D are the conventional mobility and 
diffusion constant. 

It may be possible to separate the effects of D, and 
D,. Consider a small-signal, injected-carrier disturbance 
along the x axis, which is taken as the (111) direction, 
and let , represent the ac component of electrons in the 
(111) valley, and », those in the other valleys. Let a 
equal the reciprocal of minority carrier average lifetime 
and y= 4r(i.s.). Then we have 


6n,/dt=D,0'n,/dx2—an,—v(3na—N>), 
On»/dt= D,02n»/dx2—any,— v(n»—3n,), 


where D,=D,, and D, is the appropriate average of D, 
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and Dz: 
D.=D, cos’@+ Dz sin*@= (8K+1)D,/9=rD,, 


where @ is the angle between the x axis and the ellipsoid 
major axis. Since K lies between 12 and 20 depending on 
impurity concentration,’ r lies between 11 and 18. 

If we assume that electrons are injected at circular 
frequency w across an m-p junction at x=0, then the 
solution is obtained by superimposing four solutions of 
the form 


Na=aexp(iwl+yx), np,=b exp(iwit+yx), 


where y must be one of the four roots which make vanish 
the determinant of the coefficients in the equations 


(iwtat+3v—Day*)a—vb=0, 
—3vat (iwtat+v—rD y*)b=0. 


The solution for y’ is readily obtained but is cumbersome. 
We therefore consider some limiting cases. If vy is much 
larger than w or a, then there is one solution with 
ny=3n,, and Dy’*=iw+a. This is the conventional 
solution which carries an exponentially decaying cur- 
rent. The other solution has »,~—rn, and rDyy 
(1+3r)=y. This corresponds to cancelling flows of the 
two classes of electrons. 

On the other hand, if either w or a is comparable to », 
both solutions carry currents varying exponentially in 
space—one predominantly the a type, and the other 
predominantly of the 6 type. The latter type has r 
times the diffusion constant, and thus about 4 times the 
diffusion length. 

One possible way of observing these effects is to study 
the admittance of an n-p junction at high frequencies. 
For a junction parallel to a (100) plane, the admittance 
varies as (iwD)* at frequencies much higher than a. For 
a (111) plane, it will decrease from this value to a high- 
frequency value of 


[ (iwD a)#+3((iwD »)*1/420.95 (iwD)! 


for K=15. To look for this 5% effect, it would probably 
be advisable to compare (111) and (100) p-n junctions 
that were otherwise identical. 

Another possible method is to use an m-p-n transistor 
with alpha cutoff comparable to v. For this case, a (110) 
plane is preferable, and there are two groups of electrons 
n- and mq injected with equal concentrations at the 
emitter and having diffusion constants D,= D:<1.45D 
and D&0.55D for K=15. At low frequencies, the 
transconductance is given by the average diffusion 
constant, or D. The alpha-cutoff frequencies differ by a 
factor of D./D&3, so that alpha should fall by about 
25% due to cutoff of the ma group before the m, group is 
much affected. Under these conditions, the base layer 
is a filter which passes (1-11) and (1-1-1) electrons to 
the collector junction. This flow is much more suscep- 
tible to a magnetic field in the (1-10) direction than are 
(111) and (11-1) electrons. Thus, variation with mag- 
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netic field of transconductance at high frequency can 
give information about the degree of filtering and hence 
about v. Similar results could be obtained at zero fre- 
quency for lifetimes in the vicinity of 10~" sec. 

1G. Weinreich and H. G. White, Phys. Rev. 106, 1104 (1957). 
Weinreich also points out (private communication) that he has 
observed r(i. s.) of 1.5X10~% sec at 35°K and that even larger 


times might be found for the minority-carrier experiments pro- 


posed here. 
2M. Glicksman, Phys. Rev. 108, 264 (1957). See also C. 
Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 





High-Energy Photoproduction of =° 
Mesons from Hydrogen* 


J. W. DeWrre, H. E. Jackson, AND RAPHAEL LITTAUER 


Laboratory of Nuclear Studies, Corneli University, Ithaca, New York 
(Received April 4, 1958) 


HE reaction y+p—p+7° has been studied by 

counting coincidences between the recoil proton 
and one of the meson decay quanta. Detection of the 
two reaction members at approximately correlated 
angles discriminates heavily against contributions from 
multiple meson preduction. The only other reaction 
having similar kinematics is the elastic scattering of 
gamma rays; if the cross section for this process is 
assumed to be negligible,’ then coincidences can be 
shown to be due almost entirely to the process under 
investigation, even if the ionizing particle is not specifi- 
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Fic. 1. Differential cross section for neutral pion photoproduction 
as a function of energy. 
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cally identified as a proton. This simplification makes it 
possible to count simultaneously several groups of 
protons falling into different range intervals; moreover, 
the background counting rate from target material other 
than hydrogen is substantially reduced. 

Bremsstrahlung from the Cornell electron synchrotron 
passed through a liquid hydrogen target? and was 
monitored in a Quantameter.’ The end-point energy was 
set in each case sufficiently above the maximum energy 
being studied so that the detailed shape of the spectra 
was unimportant; thin-target Bethe-Heitler spectra 
were assumed. 

Protons were counted in a range telescope of six 
scintillators with copper absorbers. The first counter 
(4 in. X4 in. at 52 in. from the target) was the smallest 
and defined the solid angle. The angle and energy of the 
proton determine the reaction completely and are used 
to measure the energy of the incident photons. To 
minimize the effect of the finite angular resolution on 
the energy spread, the absorbers in the proton telescope 
were suitably tapered in steps equal to the width of the 
target. Incident energies were defined in 100- or 50-Mev 
intervals; only at the forward meson angles did the 
angular spread contribute significantly to smearing out 
these intervals. 

Pion decay quanta passed through an aperture,in a 
6-in. thick lead wall and were detected in a total- 
absorption lead glass Cerenkov counter 12 in. in diame- 
ter and 14 in. long. The aperture was 3 in. square and 
was 16 in. from the target, except at the forward meson 
angle, where the distance was 21 in. Charged particle 
counts were excluded by a scintillation counter placed 
behind the aperture and operated in anticoincidence. 

Since the meson angle and energy are known from the 
proton parameters, the efficiency for detecting one of the 
decay quanta can be calculated readily ; its value ranged 
from 0.06 to 0.4, with an estimated uncertainty of 5%. 

Subsidiary experiments showed that only protons 
were counted in the telescope, and that the kinematics 
of the reaction agreed with those expected. Also, obser- 
vations of the pulse-height spectrum delivered by the 
Cerenkov counter gave distributions as calculated for 
pion decay quanta under the experimental geometry. 

The empty-target background was about 10% of the 
total. Corrections were made as follows: for random 
coincidences, at most 8%; for nuclear absorption of 
protons in the copper absorbers, from 2% to a factor‘ of 
2.6; for conversion of decay quanta ahead of the 
The absolute 
calibration of the beam monitor is known to within a few 
percent. 

Differential center-of-mass cross sections for pions 


7 


anticoincidence counter, up to 12%. 


produced at 52°, 90°, and 125° are shown in Fig. 1. 
These exhibit results substantially similar to those 
obtained by other workers® and join smoothly with the 
cross sections measured at lower energies.® A simple ex- 
tension of the (3$,}) resonance production to these 
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energies would not appear to account well for the results ; 
contribution from one or more higher levels is strongly 
suggested.’ 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1T, Yamagata, thesis, University of Illinois (unpublished). By 
measuring the angular distribution of quanta associated with a 
given proton, it should be possible to determine the contribution 
from elastic scattering in the present experiment. Such a measure- 
ment is planned. 

? Raphael Littauer, Rev. Sci. Instr. 29, 178 (1958). 

3 Robert R. Wilson, Nuclear Instr. 1, 101 (1957). 

4 A constant ‘absorption cross section of 0.7 barn was used for 
copper. To check this correction at the worst point, a brems- 
strahlung end-point subtraction was taken to define the energy 
interval 0.9-1.0 Bev, and the protons were allowed to traverse the 
telescope without stopping. The results agreed to within the 
statistical accuracy of 20%. The effects of proton scattering were 
also checked and found to be negligible. 

5 J. I. Vette, Phys. Rev. (to be published) ; P. C. Stein and K. C. 
Rogers, Phys. Rev. 110, 1209 (1958), following Letter. 

® McDonald, Peterson, and Corson, Phys. Rev. 107, 577 (1957). 
This paper also summarizes earlier results of other workers. 

7 Robert R. Wilson, Phys. Rev. 110, 1212 (1958), this issue. 





Photoproduction of =’ Mesons 
from Hydrogen 
at 500-900 Mev* 


P. C. Stem anv K. C. RoOGERst 


Laboratory of Nuclear Studies, Corneh University, Ithaca, New York 
(Received April 4, 1958) 


HE photoproduction of single ° mesons from 
hydrogen has been studied using the brems- 
strahlung beam of the 1.5-Bev Cornell electron syn- 
chrotron. Differential cross sections were measured at 
meson angles of 60°, 90°, and 120° in the center-of-mass 
system and photon energies in the range 500-900 Mev. 
The process was identified by counting the recoil 
protons. Since the reaction is a two-body one, an identi- 
fication of the recoil proton energy and lab angle suffices 
to fix the meson center-of-mass angle and the incident 
photon energy. 
A diagram of the apparatus is shown in Fig. 1. 
Protons were counted in a seven-counter range tele- 
scope. Counters 1-6 were scintillation counters, and 
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Fic. 1. Diagram of the apparatus. 
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Fic. 2. Excitation function for pion angle of 60° in the 
center-of-mass system. 


counter C was a CS: Cerenkov counter. Absorbers be- 
tween counters 5 and 6 determined the range acceptance 
width of the telescope, and the absorber between 1 and 
C, the mean energy of the telescope. Pulse-height dis- 
crimination was used in counters 2, 3, and 4 to discrimi- 
nate between mesons and protons. Counter 1 was smaller 
than the rest of the counters in the telescope, and thus 
served to define the solid angle of the telescope. It also 
served to eliminate counts from neutrons converting to 
protons in the main absorber. The Cerenkov counter 
was run in anticoincidence, and eliminated most of the 
mesons and multiple electron events with the proper 
range for counting in the telescope. Coincidence circuits 
with resolving times of } usec were used throughout. All 
events of the type 1+2+3+4+5—(3+6)—(2+C) 
with the proper pulse heights in counters 2, 3, and 4 
were counted. 

The target used in the experiment was a Styrofoam- 
insulated liquid hydrogen target whose walls were made 
of 0.001-in. Mylar.' The Styrofoam insulation proved to 
be a large source of background protons, and it was 
necessary to shield the counters from it with lead 
channels, which are shown in Fig. 1. The background 
rate was in general 10% of the hydrogen rate. 
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Fic. 3. Excitation function for pion angle of 90° in the 
center-of-mass system. 
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Since only the recoil protons are observed, it is 
necessary to insure that all protons arise only from the 
single photoproduction of neutral pions. Other reactions 
which can produce recoil protons are 


y+p-—(3 or more)r+ p, (2) 
ytpoprtry. (3) 


Since reactions (1) and (2) are three-body reactions, a 
specification of the recoil angle and energy does not 
uniquely determine the incident photon energy. How- 
ever, for a given recoil proton, the threshold energy for 
(1) is about 120 Mev higher than the photon energy 
that will produce the same recoil proton from single 7° 
production. The threshold for (2) is even higher. Due 
to the photon energy resolution of the telescope, which, 
by means of shaped absorbers, was kept to a maximum 
of +60 Mev, it was not possible to keep the peak of the 
bremsstrahlung spectrum below the threshold for (1). 
The peak of the bremsstrahlung spectrum was, in 
general, 120 Mev above the particular photon energy 
being investigated. The cross sections were corrected for 
multiple pion production using the experimental cross 
section of Sellen.? Checks on the latter correction were 
made by varying the peak energy of the bremsstrahlung 
beam. 

Because of the fact that reaction (3) has very similar 
kinematic properties to the photoproduction of single 
pions, we were unable to discriminate against it in the 
same manner that we discriminated against reactions 
(1) and (2). We are forced to rely on the supposition 
that at these energies, it remains at most a few percent 
of the 7° cross section, as it does at 300 Mev.® 

Of the various corrections made to the data, the most 
serious was that for nuclear absorption in the copper 
absorbers. For this correction, we used the absorption 
cross sections given by Chen, Leavitt, and Shapiro* and 
Hicks and Kirschbaum.* 

The cross sections obtained are shown in Figs. 2, 3, 
and 4. If these data are roughly integrated to obtain a 
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Fic. 4. Excitation function for pion angle of 120° in the 
center-of-mass system. 
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total cross section, this cross section stays approxi- 
mately flat in the region of 600-900 Mev, and has a 
value of about one-seventh of the total cross section at 
the peak of the 300-Mev resonance. 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at Stevens Institute of Technology, Hoboken, New 
Jersey. 

'R. M. Littauer, Rev. Sci. Instr. 29, 178 (1958). 

2 J. M. Sellen (private communication). 

*T. Yamagata, thesis, University of Illinois (unpublished). 

* Chen, Leavitt, and Shapiro, Phys. Rev. 99, 857 (1955). 

5D. A. Hicks and A. J. Kirschbaum, Livermore Report M.T.A.- 
28, 1952 (unpublished). 





Photoproduction of -=* Mesons from 
Hydrogen in the Region 350-900 Mev* 
M. HEINBERG, W. M. McCLecianp, F. Turxor, W. M. 

Woopwarp, R. R. Witson, AND D. M. Zipoy 


Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received April 4, 1958) 


XCITATION functions for the reaction y+p— 
a+-+n have been measured in the energy region 
350-900 Mev and at laboratory angles of 31°, 58°, and 
115° corresponding to center-of-mass angles around 45°, 


THE 


EDITOR 1211 
90°, and 135°. Positive mesons produced in a liquid 
hydrogen target by the bremsstrahlung beam of the 
Cornell 1.5-Bev synchrotron are first momentum-ana- 
lyzed by a strong-focusing magnet and then identified 
by pulse-height and range requirements in a four- 
counter telescope. At the forward angles protons are 
eliminated by setting upper limits on the pulse heights 
in the first and third counters; there are no protons at 
115°. Electron contamination was shown to be negligible 
at 31° by observing no counts from hydrogen with the 
current through the magnet coil reversed. Single-meson 
production was insured by keeping the peak energy of 
the bremsstrahlung spectrum below the threshold for 
multiple production for any given angle and momentum. 

The excitation curves are shown in Fig. 1; the dashed 
curves represent an average of the previously existing 
data.' In computing the cross sections a thin-target 
bremsstrahlung spectrum was assumed ; the total energy 
in the photon beam was measured by a Quantameter.’? 
Corrections were made for decay in flight and for nuclear 
absorption in the telescope. For the latter the cross 
section was assumed to be geometric with ro=1.37 
X10-" cm; this correction was in the range 5%-20%. 
The momentum resolution of the apparatus is 8%, 
resulting in an 8%-15% resolution in E, at forward 
angles and 15%-40% resolution at 115°. The errors 
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shown on the curves are counting statistics only; the 
absolute cross sections should be accurate to 15%. The 
agreement with the low-energy data in the region of 
overlap is satisfactory except for the tendency of the 
new data to be above the old in the neighborhood of 450 
Mev. This discrepancy is not yet understood. 

The total cross section implied by the three excitation 
curves is also shown in Fig. 1. The second maximum of 
nearly 100 ub at E, of 650 Mev is strongly suggestive of 
another resonance in the pion-nucleon interaction.’ 

* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
OR Wilson, Nuclear Instr. 1, 101 (1957). 

3R. R. Wilson, Phys. Rev. 110, 1212 (1958), following Letter. 





Possible New Isobaric State of 
the Proton* 


RoBERT R. WILSON 


Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received April 4, 1958) 


ECENT measurements at Cornell'~® and at the 
California Institute of Technology*® * on the photo- 
production of single and multiple x mesons in the photon 
energy region extending from 500 to 1000 Mev have 
indicated the presence of a broad and strong resonance 
level at about 750 Mev. This does not correspond to the 
second resonance peak seen in the scattering of negative 
pions from hydrogen which would occur at a photon 
energy of about 1.0 Bev. It is suggested here that the 
new photoproduction peak corresponds to a separate 
resolvable excited state of the proton characterized by 
an isotopic spin of 4, an angular momentum of 3, and a 
c.m. energy of about 600 Mev. This level would then be 
expected to dominate single- and multiple-meson pro- 
duction in the above photon energy interval. 

The assignment of angular momentum, 3, to the state 
allows the calculation of angular distributions and the 
assignment of isotopic spin } and the resonance energy 
permits us to compute the branching ratios of the decay 
of the state p** into the following decay modes: 


p**rt +n (F] (1) 
m+p [3] (2) 
at+ p* [3] (3) 
mm +p* [3] (4) 
a +p* [3] (5) 
mtt+at+p [3] (6) 
m+at+tn [4] (7) 
wm+mr+p [2] (8) 
Kt++A° [1] (9) 


where p* indicates the (3,3) isobaric state of the proton, 
which will subsequently decay into a meson and nucleon. 
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Fic. 1. The full curves show the total cross section for excitation 
of the (3,3) isobaric state and of the proposed (4,3) isobaric state 
plotted as a function of the photon energy. The dashed curves 
labeled r*, x°, xt, and K*A° show the predicted production of 
single and multiple mesons as well as of K mesons through the 
(4,3) state on the basis of statistical considerations only. The 
dashed curve labeled S indicates the direct photoelectric produc 
tion of x*. The total excitation through the (4,3) resonant state 
observed in ~p scattering might appear roughly as indicated by 
the curve labeled (4,3). 


Process (9) for K-particle production is energetically 
impossible at resonance but the width of the level is 
such that the process could be strongly influenced near 
the threshold energy of 910 Mev. 

The measured angular distributions of single r° pro- 
duction! from 500 to 850 Mev are reasonably consistent 
with a 2+3sin’@ variation as required by the } spin 
value. The z* distributions are strongly peaked forward 
throughout this photon energy interval—an effect which 
might be explained by interference with the still large 
S-wave m* production. 

At 90° in the c.m. system the measured ratio of single 
m* to r production is roughly 2:1 as required by the 
assignment of isotopic spin 3, and this is also roughly 
true of the ratios of these total cross sections. 

To obtain a more detailed but still qualitative picture 
of meson production through this state, the one-level 
resonance formula that was applied successfully by 
Brueckner’® to the (},3) state has been used to compute 
the total excitation of the (3,3) state as a function of 
energy. The resonance energy of 750 Mey, i.e., 600 Mev 
in the c.m. system, was chosen by inspection; the re- 
duced width, 58 Mev, was arbitrarily taken to be the 
same as for the ($,3) state, as was the channel width of 
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0.88%/uc; finally, the reaction width was adjusted to 
agree with the total observed cross section at 700 Mev. 
The resultant variation of the total excitation of the 
(4,3) level with photon energy is shown in Fig. 1. It can 
be seen to be large in comparison with the excitation of 
the ($,3) level which is also shown. Of course, at such 
high energies the resonance formula is but an approxi- 
mation. The formula also makes an absolute prediction 
for mp scattering; this has been computed with the 
above constants and compared to the experiments of 
Cool, Piccioni, and Clark." Their measurements are not 
inconsistent with the presence of the (4,3) level but in 
mp scattering the (3,3) level is not resolved from their 
higher (3,5) level; it should appear in differential 
measurements, however. 

The branching ratios for decay into the various modes 
(1) to (9) have been roughly approximated on the basis 
of momentum space," together with the statistical 
weight in isotopic spin space.’ The quantity shown in 
brackets in the above list of decay modes, Eqs. (1)—(9), 
is proportional to the statistical weight in isotopic spin 
space. The result of multiplying the branching ratio by 
the total excitation of the state is plotted in Fig. 1 for 
some of the observable decay modes; the qualitative 
agreement with the measured meson photoproduction 
cross sections'~® is rather striking. The prediction of 
x-m* multiple production is somewhat low but could be 
raised by assuming a smaller isobaric radius. Further- 
more, direct electric-dipole production of the final state 
a+ p* can occur in an § wave with a fuzzy threshold at 
about 450 Mev. This can augment and interfere with 
through the (4,3) state, 


2 


the P-wave production of # 
i.e., decay mode (5). 

The measured photoproduction of A particles'*:* is 
about ten times less than a simple momentum-space 
argument would allow, showing that the coupling into 
the K+—A° decay mode is considerably weaker than for 
decay into meson-nucleon systems. If the (4,3) state is 
important in K* production, then the angular distribu- 
tion should be of the form 2+3 sin’#, if the K*—A° 
system is pseudoscalar. 


* Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission. 

1 DeWire, Jackson, and Littauer, Phys. Rev. 110, 1208 (1958), 
this issue. 

?P. C. Stein and K. C. Rogers, Phys. Rev. 110, 1209 (1958), 
this issue. 

5 Heinberg, McClelland, Turkot, Wilson, Woodward, and Zipoy, 
Phys. Rev. 110, 1211 (1958), preceding Letter. 

‘Sellen, Cocconi, Cocconi, and Hart, Phys. Rev. 110, 779 
(1958). 

5 Woodward, Wilson, and Luckey, Bull. Am. Phys. Soc. Ser. IT, 
2, 195 (1957). 

® J. I. Vette, Phys. Rev. (to be published). 

7M. A. Bloch, Ph.D. thesis, California Institute of Technology, 
1958 (to be published). 

8M. Bloch and M. Sands, Phys. Rev. 108, 1101 (1957). 

® The actual form of the resonance formula was that given by 
M. Gell-Mann and K. Watson, Annual Review Nuclear Science 
(Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 238. 

Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 

1G. Fialho, Phys. Rev. 105, 328 (1957). For processes (6), (7), 
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and (8), it is necessary to assign a size to the isobaric state: the 
meson Compton wavelength was chosen. 

12] am indebted to Dr. E. Salpeter for the calculation of the 
statistical weights in isotopic spin space on the basis. of the 
Clebsch-Gordan coefficients and on the basis of the equality in 
number of symmetrical and antisymmetrical states. 

13 Silverman, Wilson, and Woodward, Phys. Rev. 108, 501 
(1957). 

4 P, Donoho and R. Walker, Phys. Rev. 107, 1198 (1957). 





Photoproduction of K+ Particles in 
Hydrogen at Forward Angles* 


H. M. Bropy, A. M. WETHERELL,t AND R. L. WALKER 


California Institute of Technology, Pasadena, California 
(Received April 4, 1958) 


HE method of Donoho and Walker! for measuring 
K*-particle photoproduction in hydrogen has 
been improved in order to provide a clearer identifica- 
tion of the K particles and to allow measurements at a 
more forward angle, 10° in the lab system. The appa- 
ratus used is very similar to that shown in Fig. 1 of the 
Letter of Donoho and Walker.' It consists of a magnetic 
spectrometer with a counter telescope placed at the rear 
focus. The telescope is composed of three scintillation 
counters, a Cerenkov counter, and sufficient absorber to 
prevent protons from entering the last scintillator. A 
special thin counter is used to define the aperture of the 
magnet and as the first counter in a time-of-flight 
measurement. This aperture counter is designed to avoid 
the possibility of protons (or other particles) emitted 
from the hydrogen scattering from the pole pieces or lead 
slits and hitting the scintillation counters. Such scat- 
tered protons had been found previously, and were 
easily confused with K particles. Unfortunately, protons 
from other sources, such as the target walls and air path, 
could pass through this counter and scatter into the 
detectors. 

The Cerenkov counter proved to be better than 98% 
efficient in eliminating pions with 8=0.95, but also 
eliminated 8% of the protons with 8=0.5, presumably 
because of weak scintillation in the U. V. T. Lucite used. 
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Fic. 1. Correlation in pulse height for counters 1 and 2. The K* 
mesons are 1.47 and 1.75 times minimum-ionizing, respectively. 
The points with greater pulse heights correspond to scattered 
protons. 
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TABLE I. Summary of data. Ey is the bremsstrahlung upper 
limit. The K particles observed at these angles and momenta, were 
produced by 1000-Mev photons in the reaction y+ p—~K++A°. 











Scattered 

K counts protons 

Eo Piab He per 10%5 per 1015 
Mev Mev/c Oiab target Mev Mev 

1070 520 10° Full 14.4+1.3 8.0+0.9 

1070 520 10° Empty 4.4+0.8 8.7+1.5 

900 520 10° Full 2.2+0.8 5.141.2 

1070 428 Fs Full 6.1+0.5 1.6+0.3 

1070 428 25° Empty 0.80.3 1.2+0.3 

900 428 25° Full 0.2+0.2 2.1+0.8 








A detection efficiency of 5% was estimated for K parti- 
cles with 8=0.7 and this will be tested experimentally in 
the future. 

An event consisting of a count in the three scintilla- 
tion counters and a time-of-flight count, but no signal 
from the Cerenkov counter, is used to trigger an 
oscilloscope on which are displayed the pulses from the 
three scintillation counters and the output of the time- 
of-flight coincidence circuit. These pulses are photo- 
graphed individually for each event. 

Events are analyzed by plotting the correlated pulse 
heights from two of the counters on log paper as shown 
in Fig. 1. To calibrate the equipment, several thousand 
minimum-ionizing particles were counted and the corre- 
sponding pulse-height data obtained. From these data 
the K+ pulse-height limits, shown as dotted lines in 
Fig. 1, were predicted. The pulse height in the third 
counter is correlated in a similar manner, leading to a 
self-consistent method for identifying the K mesons. 

Figure 1 shows a smal] number of minimum-ionizing 
particles compared with that shown by Donoho and 
Walker. This is because the Cerenkov counter combined 
with the time-of-flight requirement has eliminated all 
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Fic. 2. Angular distribution at 1000 Mev. The Cornell points 
at 45° and 85° were sent to us by R. R. Wilson as preliminary 
values on February 27, 1958. 
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but one per thousand of the fast particles going through 
the system. 

Scattered protons are not as well eliminated, although 
they are clearly separated at the 10° point where the K 
pulse heights are lower. If, as we believe, these protons 
come from the target walls and the air path, they should 
remain when empty target runs are taken, and this is 
indeed the case. 

The data are summarized in Table I. 

In calculating cross sections, the empty-target runs 
are used as backgrounds rather than below-threshold 
runs, since we believe the background consists mainly 
of K particles produced in the target walls and the air 
path, rather than events produced by pions and protons. 
Inspection of the pulse-height plots for runs made with 
full and empty target and low synchrotron energy seem 
to justify this belief. 

The cross sections are ¢(28.5°) == (1.72+0.26) K10-" 
cm?/sterad and ¢(72°) = (1.80+0.20) X 10-* cm?*/sterad 
in the c.m. system. They are compared to the other 
published data** at 1000 Mev in Fig. 2. 

The values of the cross sections of Donoho’ shown in 
Fig. 2, are different from those reported by Donoho and 
Walker.' This is because additional data were gathered 
at 42° and 72° in the c.m. system, and an experimentally 
determined bremsstrahlung spectrum‘ was used, which 
is more like a thin-target spectrum than the thick-target 
spectrum assumed originally by Donoho and Walker. 

* This work supported in part by the U. S. Atomic Energy 
Commission. 

t Commonwealth Fund Fellow. 

1 P. L. Donoho and R. L. Walker, Phys. Rev. 107, 1198 (1957). 


2 P. L. Donoho, thesis, California Institute of Technology, 1957 
(unpublished). 

3 Silverman, Wilson, and Woodward, Phys. Rev. 108, 51 (1957); 
McDaniel, Cortellessa, Silverman, and Wilson, Bull. Am. Phys. 
Soc. Ser. II, 3, 24 (1958), R. R. Wilson (private communication). 

‘Donoho, Emery, and Walker (private communication). 





Measurements of Asymmetries in the 
Decay of Polarized Neutrons* 


M. T. Burcy, V. E. Kroun, T. B. Novey, anp G. R. RINGo, 
Argonne National Laboratory, Lemont, Illinois 


AND 


V. L. TeLecp1, University of Chicago, Chicago, Illinois 
(Received April 17, 1958) 


N an earlier publication,' measurements on the decay 
of polarized neutrons were reported which showed 
that the decay was not isotropic with respect to the 
neutron spin. The coefficient for the correlation between 
the direction of emission of the beta particles and the 
neutron spin given therein was subsequently shown to 
be too large in absolute value because of an interference 
from the correlation of the neutrino direction with the 
neutron spin.’ As is clear from the analysis of Jackson, 
Treiman, and Wyld,’ the latter correlation might be 
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1. Vertical cross section (normal to the neutron beam) 


Fic, 
through the detector system of the experiment measuring the 
correlation of the neutrino momentum and the neutron spin. 


(and in fact turns out to be) large and is one of funda- 
mental interest in beta-decay theory. We therefore 
decided to measure this latter correlation. 

A vertical cross section of the experimental arrange- 
ment used is shown in Fig. 1. The means (not shown) for 
collimating and polarizing the beam (in the vertical 
direction) were the same as in the first experiment. The 
conditions of the experiment require the recoil proton to 


TABLE I. Results of measurements on the correlation between 


the momentum of the neutrino and the neutron spin; w=1 
+ @(p,-(J)/E,J). 
Beta-energy group (kev) 150-350 350-780 
" Observed ® 0.36+0.04 0.33+0.04 


Correction factor for neutrino 


angular spread 2.00 2.40 
Correction factor for imper 

fections of polarization 1.35 1.15 
® 0.8340.25 0.91+0.19 


Average ® 0.88+0.15 


have a downward component of momentum in order 
that it go through the slits and reach the detector. Thus 
the neutron disintegrations which are detected are 
associated predominantly with emission of the neutrino 
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into the upper hemisphere and emission of the electron 
at approximately 90° to the neutron spin. The results of 
these measurements are shown in Table I, where the 
errors quoted in the first line are the statistical ones. 

There is a possibility that the slits may have a finite 
reflectivity for protons; if so, this would reduce the 
observed value of the asymmetry. However, the ob- 
served asymmetry is large enough that this effect 
cannot be very important. @ is the usual correlation 
coefficient of the cosine of the angle between the direc- 
tions of interest.’ The errors quoted for @ are not purely 
statistical. They arise, in fact, chiefly from uncertainties 
in the determination of the background. 

After this measurement, an improved measurement of 
the correlation coefficient, @, between the beta-particle 
momentum and neutron spin was performed. The appa- 
ratus was essentially that of Fig. 1 with the slits removed 
and the direction of polarization of the neutrons made 
that of a horizontal line in the figure. The results of this 
measurement give @= —0.09. The estimated error in @ 
from known sources in this number is +0.03 but there 
is a possible additional uncertainty from effects of non- 
uniformity in the response of the proton detector at 
different points on its face. 

The highest coincidence rates, per beam neutron, 
which could be obtained in these experiments were 
roughly two thirds of those to be expected from the 
known neutron lifetime. These measurements were 
generally made at about a third of the maximum 
counting rates in order to suppress background. 

The theory of nuclear beta decay being in its simplest 
sense a description of neutron decay, a complete experi- 
mental specification of this process alone should enable 
one to determine all relevant coupling constants 
uniquely. While the number of independent experiments 
is as yet too limited for actually doing this, the nature 
of the interaction can be deduced from measurements of 
@ and @ if the following assumptions are granted: 
(1) GT and F couplings‘ are present in the ratio |x 
= (1.14+0.05):1, but they may be either T and S or A 
and V; (2) the antineutrino is emitted with complete 
(right or left) longitudinal polarization; (3) time-re- 
versal invariance holds. For the possible interactions 
compatible with these assumptions one predicts, using 
reference 3, the values for @ and @ listed in Table II. 

The present accuracy of the coefficient @ is not great 
enough to exclude those interactions giving a small 
positive value for @ and +1 for @®. However, the 


TABLE II. Predicted values for @ and @. 





S+T7* S-—T 
Dy> Ve Vi Vr 
a 1 +1 —0.07° 0.07 
6) —0.07 0.07 —1 +1 


. The r relative signs in this row are those of the couplings present; i.e., V— 


V+A V-—A®*® 
Dr Dr Vi Dr Exp. 
+1 —1 ~ 0.07 —0.07 —0.09 
—0.07 0.07 -1 +1 +0.88 


A means Ca — = —1.14, 


> Dice) means left (right) handed antineutrino; i.e., Vice) corresponds to Ci/Ci’ = —1(+ 
© The uncertainty of +0.05 in x introduces an uncertainty of +0.02 in this number, O07, Cites it appears. 
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measurement of @ for polarized Co™ nuclei® and the 
numerous measurements® of the longitudinal polariza- 
tion of beta rays show that C’s r~—Cs,7 and C’y, 4 
=Cy, 4. With these restrictions on the interaction coeffi- 
cients, the values of @ and @ show that the interaction 
is predominantly V — A. The other interaction combina- 
tions give greatly different values. Thus S+ 7 and V+A 
give @=—1 and ®=<0, and S—T gives @~0 but 
@®=-—1. It must be borne in mind, of course, that the 
limited accuracy of our data would not enable one to 
exclude small departures from assumptions (1) and (2) 
nor even fairly large violations of (3). 

Recent experiments with positron emission in A*®* and 
K capture in Eu'® have also shown that the Fermi 
interaction’ is predominantly V and the Gamow-Teller 
interaction’'* is predominantly A. These results are in 
disagreement with the published analysis’ of the He® 
experiment which indicate the presence of T. 

The V—A interaction is also in agreement with 
several recent treatments of the theory of beta decay." 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Burgy, Epstein, Krohn, Novey, Raboy, Ringo, and Telegdi, 
Phys. Rev. 107, 1731 (1957). 

2 This source of error of the result in reference 1 has been dis- 
cussed earlier and the sign of the coefficient ® and thus the V—A 
coupling predominance inferred [V. E. Krohn, Bull. Am. Phys. 
Soc. Ser. II, 2, 340 (1957) ]. 

3 Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957). 

‘L. Michel, Revs. Modern Phys. 29, 223 (1957). 

5 Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957). 

6 See, for example, Boehm, Novey, Barnes, and Stech, Phys. 
Rev. 108, 1497 (1957), and the references contained therein. 

7 Herrmannsfeldt, Maxson, Stahelin, and Allen, Phys. Rev. 107, 
641 (1957). 

8 — Grodzins, and Sunyar, Phys. Rev. 109, 1015 
(1958). 

®B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955); 
however, in a post-deadline paper presented at the 1958 Meeting 
of the American Physical Society in New York, these authors 
modified their original conclusions. 

10 E. C. G. Sudarshan and R. E. Marshak, Proceedings of the 
1957 Padua-Venice Conference on Mesons and Recently Discovered 
Particles (Nuovo cimento, to be published) ; Phys. Rev. 109, 1860 
(1958). R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). J. J. Sakurai, Bull. Am. Phys. Soc. Ser. IT, 3, 10 (1958). 





Beta Decay of the Pion 


J. C. Taytor 


Imperial College of Science and Technology, London, England 
(Received April 9, 1958) 


ET us assume that the hypothesis of a universal 

(V,A) Fermi interaction, in the form suggested by 
Feynman and Gell-Mann,' will prove to be correct. 
Then baryons (and perhaps mesons) are coupled to 
electrons and neutrinos through a current, j,4+/,", 
consisting of equal amounts of vector and axial vector 
parts. Feynman and Gell-Mann point out that if 
0,j." =0, then the close equality between the muon 
decay coupling constant and the Fermi part of the ob- 
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served beta-decay constant can be understood. They 
further remark that if the difference (at present small 
experimentally) between the Fermi and Gamow-Teller 
beta-decay couplings should turn out to be zero, then 
0,ju44=0 would be required for similar reasons. It is not 
known yet whether such a divergenceless axial vector 
can be constructed, but some preliminary attempts have 
been reported by. Polkinghorne.’ 

This note is to remark that the relation 0, j,4=9, if it 
is true, has the additional consequence that r—e+ 1 is 
forbidden. To see this, note that, if one neglects 
electromagnetic interactions, the amplitude for this 
decay must have the form 


C(R)Ryly, 
where 
L.=éyu( 1 +75)», 


and k, is the pion momentum. Thus, kinematically, only 
the component of the lepton current /, parallel to k, 
contributes to the decay. But in the fundamental 
interaction j,4l,, this longitudinal component of /, 
gives no contribution, because k,j,4=0. Thus the 
amplitude itself must be zero. 

The anomalous slowness of 7, decay could be thus 
explained. But the problem then becomes to explain 
why 7m, decay is seen. Obviously the muon would have 
to be exempted from at least one of the postulates of the 
Feynman-Gell-Mann scheme. Certainly the experi- 
mental situation on muon capture is not yet such as to 
prove much similarity to beta decay. Also, it is perhaps 
an advance to have the point of difficulty shifted from 
the electron to the (already mysterious) muon. 

The author is indebted to T. W. B. Kibble and J. C. 
Polkinghorne for discussions out of which this note 
arose. 

1R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 


(1958). 
2 J. C. Polkinghorne, Nuovo cimento (to be published). 





Single-Particle Interpretation of Proton 
Spectra from (d,p) Reactions* 


J. P. Scuirrer, L. L. Lee, Jr., J. L. YNremMA, AND B. ZEmMAN 


Argonne National Laboratory, Lemont, Illinois 
(Received March 28, 1958) 


HEN the Butler formalism! for the deuteron 
stripping reaction is applied to a (d,p) reaction, 

it predicts that the amplitude with which a given state 
of the final nucleus is populated should be proportional 
to the neutron reduced width y,2 of that state with re- 
spect to the ground state of the target nucleus. Utilizing 
this feature of (d,p) reactions, we have undertaken a 
study of average reduced neutron widths of bound 
states. This should be analogous to studies of the 
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FINAL NUCLEUS EXCITATION ENERGY (MEV) 


-Fic. 1. The pulse-height spectra of protons from the (d,p) re- 
action as observed in a scintillation detector. The bombarding 
energies, angles of observation, target elements, and approxi- 
mate energy scales are indicated on the figure. The known levels 
in Mn* and Fe*’ are given with the 3.6-Mev data. 


neutron strength function y?/D for neutrons of positive 
energy in neutron scattering experiments.?* 

The optical model’ for a neutron interacting with 
nuclei and the shell model‘ for the explanation of low- 
lying bound states of nuclei are both based on the single- 
particle states of a nucleon in an average potential. It 
has been pointed out by Lawson® that the choice of a 
suitable potential makes the positions of the single- 
particle states which are found as strength-function 
maxima in the optical model consistent with the single- 
particle states of the shell model. 

Applying the arguments of Lane, Thomas, and 
Wigner® to this problem, one would expect the total re- 
action yields for the (d,p) process for each / value of the 
captured neutron to be determined by the single- 
particle widths of these states. If the situation for bound 
levels is similar to that for unbound ones, i.e., if the 
“intermediate coupling model’’ of reference 6 is appli- 
cable, then one might expect that maxima in the proton 
yield would be observed at proton energies which 
correspond to neutrons captured in a particular single- 
particle state by the target nucleus. These maxima 
could encompass many actual levels which can be pro- 
duced in the final nucleus by incident neutrons with the 
proper / value. Thus each maximum would have the 
characteristic angular distribution predicted by the 
Butler theory for the orbital angular momentum of the 
captured neutron.’ 
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In the present experiment the spectrum of protons 
from a (d,p) reaction has been studied with deliberately 
poor resolution. We hoped to see whether any regu- 
larities in the gross features of the spectrum of protons 
emitted in (d,p) reactions could be found when several 
neighboring elements were studied and to see to what 
extent these regularities depended on bombarding 
energy. The spectra of protons emitted by targets of Cr, 
Mn, and Fe when bombarded by 21.6-Mev and 3.6-Mev 
deuterons are shown in Fig. 1. The high-energy spectra 
are certainly similar, with three peaks located near 
excitations of 0, 2.5, and 5 Mev in the final nucleus. At a 
deuteron energy of 3.6 Mev the spectrum could be 
studied only to about 4-Mev excitation since C and O 
surface contaminants became a serious problem above 
4 Mev. Results from Cr, Mn, and Fe show the peaks for 
the ground state and the 2.5-Mev excited state, as in 
the higher energy results. Similar effects were obtained 
with 3.0-Mev deuterons. The Butler theory of deuteron 
stripping is known to fail at low energies where the 
Coulomb effects and the contribution from compound 
nucleus formation become appreciable.* One might, 
however, expect the arguments used for higher energies 
to be valid as long as most of the reaction proceeds by 
some process in which the neutron is captured directly 
into a state of the final nucleus. 

A few angular distributions were measured at 21.6 
Mev. Unfortunately the Butler theory predicts little 
difference in angular distributions for different / values 
at such a high bombarding energy ;-the angular distribu- 
tions all tend to peak in the extreme forward direction. 
The experimental angular distributions appear to be 
similar for corresponding peaks in Cr, Mn, and Fe. It 
appears that an /=1 assignment would fit the proton 
group of highest energy consistent with the 2p; ground 
state predicted by the shell model. It is also suggested 
that the second group at about 2.5-Mev excitation con- 
tains the p; width and the third group at 5 Mev might 
contain the combination of the d; and dy widths. The 
angular distributions tend to support these assignments 
although the evidence is by no means conclusive. 

Preliminary results with targets of Ni, Cu, and Zn 
show different proton spectra. These can be attributed 
to the facts that in Ni®, Cu, and Zn, an additional 
neutron can no longer be accommodated in the 2, state 
and that these elements contain more than one major 
isotope with Q values differing by one Mev or more. We 
plan to measure angular distributions more catefully, to 
look at higher excitation energies for the 3s state, to 
extend the measurements to more target elements, and 
perhaps to study the region of Ni, Cu, and Zn with 
separated isotopes. The gross structure found in the 
present experiment is similar to the “anomalous” 
inelastic scattering of protons found by Cohen® and to 
the inelastic deuteron scattering observed by Yntema 
and Zeidman.” This perhaps suggests that the effect 
found in inelastic scattering might be explained by a 
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single-particle process similar to the one proposed here 
for the (d,p) reaction. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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Time-Reversal Invariance in 
Nuclear Scattering 
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E report here some experimental tests of time- 

reversal invariance, or of parity conservation, 
or both, in high-energy nuclear scattering. The work 
was carried out because of the discovery of the failure of 
parity conservation in weak interactions.' 

If parity conservation is assumed,’ which recent 
experiments have shown to be a good approximation for 
strong interactions,’ then one can show quite straight- 
forwardly that time-reversal invariance requires the 
equality of P and e,‘* where P is the polarization pro- 
duced in the scattering of unpolarized protons and e is 
the asymmetry preduced when fully polarized protons 
are scattered. Furthermore, in the case of p-p scattering, 
it has been shown’ that, at angles near 45° cm, | P—e! 
is maximum and of the same order of magnitude as the 
ratio between the coefficients of the two parts of the 
scattering matrix which are noninvariant and invariant, 
respectively, under time reversal. It has been estimated 
that in strong interactions, present experimental data 
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Fic. 1. Asymmetry (energy 155 Mev, angular resolution 0.6°) 
and polarization (energy 180 Mev, angular resolution 0.6°) for 
lithium. 
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Fic. 2. Asymmetry (energy 155 Mev, angular resolution 0.5° for 
356°; 0.9° elsewhere) and polarization (below 15°; energy 156 
Mev, angular resolution 1.0°; above 15°; energy 175 Mev, angular 
resolution 1.3°) for aluminum. 


set an upper limit of 10-20% to the relative strength of 
forces which are noninvariant with respect to time 
reversal.’ 

We have compared e and P for hydrogen, lithium, 
beryllium, and aluminum, chosen for their high spin-to- 
mass ratios, since a failure of e=: P in spin-zero nuclei 
would necessarily violate parity conservation.’ No 
measurements of P have previously been performed for 
these elements. Values of e are available near our energy 
only for hydrogen. We have measured P for hydrogen, 
P and e separately for lithium and aluminum, and e/P 
for beryllium and aluminum, using the unpolarized 
185-Mev external beam of the Uppsala synchrocyclo- 
tron. All the measurements of e and e/ P were made with 
the range equipment of Alphonce, Johansson, and 
Tibell,* and those of P with the analyzer magnet setup 
described by Hillman, Johansson, and Tyrén.° 

The values of e/P for beryllium and aluminum were 
determined in the standard double-scattering arrange- 
ment at one angle only, 14.2° in the lab system, by 
interchanging first and second targets, one of which was 
always carbon. All targets were 15 Mev thick, and a 
first-order correction was made for the energy degrada- 
tion by having the second scattering take place at 
(177.5/162.5)!X 14.2°=14.8°. In one case the measured 
asymmetry is ¢,=Pce, and in the other e=P,ec, 
where v stands for either Be or Al. However, carbon 
has spin zero, so if parity is conserved e¢= Pc, and so 
€;/€2= Od Pes 

The values of P for hydrogen were measured with 
polyethylene, but the good energy resolution of the 
magnet used meant that the subtraction was less than 
10%. In the cases of lithium and aluminum, some 
inelastically scattered particles were included in both 
the e and, to a lesser extent, the P experiment, but the 
spectra measured by Tyrén and Maris" indicate that 


. these contributions may be not more than a few 


percent, at least at the smaller angles. 
The results for lithium and aluminum are given in 
Figs. 1 and 2. The errors shown are statistical standard 
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TABLE I. The polarization in p-p scattering compared with an interpolation among available asymmetry data. 


Scattering Angular 
angle resolution Mean lab Target 
cm cm { energy thickness 
ethinas ms i 
30.9 1.4° 176 Mev 19 Mev 
50.0° es 179 Mev 12 Mev 


deviations, and do not include errors in e of about 2% 
due to uncertainty in the beam polarization, and in P 
of about 0.05 because of the uncertain analyzing power. 
These errors are to some extent correlated, thus reducing 
the error in |e—P}. 

The values of e/P for beryllium and aluminum were 
€pe/ Ppe=1.005+0.024, — ea;/Pa:=1.047+0.019, 
where the errors quoted are of purely statistical origin, 
and the systematic errors of the measurement should be 

small. 

Table I gives the results of P for hydrogen together 
with values of e estimated by interpolation among 
available data at 130, 170, and 210 Mev," at 142 Mev,” 
and at 148 Mev." The errors on P are statistical stand- 
ard deviations. The absolute error is thought to be less 
than about 0.01 due to special care taken in determining 
the analyzing power for these measurements. 

The only significantly positive results appear for 
aluminum. However, we attribute the small difference 
between e and P near 6° to the thicker target in the P 
experiment causing a larger contribution of multiple 
scattering, and that near 25° to the energy difference 
and to the larger fraction of inelastic scattering included 
in the e experiment. The energy difference between the 
two scatterings might also explain the small deviation of 
eai/ Pa: from unity. 

With respect to complex nuclei, one should note that 
even in inelastic scattering, where the two experimental 
situations are evidently not time reversals of each other, 
no differences between e and P have so far been ob- 
served,’ which is equivalent to the absence of an 
asymmetry in any spin-flip scattering"; and the mech- 
anism responsible, such as a scattering without spin flip, 
might also be present in elastic scattering. 
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P e 
measured interpol. P—e 
0.264+0.014 0.257+0.018 0.007 +0.023 
0.276+0.013 0.265+0.018 0.011+0.022 


It can be seen that the measurements are all based on 
the assumption that e= P for carbon, so that a positive 
result could have been attributed to a failure of time- 
reversal invariance and parity conservation in carbon. 
If any positive result had been observed, it would have 
been possible to have checked whether or not it origi- 
nated in the failure of parity conservation, by experi- 
ments of the type suggested by Bell and Mandl.‘ 

We thank Professor The Svedberg for his support. 
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Rose suggested the target-interchange experiment. 
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